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A) INTRODUCTION

Dear Colleagues,

Thisis my personal Mathematica notebook on Albert Einstein's genial general theory of relativity. This document
wasn't originally intended for publication, but a few formulas and tricks are maybe of interest to you, so here they are. The
code seems to work well and | added some comments to make it more understandable. This is not an introduction to this
field, so useit at your own risk!

The main point about this work is to show how to do the typica mathematics of general relativity easily and rigor-
ously with Mathematica. In addition, | "streamlined" a little bit the derivation of some classical results (perihelion advance,
bending of light etc.).

As main textbook | have chosen the excellent and brilliantly instructive "A short course in general relativity" by
James Foster and J.David Nightingale. Mathematica together with the packages Tensorial and GeneralRelativity have been
used by David Park to do all the derivations, examples and exercises of this textbook. Most of the present notebook is
actually arewrite of Park's very fine original work.

Once again, the combination of a good textbook and Mathematica provides a fun, easy and mathematical rigorous
learning environment that stimulates greatly understanding and own experiments with the formulas. Don't missit!

General relativity is a metric theory of gravitation. At its core are Einstein's field equations, which describe the relation between
the geometry of a four-dimensional, pseudo-Riemannian manifold representing spacetime, and the energy-momentum contained
in that spacetime. First published by Albert Einstein in 1915 as a tensor equation, the Einstein's field equations equate spacetime
curvature (expressed by the Einstein tensor) with the energy and momentum within that spacetime (expressed by the energy-
momentum-stress tensor). General relativity's predictions have been confirmed in all observations and experiments to date.
Although general relativity is not the only relativistic theory of gravity, it is the simplest theory that is consistent with experimen-
tal data. (Wikipedia, 2011)

General relativity is a geometric theory and incorporates special relativity in the sense that locally the spacetime of the general
theory islike that of the special theory. So it'simportant for the sake of conceptual cleannessto derive in your course first special
relativity from the basic geometrical spacetime symmetries without using the postulate of constant speed of light or any other
"unneeded physics' (see for example Jean-Marc Lévy-Leblond, "One more derivation of the Lorentz transformation”, American
Journal of Physics44, 271-277 (1976); visit http://o.castera.free.fr for more information).

Valuable web resour ces on general relativity:

* David Park, Mathematica notebooks (2005) based on "A short coursein general relativity” (Foster/Nightingal €)
* See books.google.com or the Springer editor web site for a preview of the above-mentioned textbook.

* Florian Schrack "Gravitation - Theorien, Effekte und Simulation am Computer” (2002)
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« Gerard 't Hooft "Introduction to General Relativity" (2007)

» Matt Visser "Math 464: Notes on Differential Geometry" (2009)

» Matt Visser "Math 465: Notes on General Relativity and Cosmology" (2009)

* Norbert Dragon "Geometrie der Relativitétstheorie" (2011)

« Sean Carroll "Lecture Notes on General Relativity" (1997)

* Tom Marsh "Notes for PX436, General Relativity" (2009)

« Clifford M. Will "The Confrontation between General Relativity and Experiment"”, Living Rev. Relativity, 9, (2006)
* Neil Ashby "Relativity in the Global Positioning System”, Living Rev. Relativity, 6, (2003)

» Wikipedia: "General relativity", "Allgemeine Relativitétstheorie" and links

 General relativity video courses (Charles Bailyn, Alexander Maloney, Lenny Susskind)

Note:

e Mathematica by Wolfram Research is a (fabulous) computer algebra system.

e A notebook is an interactive Mathematica document (extension .nb).

e Tensorial 3.0 (R. Cabrera, D. Park, J.-F. Gouyet, August 2005) is a general-purpose tensor calculus package for Mathematica
Version 4.1 or later.

e TGeneralRelativityl GeneralRelativity™ (D. Park, 29 January 2005) is a subpackage for the Tensorial package that adds
routines useful in special and general relativity. (This also automatically loads the regular Tensoria package.)

Print ["This systemis:"]

{"Product | DNane", "Product Version"} /. $Product| nformation

ReadLi st [" tver", String]l[[2]]

{$Machi neType, $Processor Type, $ByteOrdering, $Syst entChar act er Encodi ng}

This systemis:
{Mat hematica, 5.2 for Mcrosoft Wndows (June 20, 2005)}
W ndows 98 [versione 4.10.1998]

{PC, x86, -1, WndowsANSI }

B) HELP

(Extracted from the Tensorial package help.)

m {x, &, g, T} arethe standard set of tensor labels used in all Tensorial derivative routines. They tell the routines which labels
will be considered to represent the coordinates x, Kronecker §, metric tensor g and Christoffel symbol T

m Decl ar eBasel ndi ces[ {i ndex. . }] declaresthe base indicesfor the underlying linear space.

m Decl ar el ndexFl avor [ {f| avor nane, fl avorforn}...] will add the index flavors to the IndexFlavors list and establish
the Format for displaying indices with the given flavor name.

m ToArr ayVal ues[ basei ndi ces] [ expr] will convert the expression to a vector, matrix or array by expansion and substitu-
tion of any stored values.

m Eval uat eDot Product s[ e, g, netricsi nplify: True] [ expr] expands Dot products of vectors expressed in a given basis
e using the metric tensor g. Metric simplification is performed if the default argument metricsimplify is True.

m LinearBreakout[f1,f2,...][vl,v2,...][expr] will break out the linear terms of any expressions within expr that
have heads matching the patterns fi over variables matching the patterns vj.

m Set MetricVal ues[g, netricmatrix, flavor:ldentity] creates value definitions for the up and down forms of the
metric tensor using the label g and a metric matrix.

m Coor di nat eToTensors[{r, e, ¢...},coord: x, flavor:Identity][expr] will convert the coordinate symbols in the
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expression to the corresponding indexed tensors. The optional arguments coord and flavor give the coordinate label and index
flavor to use. Their default values are x and plain.

m Set Chri st of fel Val ueRul es[xu[i,metricmatrix, T, sinplification:Identity] caculates and stores substitution
rulesfor the Christoffel values of T'udd([i,j,k] and I'ddd][i,j,k] from the values of metricmatrix and the xu[i] vector pattern.

m Sel ect edTensor Rul es[ | abel , pattern] will select therulesfor label whose right hand sides are nonzero and whose | eft
hand sides match the pattern.

m Si npl i fyTensor Suni expr] will check that al termsin atensor sum have valid indices,that the free indices are the samein
all terms,and will simplify the sum by matching dummy indicesin all termsthat have the same index structure.

m ExpandCovari ant D[ {x, &, g, T}, a] [ expr] will expand first order covariant derivatives of tensors using x as the label for
the coordinates, ¢ as the label for the Kronecker, g as the label for the metric tensor and I as the label for Christoffel symbols.
The introduced dummy index will be a.

m MapLevel Parts[function, {topposition,|evel positions}][expr] will map the function onto the selected level
positions in an expression. The function is applied to them as a group and they are replaced with a single new expression. Other
parts not specified on the list are left unchanged.

C) PHYSICAL CONSTANTS

Some physical constants as given by Mathematica.

Print ["M scel | aneous” Physi cal Constants™: "]

<< M scel | aneous” Physi cal Constants”

<< M scel l aneous™ Units"

{SpeedO Li ght, Gravitational Constant, Cosni cBackgroundTenperature, Hubbl eConst ant }

{Hubbl eConst ant -1, AgeCf Uni ver se / Hubbl eConst ant -!, Convert [AgeCf Uni verse, Year]}
"Earth:", EarthMass, EarthRadi us, "Sun:",
Convert [Sol ar Schwar zschi | dRadi us SpeedCf Li ght2 / (2 Gravi tati onal Constant ), Kil ogram],
Sol ar Radi us, Sol ar Schwar zschi | dRadi us}

M scel | aneous” Physi cal Constants’:

299792458 Meter 6. 673 x 1071 Met er 2 Newt on ~ 3.2x10718
{ , , 2.726 Kel vin, 7}
Second Ki | ogr ant Second

{3.125 x 10" Second, 1.504, 1.49036 x 10'° Year |

{Earth:, 5.9742x10%* Ki | ogram 6378140 Meter,
Sun:, 1.9888 x10%° Ki | ogram 6. 9599 x 108 Met er, 2953. 25 Met er }

Print ["Gravi tational constant\nG = ",
Convert [Gravi tational Constant, Kilogrant! Meter? Second?], " = ",
Convert [Gr avi t ati onal Const ant, G ant! Centi neter? Second'z]]
Convert [8 x Gravi tati onal Constant / Speedf Li ght?, Meter /Kil ogram|;

Print [

"Ei nst ei nsche Gravitationskonstante in Sexl /Urbantke S.69\nkx = 8 x Gc2 =", % " ="
Convert [%, G ant' Centineter ]]

Print ["coupl ing constant in Foster /Nightingale p.113\nx = - 8 x Gc¢™ = ",

- %% / SpeedCf Li ght 2]
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Gravitational constant
6.673x1071 Meter3 6.673x10°8 Centi meter?
G = -
Ki | ogr amSecond? G amSecond?

Ei nstei nsche Gravitationskonstante in Sexl /U bantke S.69

1. 86603x10725 Met er 1.86603x10°% Centi met er
xk=8nGc? = _
Ki | ogram Gram

coupling constant in Foster /N ghtingale p.113
2.07624x107*® Second?

K = —87’(6‘C4 = -
Ki | ogramMet er

I will usethe CODATA 2010 values. (See http://physics.nist.gov/ for updates.)

Print [" CODATA 2010: G = 6.673 84(80)x107** n? kg s72"]
Print['x = - 8 x Ge™ =",
Nunber For m[-8 7 6. 67384 x 107" / (299792458%), 7,], " nt' kg™ s*]

CODATA 2010: G = 6. 673 84(80)x10° n? kgt s?

kK =-8nxGc?* = -2.076504x10* m! kg! s?

D) OWN (?) CONSIDERATIONS

Special relativity teaches us how spacetime dictates the behavior of matter-energy and general relativity teaches us how matter-
energy influences the behavior of spacetime. We could say that this two entities, spacetime and matter-energy, are in some kind
of interaction. Starting from a heuristic principle that states that entities who can interact can not be completely different “in
essence”, we could tentatively postulate a symmetry between spacetime and matter-energy, implying the possibility of a transfor-
mation of spacetime into matter-energy and vice-versa. So it's maybe sensible to ask:

» How much spacetime can we get from a given quantity of matter-energy or vice-versa? What is the conversion factor A between
(geometrized) spacetime and matter-energy (1 nf = 1 - 1 J)? IsA auniversal constant?

» What are the observable signatures of spacetime = matter-energy transformations?

» How "expands’ newly created spacetime in some finite region into the rest of the Universe? How works the local "collapse” of
the universe caused by the destruction of afinite piece of spacetime?

» How works the spacetime - matter-energy - transformation at a fundamental level?

Since wild speculations don't cost a thing, we can go further and postulate the existence of a substance called "Essenz" in which
matter-energy and spacetime are not separated entities and which constitutes all of the Universe at some point. We can assume
that the Big Bang represents the moment of the evolution of the Universe where the Essenz undergoes a phase transition separat-
ing into the two components spacetime and matter-energy. Since then we have "matter-energy acting on the stage of spacetime”
and we can define (at most locally) a metric to measure space and time. We said that the Essenz undergoes a phase transition at
some point: this means that this substance is not static. But the time coordinate that we need to catalogue events in the pre-Big-
Bang era has to be interpreted as an intrinsic parameter of the Essenz. This intrinsic time parameter must not necessarily be a
measurable quantity (if there is no metric) but may defines only an order relation between events, the evolution of the Essenz
proceeding by "leaps' much like today quantum systems evolves (e.g. successive decays in a radioactive series). Perhaps this
analogy is not accidental and points to some connection between gquantum mechanics and spacetime physics!

Well, as | said, wild speculations don't cost a thing...
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E) CALCULATIONS FROM

James Foster, J.David Nightingale
A SHORT COURSE IN GENERAL RELATIVITY
(3.ed., 2006)

with Mathematica code by David Park (2005, for the 2. ed. [1995])
partially modified, corrected and simplified by Luigi E. Masciovecchio (2011)

Utilization note: Every of the following Mathematica subsections should be evaluated by its own! The initialization code for a
subsection ends with a horizontal line. | present here only my limited set of calculations from the textbook, for a complete (1) and
extensively commented set see the huge work by David Park.

Chapter 1: Vector and tensor fields

+ 1.0 Introduction p. 7

FN: "Our starting point is a consideration of vector fields in the familiar setting of three-dimensional Euclidean space and how
they can be handled using arbitrary curvilinear coordinate systems. We then go on to extend and generalize these ideas in two

different ways, first by admitting tensor fields, and second by allowing the dimension of the space to be arbitrary and its geome-
try to be non-Euclidean."

+ 1.1 Coordinate systems in Euclidean space p. 7 - 13 (nonsuffix notation)

Keywords. Cartesian and non-Cartesian coordinate systems, coordinate surfaces and curves, position vector of points in space,
natural and dual basisin 3D Euclidean space.

m Mathematica resour ces on coor dinate systems (see the standard add-on package
Cal cul us™ Vect or Anal ysi s)

<< Cal cul us” Vect or Anal ysi s°

Coor di nat esToCart esi an[Coor di nat es [Spheri cal ], Spheri cal ]
{Coor di nat es [Spheri cal ], Coordi nat eRanges [Spheri cal 1}
Coordi nat esToCartesi an[{u, v, w}, Spherical ]

Coordi natesFronCartesian[{X, y, z}, Spherical ]

{Rr Cos [Pphi ] Sin[Ttheta], Rr Sin[Pphi ] Sin[Ttheta], R Cos[Ttheta]}
{{Rr, Ttheta, Pphi}, {0<Rr <o, 0<Ttheta <, -5<Pphi <n}}
{uCos[w] Sin[v], uSin[v] Sin[w], uCos[v]}

{\/m ArcCos[;}, ArcTan X, y}}

X2 +y? 4+ 72
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Coor di nat esToCartesi an[{u, v, w}, Parabol oi dal ]

1
{quos[w], uv Sinmw, 5 (uzfvz)}

Coor di nat esToCartesi an[{u, v, w}, ParabolicCylindrical]

m Example 1.1.2, p.10. " spherical coordinates - natural basis’dual basis’

X[u_, v, w]:

uCos[w] Sin[v];

y[u, v ,w]l:=uSin[v]Sin[w];

z[u, Vv, w]:=uCos[Vv];

r={x[u, v, w], y[u, v, wl, z[u, v, w]};

uurx_, y_, z_1:=\x?+y?+2%;
VV[X_, y_, Z_] :=ArcOOS[Z/ \'X2+y2+22 :|7

WW[X_, v, z_]:=ArcTan[x, y1;
$Assumptions = {0 U<, OV =m -w<wsw {X, VY, 2} € Real s};
grad,,, [scalarfield_]:={oxscalarfield, ayscalarfield, g;scalarfield}

Print ["Position and natural basis {ey, ey,ew} in spherical coordinates u,v,w']

r // MatrixForm

nat ur al basi syyw = {8y, 8y, Bur};

Mat ri xFor m/@ nat ur al basi syyw

(nat ur al basi syyw. Transpose [nat ur al basi syy]) 7/ Sinplify // Matri xForm

Print ["{&, &, &y} inuv,w]

nor nmat ur al basi syyw = hat ural basi s/ (Sinplify[Sqrt [Abs[#.#]]] &/@nat ural basi syw);
Mat ri xFor m/@ nor mat ur al basi syyw

nor mat ur al basi syyw. Transpose [nor mat ur al basi syyw] // Sinplify // Matri xForm

Posi tion and natural basis {e,, e,, ey} in spherical coordinates u,v,w

uCos[w] Sin[v]
uSin[v] Sin[w]
u Cos [V]
Cos[w] Sin[v] u Cos [v] Cos [w] -uSin[v] Sin[w]
{Sin[v]Sin[W] , luCos[v]Sin[w] |, |[uCos[w] Sin[Vv]
Cos [V] -uSin[v] 0
10 O
0 u2 o
0 0 u?2Sin[v)?
(€, €y, €y} in u v, w
Cos[w] Sin[v] Cos [v] Cos [w] -Si n[w]
{Sin[v]Sin[W] , | Cos[v]Sin[w] |, | Cos[w]
Cos [V] -Sin[v] 0
100
010
001

Print ["Position and dual basis {e",eY,e"} in x,y,z"]
{uufx, vy, z1, v[X, Yy, z], w[x, Yy, z]} // Matri xForm
dual basi syy, =

General_relativity.nb



{gradxyz[uu[x, Y, z11, grad,,, [VVIX, y, z11, grad,,, [Ww[X, VY, z]]} // Sinplify;
Mat ri xFor m/edual basi syy,
dual basi syy,. Tr anspose[dual basi sxyz] // Simplify /7 MatrixForm
Print ["{e",e",e"} in u,v,wW]
dual basi syyw = dual basi sxy, /. {X »X[u, v, W], y>y[u, v, wl, z->Z[u, v, W]},
Mat ri xForm/@dual basi syyw /7 Sinplify
dual basi sy Transpose[dual basi syw] /7 Sinplify // MatrixForm
Print["(&",&", &%} inuv,w]
nor ndual basi sy = dual basi sy / (Sinmplify[Sqrt [Abs[#.#]]] &/@dual basi syyw);
nor ndual basi syyw =% // Si nplify;
Matri xForm/e %
%%%. Transpose [%%%] // Sinplify // Matri xForm

Position and dual basis {e",e",e"} in x,y,z

\ X2 +y2 422

ArcOos{Zi}

\ x2+y2+22
ArcTan [X, Y]
X .. xz
[x2.1y2.22 Jx2+y2 (x2+y2+22) _ Y
y vz X2 +y2
{ Sxzyzizz || Ix2ey? (x2ay2ez?) | )(2’(7
; A x2+y2 0
A\ x2+y2422 T X2ay2az2
10 0
1
0 x2+y2+z2
1
00 o
(e“,e",e"y in uv,w
Cos [v] Cos [w] i
i Csc[v] Sin[w]
Cos [w] Sin[v] o “S_ - u
Sinfv]Sinpw |, | 2MSMM 0 cos w) ese v }
u
Cos [V] . 0 u
 uAbs[Gsc[v]]
10 O
1
0 =
Csc[v]?
00 5
8",8", 8" inuv,w
Csc[v] Sin[w]
Cos [w] Sin v Cos [v] Cos [w " AbsGov]]
Sin[v] Sin[w] [, Cos [v] Sin{w] , | Cosiw) Cscv] }
Cos [V] _ 1 Abs [Csc [V] ]
Abs [Csc [V]] 0
100
010
001
$Assunptions = {0 <u, 0 <V < x};
Print["(6,, 8,84 inuv,w= (&, 8, 8% inuvwif", % " 2]

Si npli fy /@ (nor mat ur al basi syyw == nor ndual basi syyw)

{6y, 6,6y inuv,w= (& &, & inuv,wif {O<u, O<v<n} ?
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True

s Example 1.1.3, p.11. " paraboloidal coordinates - natural basis’

X[U , V. , W]:=U+V;
y[u, v, w]:=u-=-v;
z[u_, v_, W ]:
r={x[u, v, wl, y[u, v, wl, z[u, v, w]};

{Ug, Vo, Wo} = {1, 1, 1} ;

20V +Ww,

CSuO = ParanetricPl ot 3D[{X [ug, Vv, W], Y[Ug, V, W], Z[Ug, V, W]},
{v, -1, 1}, {w, -1, 1}, DisplayFunction - ldentity];
CSv0 = ParanetricPl ot 3D[{x [u, Vg, W], Y[U, Vg, W], Z[U, Vg, W]},
{u, -1, 13}, {w, -1, 1}, DisplayFunction - ldentity];
CSWO = ParanetricPl ot 3D[{x [u, Vv, W], Y[U, Vv, W1, Z[U, Vv, W1},
{u, -1, 13}, {v, -1, 1}, DisplayFunction - ldentity];
CScont our zw0 = Contour Pl ot [z [u, v, W], {u, -1, 1}, {v, -1, 1}, DisplayFunction > ldentity];

CLvOWO = Paranetri cPl ot 3D[

{X[u, Vg, Wol, YU, Vg, Wol, Z[U, Vg, W1}, {u, -1, 1}, DisplayFunction - ldentity];
CLUOWO = Paranetri cPl ot 3D[{X [ug, V, Wg], Y [Ug, V, Wol, Z[Ug, V, Wy},

{v, -1, 13}, DisplayFunction > ldentity];
CLuOvO = Paranetri cPl ot 3D[{X [Ug, Vg, W], Y [Ug, Vg, W], Z[Ug, Vg, W]},

{w, -1, 1}, DisplayFunction »ldentity];
Show[G aphi csArray [ {{CSu0, CSv0, CSw0, CScont our zwQ, CLvOwO, CLuOwO, CLuOv0}}1],

| mgeSi ze » 72 x 8];

* Coordinate surfaces, contour plot z [u, Vv, W], coordinate lines.

nat ural basi s = {ey, ey, ew} = {8y, 8yr, Our};

Print ["Position and natural basis {ey ey, ey} in parabol oidal coordinates u,v,w']
r

nat ur al basi s

(nat ural basi s. Transpose[natural basis]) // Sinplify // Matri xForm

Nor m/@nat ural basis // Ful | Si nplify;

norns = Sqrt /@ Abs /@ {e,. ey, ey. ey, ew. ey} // Sinplify

%% == %

nor mat ur al basi s = {éu, 8,, éw} = nat ur al basi s / norms;

nor mat ur al basi s

nor mat ur al basi s. Transpose [nor mat ur al basis] // Sinplify // Matri xForm

Posi tion and natural basis {e,, ey, ey} in parabol oidal coordinates u,v,w
{U+v, u-v, 2UuVv +wj

({1, 1, 2v}, {1, -1, 2u}, {0, O, 1}
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4uv 2+4u2 2u

2+4v2 4uv ZV}
2V 2u 1

{\/2+4v2, J2iau?, 1}

True

1 1 2v 1 1 2u

(— , b= —— o0 1)

\/2+4V2 \/2+4V2 \/2+4V2 \/2+4u2 \/2+4u2 \/2+4u2

1 2uv 2v

J(1+2u2) (1+2v2) \/2+4V2
2uv 1 2u
(l+2u2) <1+2V2> 2+4u?
2v 2u 1
\ 2+4v2 N\ 2+4 02
m Exercise1.1.2 c), p.12-13 " paraboloidal coordinates ( - dual basis)"
Evaluatefirst Example 1.1.3!
{eUl eVl eW}
{1, O, 0} == Hol dForm[e, /2 +e, /2 - (U+V) ey]
% // Rel easeHol d
({1, 1, 2vy}, {1, -1, 2u}, {0, 0, 1}}
1 1
{1, 0, 0} == E {1, 1, 2v} + E {1, -1, 2u} - (u+v) {0, O, 1}
True
Addendum

Print ["Inverted equations"]
r=={X,y, 2}
Solve[%, {u, v, w}l;
{u, v, w} = {u, v, w} /. %[[1]]
gradxyZ [scalarfield ]:= {axscal arfield, ayscalarfield, 8,scalarfiel d}

Print ["Dual basis {e“,e¥,e"} in x,y,z and in parabol oi dal coordinates u, v, w']
dual basi syy, = {€Uxyz, €Vyyz, €Wy} = {grad,,, [u], grad,,, [v], grad,, [W]};

{dual basi syy,

dual basi syy,. Tr anspose[dual basi sxyz] //7 Simplify /7 Matri xForm}
Cl ear [u, v, W]
dual basi syyw =

{€Uuvw» EVuvw, EWuyw} = dual basisyy, /. {X > X[u, v, W], y »>y[u, v, W], z->2z[u, v, W]},

{dual basi syyw,

dual basi syyw. Transpose [dual basi syyw] /7 Sinplify // Matri xFor m}

Inverted equations

{U+v, u-v, 2uv +w} == {X, vy, z}

X+y X-y
{2 2

(—x2+y2+22)}

N| -
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Dual basis {e",eY,e"} in x,y,z and in parabol oi dal coordinates u,v,w

1 1
1 1 1 1 } } 2 ° 2 (XY }
{{{— -, O}, {—, -—, 04, {-%X, ¥y, 1}, |O % %(—x—y)
0 © e 7 (X+Y) G (-x-y) Lex?ey?
0 -v

1
11 101 2
T R e T A T A

-V -u 1+2u2+2v?

+ 1.2 Suffix notation p. 13 - 19

FN: "The suffix notation provides a way of handling collections of related quantities that otherwise might be represented by
arrays. The coordinates of a point constitute such a collection, as do the components of a vector, and the vectors on a basis. The
basic idea is to represent the members of such a collection by means of a kernel letter to which is attached a literal suffix (or
suffixes) representing numbersthat serve to label the quantitiesin the collection.”

Needs [" Tensor Cal cul us3" Tensorial "]
$PrePrint =.
| abs = {X, &6, g, T'};
Decl ar eBasel ndi ces[{1, 2, 3}];
Print ["Space dinension: ", ND m]
Def i neTensor Shortcuts[
{{x, e}, 1},
{{8}, 2}1]
Set Tensor Val ues[éud [i, j1, IdentityMatrix[ND m]]
sud[i, j] = (ToArrayVal ues[]1[éud[i, j11 // MatrixForm)
MyRed = Styl eFor m[Super scri pt [#, "/"], Font Col or - RGBCol or [1, 0, 0]] &
Decl ar el ndexFl avor [{red, MyRed}]

Space di mension: 3

100
010
001

5].::

Set Tensor Val ueRul es [xu[i ], {X[u, v, W], Y[u, v, W], zZ[u, v, W]}]

{xufli ], ToArrayValues[][xul[i]]1}

{ed[i ], ToArrayVal ues[][ed[i]]}

{xu[iled[i], EinsteinSum[][xul[i]ed[i]], ToArrayValues[][xuli]ed[i]]}
(%[[2]1] /. Tensor Val ueRul es[x]) =%[[3]]

{X', {x[u, v, W], y[u, v, wl, z[u, v, w]}}

{ei, {el, e,, eg}}
{e xi, e1x1+e2x2+e3x3, e X[U, v, W +e,y[u, v, W +e;z[u, v, W]}

True

Set Tensor Val ueRul es[ed[i ], I dentityMatrix[ND m]]
Tensor Val ueRul es [e]

{xu[i]led[i], EinsteinSum[][xul[i]ed[i]], ToArrayValues[][xuli]ed[i]]}

{e; - {1, 0, 0}, e, > {0, 1, 0}, e;> {0, O, 1}}
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{e; x, e, xtre, x2 ey x3, (x[u, v, W], y[u, v, W], z[u, v, wl}}

a=xuli]ed[i] // ToArrayValues|];

Mat ri xForm/e

{"P", a/. {u-sug, V-ovg, Wow}, "CL", a/. {V-oVg, WoW}, a/. {U-ug, W- W},
a/. {u->ug V->vy}, "CS",
a/.U->uUg, a/. VoVvg, a/. wow, "s", a}

X[Uo, Vo, VVOl X[U, Vo, \NO] X[”O! v, WO] X[Uo, Vo, W}
[P |ylUo, vo o) |, L, |YIU Vo, Vo) |, | YI[Uo, V. Mol |, | Y [Uo, Vo, W] |,
Z[Uo, Vo, VVOl Z[U, Vo, \NO] Z[”O! v, WO] Z[Uo, Vo, W}
X[Uo, v, W] X[U, Vo, W} X[U, v, \NO] X[U, Vv, W}
C:S, y[uO! v, W] ) y[Ux VO! WJ y Y[U, v, WOJ , S, Y[U, v, WJ }
Z[Ug, V, W] Z[u, Vg, W] Z[u, vV, W] z[u, v, w]

Set Tensor Val ueRul es[xu[redei ], {u, v, w}]

{xu[i ], xu[redej 1}

ToArrayVal ues|[] /@%

a=Partial D[xu[j], redei ];

b =a // ExpandParti al D[l abs];

{a, b, b// Traditional Form MatrixForm/e (b // ToArrayVal ues[])}

s

{{x[u, v, w], y[u, v, W], Z[u, v, W]}, {u, v, w}}

ox) x (100 1y, v, w x© L0 [y, v, w x© 0D [y, v, w
{X' 0 X, —, { y &0y, v, wy |, |y ©@LO U, v, wl |, [y ©@OYu, v, w] }}
' ax'’
z0.0) [y, v, w 2010 [y v, w 2001 u, v, w

+ 1.3 Tangents and gradients p. 19 - 23

K eywords: tangent vector to a curve, length of a curve, line element (ds) 2 in general coordinates, partial differential operator
o or .

Sometimes it is more natural to work with the natural basis (example: tangents to curves) and sometimes it is more natural to
work with the dual basis (example: gradients of scalar fields).

<< Cal cul us™ Vect or Anal ysi s~

. +1 -1
ScalarField[x , vy ,z 1]=- -

\/(x—1)2+(y—1)2+(z—l)2 \/(x—1)2+(y—2)2+(z—1)2

gSF[x_, v, z_] =Gad[ScalarField[x, vy, z], Cartesian[X, Yy, z11;
% // Matri xForm

B —14X . -1+x

((-14x) 25 (-24y) 2+ (-152)2)%2  ((-14x) 2+ (-14y) 2+ (-142)2) ¥/2
B -2+y -1+y

((-14x) 2+ (-24y) 2+ (-142)2) /2 " ((-14%) 2+ (-14y) 2+ (-142)2) %/
B -1+z . -1+z

((-14x) 25 (-24y) 2+ (-152)2)%2  ((140x) 2+ (-14y) 2+ (-142)2) ¥/2

nmax = 500; s =.15;
rp = Tabl e[2 {Random[], 3 /2 Random[], Random[]}, {n, 1, nmax}];
gSFp = gSF[Sequenceee#l] &/@r p;
Tabl e [Graphi cs3D[
{Point [rp[[n]]],
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{If[(@a=Norm[gSFp[[n]]]) < (b =5), Hue[a/b], GrayLevel [.6]],
Line[{rp[[n1], rp[[N]1]1+sgSFP[[N11}1}}1,
{n, 1, nmax}1;;
Show[%, Axes - True, AxeslLabel - {"X*, "Y', "Z"},
Pl ot Range » 2 {{0, 13}, {0, 3/2}, {0, 1}}, ViewPoint -» {2, 0, 0}, I nageSi ze » 72 x47];

* Gradient of the 3D scalar field at random points. x

s Exercise1.3.3, p.23.

Show that if the arc-length s (measured along a curve from some base point) is used as a parameter, then at each point of the
curve given by &(s) the tangent vector d£(s) / ds has unit length.

Solution by David Perk:
2 i ] dx dxj
do=gidxdx, 1=g; — —;
, Y ds ds
; . dg dx
— X , — = _
. ds . ds
dé P axi\( ax
— | = —|le, —
ds ( ds] Dds
dé P dxi dx
ds U ds ds
dé? dé¢
—| =1, |—|=1 g.ed
ds ds

+ 1.4 Coordinate transformations in Euclidean space p. 23 - 27

FN: "The purpose of this section is to explain how such things as the components of vectors relative to the bases defined by the
coordinate systems transform, when we pass from the unprimed to the primed coordinate system (or vice versa). To this end, we
shall use the suffix notation [...]."

Be careful:
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{a\/?, ‘\/azb}/. {a-»-1, b-+1}

{Dt [s?], (Dt [s])? Dt[s]? ds?, ds®} // Traditional Form

{711 1}

(2sds, (ds?, (A9, d<, ds)

s Example1.4.1, p.25.

Mathematica:

spherical coordinates: { Rr Cog[Pphi] Sin[Ttheta], Rr Sin[Pphi] Sin[Ttheta], Rr Cog Ttheta]}, {{ Rr, Ttheta, Pphi}, {0 < Rr < oo

0 < Ttheta< 7, -7 < Pphi < 71} };

cylindrical coordinates: { Rr Cog[Ttheta], Rr Sin[Ttheta], 2z}, {{ Rr, Ttheta, Zz}, {0 < Rr< o9 -m < Ttheta< x, -c0o <Zz<c}}.

{x,y, 2} =

{r Sin[e] Cos[¢], r Sin[e] Sin[¢], r Cos[e]} = {p Cos[¢], pSin[¢], z};

Drop[%, 1] // Thread

{r Cos[¢] Sin[e] ==pCos[¢p], r Sin[e] Sin[¢] ==pSin[¢], r Cos[B] =2}

Transformation between spherical coordinatesand cylindrical coordinates:

Hin = {r >V p2+2 60— ArcTan[p/2], ¢—>¢};

Her ={p - r Sin[6], ¢ » ¢, z—> r Cog[6]};

{{HerVar, HerTrans}, {H nVar, HnTrans}} = {Table[(# /. Rule - List) [[i, 111, {i, 3}1,

Table[(# /. Rule - List)[[i, 2]1, {i, 3}1} &/@ {Hi n, Her}
Us = Quter [D[#1l, #2] & Hi nTrans, HerVar, 17;
Uc =Sinmplify[Us /. Hin, {z20}];
Ue = Quter[ D #1, nz] &, Her Trans, HinVar, 1] // Simplify;

Us =Sinplify[Uc /. Her, r 20];
MatrixForm/@{Us, Uc, Uc, LTS}
NatrixForm/@{uS.Us, uC.u”c}// Sinplify

H{r, o, ¢}, { 224+ 02, ArcTan[S], a}} ({o, ¢, 2}, {rSin[e], ¢ r Cos[e}}}}

0 z 0 o 0 z
Sinfe] r Cos[e] O V222 2207 N
[lo 0 1], |o 0o 1/, | =z 0 __o
Cos [e] -r Sin [9] 0 z -0 0 z24+p2 224p2
22402 0 10
100 100
{ 010[,/010 }
001 001

From Exercise 1.1.2 the unit vector field A = i hasthe spherical contravariant components:

General_relativity.nb
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Lss = {Sin[e] Cos[¢], Cos[e] Cos[¢] /I, -Csc[©] Sin[¢] /r};
Lsc =Sinmplify[Lss /. Hn, {z 20}1;

Lcs =Us.Lss // Sinplify;

Lcc =Sinmplify[Les /. Hn, {z 20}71;

Matri xForm/e {Lss, Lsc, Lcs, Lcc}

{Ls == Uc. Lcc, Lss = Sinplify[Lsc /. Her, r 2 0],

Lcc == Sinplify[Uc. Lsc], Lss == Us. Lcs, Lcs = Lcc /. Her}

p Cos [¢]
Cos [¢] Sin[e] V2222 Cos [¢] Cos [¢]
{ Gos [6] Cos [9] z Cos [¢] Csc[0] Sin[¢] Sin(¢] }
r 1 1 - ’ -
_ Csc[o] Sin[g] Zszi*n";] 0 r 0 °

r
o

{True, True, True, True, True}

m Exercise1.4.3, p.27.

[...] Hence, using G from Example 1.3.1 and U from Example 1.4.1, obtain the line element for Euclidean space in cylindrical
coordinates.

The contracted dummy indices have to be brought adjacent. But where they are not adjacent we must use a transpose.

Gss = Di agonal Matrix[{1, r? r?Sin[el?}];

Gsc =Gss /. Hin// Sinplify;

Mat ri xForm/e {Gss, Gsc}

Dt [s]% == Dt [Her Var ]. Gss. Dt [Her Var] // Tradi tional Form

Print ["line elenment for Euclidean space in spherical coordinates"]

10 0 10 0
0r2o 10 z2+p2 0 }
0 0 r2sSinje]? 00 02

(d9)? = (d1r)? + 12 (d6)? + r? (d ¢)> Sin(0)

line el ement for Euclidean space in spherical coordinates

Gecs = Transpose[Us]. Gss. Us // Sinplify;

CGcc =Cs /. Hiny// Sinplify;

Mat ri xForm/e {Ccs, Ccc}

Dt [s]% == Dt [HinVar]. Gec. Dt [HinVar] // Tradi tional Form

Print ["line elenment for Euclidean space in cylindrical coordinates"]

10 0 10 0
0 r2sSine]2 0|, |0 p? O
00 1 00 1

ds? = (d2? + (dp)®* + p? (d $)?

line el ement for Euclidean space in cylindrical coordinates

General_relativity.nb
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+ 1.5 Tensor fields in Euclidean space p. 27 - 30

FN: "While scalar and vector fields are sufficient to formulate Newton's theory of gravitation, tensor fields are an additional
requirement for Einstein'stheory."

Note: Often the label A instead of the Foster and Nightingale Uis used to represent the transformation matrices.

The general rule for transforming tensors is just to use a transformation matrix A (Jacobian matrix) for each index in the tensor.
The A matrix always has the ud configuration and has indices of different flavors. The dummy indices must be matched to the
old indices and the other indices must correspond to the new free indices.

— I —
Example: tl K ::Aj,/\l ktk|

Needs ["TGeneral Rel ativityl Ceneral Relativity "]
$PrePrint =.
Decl ar eBasel ndi ces[{1, 2, 3}]
Def i neTensor Shortcuts|[
{{e, f, n}, 1},
{{9, A, T}, 2}]
MyRed = Styl eFor m[Super scri pt [#, "/"], Font Col or - RGBCol or [1, 0, 0]] &
Decl ar el ndexFl avor [{red, M/Red}]

The force-stress-relationf = 7 (1) in component form:

Print ["Vector representation of forces"]
fuliled[i] =c[nu[j]ed[j]]

Print["t is Iinear on the basis vectors"]
%% // Li near Breakout [t][ed[_]1]

Print ["Expand t on the basis vectors"]

%% /. t[ed[j1] » wud[i, j]ed[i]

Print ["We obtain the force conponents:"]
(# /ed[i] &/@%%) // FrameBox // Di spl ayForm

Vector representation of forces
g fl = t[ej n'}
t is linear on the basis vectors

€

fi = pf [ej}

Expand t on the basis vectors

i i
e fl =en ¢

W obtain the force conponents:

fil -n ¢

j

m Exercise1.5.1, p.30.
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Show that the components ' ; of the stress tensor ¢ are given by r ; =€ .t (e )and use this result to re-establish the

transformation formula (1.58) for the components.

(stepl =<wud[i, j] ==euli].c[ed[j1]) // FraneBox // Di spl ayForm
Print ["Expand <" ]

stepl /. [ed[j]] » rud [k, j]ed[k]

Print ["Linearity of dot product"]

%% // Li near Br eakout [Dot ]1[ed[_]1]

Print ["Basis, dual basis relation and using g as a Kronecker"]
%% /. Basi sDot Product Rul es[e, g]

% // Kronecker Absorb[g]

Expand t©

i i k
tj ::e.(ekfj)

Linearity of dot product

i i k
tj ::e.ektj

Basi s, dual basis relation and using g as a Kronecker

ti =g tk
=9k

True

We can now use thisto establish the transformation rel ation:

Print ["We turn stepl into a rule."]

rul el = Rul e ee@ Reverseest epl // LHSSynbol sToPatterns[{i, j }]

stepl // ToFl avor [red]

Print ["Express red basis vectors in terns of plain coordinates"]

%% /. eu[redei ] » aud[redei, k] eu[k] /. ed[redej ] - aud[l, redej ] ed[l]
Print ["Use linearity of = and dot product”]

%% // Li near Br eakout [Dot, z][ed[_], eu[_1, t[_11

Print ["Use previous relation to substitute t conponents"]

%% /. rulel

We turn stepl into a rule.

i
e cle | oo,

T, = ei’.t[ej,}
Express red basis vectors in terns of plain coordinates

T = (ek/\i’k).t{e, Alj,}

Use linearity of ¢ and dot product

¢ ek e ] A

i
i ik

J

Use previous relation to substitute ¢ conponents

i’ | i’ Kk
T = A i A T
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Thisisthe desired transformation rel ation.

+ 1.6 Surfaces in Euclidean space p. 30 - 35

The Potatoid Project
- A project for doing geometry on potatoids -

It's nice to play around with al the new geometrical concepts (coordinate transformations, natural basis, metric, dual basis,
geodetics, parallel transport, etc.) in a nontrivial context where a complete visual representation is still possible. Sufficiently
smooth and well-behaved deformations of a spherical surface (2D) embedded in a regular 3D Euclidean space (which | call
potatoids) provide such a "geometrical playground”. The basic coordinate system (¢, 8) on potatoids is borrowed from spherical
coordinates on the sphere.

Spoherical coordinates in Mathematica
{Rr Cog[Pphi] Sin[Ttheta], Rr Sin[Pphi] Sin[Ttheta], Rr Cog Tthetal}, {{Rr, Ttheta, Pphi}, {0 < Rr< o9 0 < Ttheta< 7, -7 <
Pphi < n}}.

$Assunptions = - < ¢ < 7&8&0 <6 < 7;
re ={¢, -n, n};, re={e, 0, n};
surface[¢ , 6 ] = {
Rc«[#, 6] Cos[¢] Sin[e],
Ry [¢, 61 Sin[¢] Sin[e],
R, [¢, ©] Cos[e]};
natural Basis = {nbl[¢ , @ ], nb2[¢ , @ 1} = {D[surface[¢, ©], ¢], D[surface[¢, €], €]1};

gd[¢_, e ] =natural Basi s. Transpose[nat ur al Basi s1;

gulé_, 6_] =lnverse[gd[¢, €]11;

dual Basis = {dbl[¢ , e ], db2[¢ , © 1} =gu[é, €].natural Basi s;
angl eBet weenNat ur al Basi sVectors[¢ , 6 ] =

ArcCos [gd[¢, €11, 2;;/ (Norm[nbl[eé, €11 Norm[nb2[¢, €11)] /Pi 180;

path[t ] =surface[f¢[t], fo[t]];

velocity[t ] = gd[fertl, fertll g, fe [t1%+
2gd[fe[t], foltll o, fe [t1fe' [t]+
gdrfert], feltll 2, fe [t1?
f f
length[ti _, tf_]:=-J:i velocity[t]dt;

Nl ength[ti , tf 1 :=Nntegrate[velocity[t], {t, ti, tf}];

nsg = "sphere";
polé_1 =pele_1=0;
Rl , 61=Rlo, 6.1=Rld_, 6.]1=1+ps[¢]pe[e];

nsg = "shel |l potatoid";
Polé_1 = (-7-9¢)% pele_] =1;
R[o_, ©1=R¢, 61=Ro_, 6.]1=1+pd[¢] pe[e];
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nsg = " X pot at oi d";
pold 1= Sin[¢]? pele_] = Sin[2e]?
R, 6 1=RIl¢, 6 1=Rld, 6]=1+pp[s]po[e];

neg = "cardi o potatoid";

Pold 1=~ (-n-¢)2 (1/3+3¢) (1/2-¢) (n-¢)?/550;
pe[e_] =6° (2-6) (r-6)%/4;

Re[6, 61=RI[é_, 6.]1=Rl¢_, 6.1 =1+ps[s]pe[e];

nmeg = "El li psoi d"; (% gives reasonable short but nontrivial results =)
Polé_1=pe[e_]1 =Null;
Rx[d’_. 6.1= 1 Ry[¢_; 6 1 =3 R [, 6.1 =2

(* === %)

Pot at oi d = Paranetri cPl ot 3D[surface[¢, 6], Eval uate[r¢],
Eval uate[re], Pl ot Points -» 40, Di spl ayFunction » ldentity];
Show[G aphi cs3D[EdgeFor m[], Axes - True, | nmageSi ze » {8 x 72, 3 x 72},
AxesLabel -» {"X', "Y", "Z"}, PlotLabel - nsg], Potatoid];

Ell'i psoid
2
Yo
-2
2
1
Z g
-1
-2
b5
XB.sl

* Plot of the chosen surface. x

& ts[expr_1:=TimeConstrained[Full Sinplify[expr], 15, Print [" (not sinplified)"]1; expr]
Print ["Exanple: ", nsQ,
" \nCartesian coordinates (x,y,z) in the enbedding 3D space of a point
wi th coordinates (¢,6) on the chosen surface:"]
Matri xForm/e ({x[¢, 6], YI[¢, ©]1, Z[d, ©]1} ==ts[surface[¢, 6]])
Print ["Natural basis vectors g = &y f(xj)"]
Matri xForm/et s [nat ural Basi s]
Print ["Dual basis vectors ¢ =g/ ;"]
Matri xForm/et s [dual Basi s]
Print ["Orthogonal ity and nornalization g'.e;"]
ts[natural Basis. Transpose[dual Basi s]] // Matri xForm
Print [ Down' netric gij"]
ts[gd[¢, €11 // MatrixForm
Print[" Up' nmetric g'/"]
ts[gul¢, €11 // Matri xForm
Print ["gij gjk = 5ik"]
ts[gd[¢, €]1.gul¢, ©]1 // MatrixForm
Exanpl e: Ellipsoid
Cartesi an coordinates (x,y,z) in the enbeddi ng
3D space of a point with coordinates (¢,©6) on the chosen surface:
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X[p, O] Cos[¢] Sin[o]
yl¢, €] | = |3Sin[e] Sin(¢]
zZ[¢p, O] 2 Cos [9]

Natural basis vectors e = dy f(x)

-Sin[e] Sin[¢]
3Cos[¢] Sin[o]

Cos [6] Cos [¢]
3Cos[6] Sin[¢]

0 -2Sin[o]
Dual basis vectors e' = g' g;
(1345 Cos[26]) Csc[6] Sin[¢] 18 Cos [6] Cos [¢]
-29+11 Cos [26]-32 Cos [2 ¢] Sin[o]? 29-11 Cos[2©]+32 Cos[2 ¢] Sin[e]?
3 (-5+3Cos[26]) Cos [¢] Csc[O] B 6 Cos [0] Sin[¢]
{ -29+11 Cos [26]-32 Cos [2 ¢] Sin[o]? ! -29+11 Cos [2©]-32 Cos [2 ¢] Sin[o]? }
3 16 Cos [6] Sin[2 ¢] _ 4 (5+4 Cos[2 $]) Sin[e]
-29+11 Cos [2 ©]-32 Cos [2 ¢] Sin[e]? 29-11 Cos[2©]+32 Cos [2 ¢] Sin[e]2
Orthogonal ity and normalization e'.¢g;
(1 0
01
"Down' netric gjj
(5+4Oos[2<b])Sin[e]2 8 Cos[0] Cos[p] Sin[e] Sin[¢]
8 Cos[0] Cos[$] Sin[6] Sin[¢p] Cos[0]? (5-4Cos[2¢]) +4Sin[o]?

"Up' netric gl

8+(10-8 Cos [2 ¢]) Cot [0]2 8 Cot [6] Sin[2¢]
29-11 Cos [2 6]+32 Cos [2 ¢] Sin[e]? -29+11 Cos [26]-32 Cos [2 ¢] Sin[e]?
8 Cot [6] Sin[2¢] 2 (5+4 Cos[2 ¢])

-29+11 Cos [2©]-32Cos [2 ¢] Sin[©]? 29-11Cos[20]+32Cos[2 ¢] Sin[e]?

Jij g“< = ik

07

pl = Pl ot [pe[¢], Eval uate[r¢], AxesLabel - {"¢", "po[o]"},
Pl ot Styl e - Hue[0], Di spl ayFunction s ldentity];
p2 = Pl ot [pe[e], Eval uate[re], AxesLabel -» {"e", "pe[e]"},
Pl ot Styl e - Hue[0], Di spl ayFunction s ldentity];
p3 = Pl ot 3D[Nor m[sur face[¢, 6]], Eval uate[r¢], Eval uate[re],
Mesh -» True, Pl ot Range -» {Rest [r¢], Rest [re], {0.5, 2}},
AxesLabel -» {"¢", "6", "r[¢#,6] "}, DisplayFunction-ldentity];
Show[G aphi csArray [{pl, p2, p3}], | nageSi ze » 72 x 87;

po [¢] p

© o o o
N A OO RS

0.2 0.4 0.6 0.8 1¢ " 0.2 0.40.60.8 19

* Functions pé(¢) and pd(0)if defined. Radial coordinate r(¢, 6) of the point (¢, 8). x

e = {0, 10-%, -10°};

pl = Pl ot 3D[angl eBet weenNat ur al Basi sVectors[¢, €], Evaluate[r¢ + €], Evaluate[re +e€],
Mesh - True, Pl ot Range -» {Rest [r¢], Rest [re], Automatic}, AxesLabel -» {"¢", "6", ""},
Pl ot Label - " (e, e5) in °", DisplayFunction > ldentity];

p2 = Cont our Pl ot [angl eBet weenNat ur al Basi sVectors[¢, 6],
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Eval uate[r¢ + €], Evaluate[re +e], Pl ot Range » {Rest [r¢], Rest [re], Automatic},
Pl ot Poi nts -» 50, FraneLabel - {"¢", "6"}, DisplayFunction > ldentity];
Show[G aphi csArray [{pl, p2}], | mageSi ze » 72 x6];

* Angle between natural basis vectors at point (¢, 6). x

¢ =2.5, ep =0.5;
p =surface[¢p, ep] // N

{-0.384089, 0.860768, 1.75517)

(* at point p =*)
a=nbl[¢p, ep] // N, na = G aphi cs3D[Li ne[{p, p+a}]ll;
b =nb2[¢p, ep] // N, nb = G aphi cs3D[Line[{p, p+b}]];
{a// MatrixForm b // Matri xForm Norm[a], Norm[b], a.b,
a.b / (Norm[fa] Nor m[b]), angl eBet weenNat ur al Basi sVectors[¢p, ep] "°"}

-0. 286923 -0. 70307
{ -1.15227 |, | 1.57563 , 1.18745, 1.9739, -1.61381, -0.688512, 133.512 °}
0. -0.958851

Matri xForm/@N[{gd [¢p, ep], gul¢p, epl, gd[¢p, epl. guldp, 6p1}]

{(1.41004 —1.61381) (1.34841 0. 5585 ) 1. 3.17671 x 1017 |
~1.61381 3.8963 |’ |0.5585 0.48798 | |9 21572 x10-17 1.

c =dbl[¢p, ep] // N, dc = G aphi cs3D[Line[{p, p+C}]];

d=db2[¢p, ep] // N, dd = G aphi cs3D[Li ne[{p, p+d}]];

{c // MatrixForm d // Matri xForm Norm[c], Norm[d], c.d,

c.d/ (Norm[c] Norm[d]), (180 -ArcCos[c.d/ (Norm[c] Norm[d])] /Pi %»180) "°"}
{{a.c, a.d}, {b.c, b.d}} // Matri xForm

-0. 779554 -0.50333
{ -0.67374 |, | 0.125333 |, 1.16121, 0.698555, 0.5585, 0.688512, 133.512 °}
-0. 535518 -0. 4679

1. -1.38791 x10°16
2.17491 x 10716 1.

CL¢p = ParanetricPl ot 3D[surface[¢p, ©], Eval uate[re], Di spl ayFunction - ldentity];
CLep = ParanetricPl ot 3D[surface[¢, ep], Eval uate[r¢], Di splayFunction - ldentity];
Show[CL¢p, CLep, na, nb, dc, dd, D spl ayFuncti on -» $Di spl ayFuncti on,

AxesLabel - {"X', "Y", "Z"}, ImageSi ze » {8 x72, 3x72}, ViewPoint -5 (p+{.2, .3, .51,
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* Coordinate lines, natural basis and dual basis at point p. x

fo[t 1:=mx

fe[t 1:=nt

nr =1;

nr =7,

folt ]:=-m+ Mod[2xnr t, 2]
fe[t 1:=mt

Ti meConstrai ned[l ength[0, 1], 10]
Ti meConstrai ned[N engt h[0, 1], 20]

$Abort ed

75. 2417

pt = 0. 4;
Mat ri xForm/e {
{¢pt =fo[pt], ept =fe[pt]},
{apt =f¢' [pt], bpt =fe' [pt]1}, apt nbl[¢pt, ept ] +bpt nb2[¢pt, ept 1}
Matri xForm/e {pat h[pt ], path' [pt]}
%%[[3]] = %[[2]]

1.88496| (43.9823) [ 20-0824
{(1 25664)’ (ﬂ ), ~36. 0083
' ~5.97566
-0.293893| (-40.0824
2.71353 |, | -36.0083
0. 618034 ~5.97566
True

pWeg = Paranetri cPl ot 3D[path[t], {t, 0, 1}, PlotPoints - nr 75, Di spl ayFunction - ldentity];
pvt [t ] = Graphi cs3D[{Hue[0], Line[{path[t], path[t] +path' [t]/50}1}];
Show[pWeg, N[Tabl e[pvt [1/20n], {n, 0, 20}11,

Di spl ayFuncti on - $Di spl ayFuncti on, | mageSi ze -» {8 x 72, 3 x72}, Pl ot Label -» nsg];
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Ellipsoid

* A path with velocity vectors on a potatoid. x

Show[
G aphi cs3D[EdgeFor m[], Axes - True, | mageSi ze » {8 x 72, 5x 72},
AxeslLabel - {"X', "Y', "Z"}, ViewPoint » {-3, 2, 1} 1,
Pot at oi d,
G aphi ¢cs3D[Poi nt [p]11,
ClL¢p, Clep,
Gr aphi cs3D[Line[{{0, O, 0}, 1.5p}11,
Graphi cs3D[Line[{{-2, 0, 0}, {2, O, 0}}11,
Graphi cs3D[Line[{{0, -2, 0}, {0, 2, 0}}11,
G aphi cs3D[Li ne[{{0, O, -2}, {0, O, 2}}11,
na, nb, dc, dd,
G aphi cs3D[Pol ygon[{p, p+a, p+b}]11,
G aphi cs3D[Line[{p-axb, p+3axb}]l,
pViég

* Potatoid with natural basis, dual basis, radial line and orthogonal line at point p; a path on the surface; axes. x
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Export [
"C:\\ USERS\ \ LUMA\ \ Mat hemati ca\\ _Tensorrechnung\\ 1.6 - Potatoid_plus.dxf", %, "DXF"]

C: \ USERS\ LUVA\ Mat hemat i ca\ _Tensorrechnung\ 1. 6 - Potatoi d_pl us. dxf

"Well, thiswasinstructive but at some point we will have to learn how to do this without the embedding space.”

+ 1.7 Manifolds p. 35-37

coming soon...

1.8 Tensor Fields on manifolds p. 38 - 43
"We can create new tensors from old tensors by a number of methods."

coming soon...

+ 1.9 Metric properties p. 43 - 46 (pseudo-Riemannian manifolds)

coming soon...

+ 1.10 What and where are the bases? p. 46 - 49

coming soon...

Chapter 2: The spacetime of general relativity and paths of particles

+ 2.0 Introduction p. 53 - 56

FN: "The mathematics of geodesics is covered in the next few sections, along with the related concepts of parallelism and
absolute and covariant differentiation [...]. Note that in the present chapter we are concerned only with the motion of particlesin
a given spacetime [...]. How that field arises is answered in the next chapter, where we relate the curvature of spacetime to the
sources of the gravitational field."

"The surface of a cylinder does not have curvature. Therefore, initially parallel geodesics would not deviate from one another.
The ants could not decide if they were on acylinder or aflat plane ssimply by examining their geodesics." (David Park)
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+ 2.1 Geodesics p. 56 - 64

Needs [" TGeneral Rel ativityl CGeneral Relativity "]
$PrePrint =.
Decl ar eBasel ndi ces[{1, 2, 3, 4}]
| abs = {X, &6, g, T'};
Defi neTensor Shortcuts[
{{X, e, A, u, zero}, 13},
{{s, g}, 2},
{{T}, 3}]
Decl ar eZeroTensor [zer 0]
$Assunptions = -t < ¢ < 7&&0 <6 < 7,

m 1) Derivation of the affinely parametrized geodesic equation in Euclidean space using the straightness
concept. General parametrization.

Print [
"For a straight line x(u) all the tangent vectors A(u) point in the sanme direction.
If we use the arc-length s as a paraneter u, then the tangent vector is"]
A = Total D[x, s] // Tradi tional Form
Print ["Constant direction of tangent vector inplies"]
Tot al D[Nest edTensor [A], S] =
Print ["Substitute conponent expression for "]
%% /. A->2A[i]edl[i]
Print ["Expand the total derivative by Unnesting the tensor"]
%% // Unnest Tensor
Print ["Expand the total derivative of the basis vectors in terns of the coordinates"]
MapAt [ExpandTot al D[| abs, al, %%, {{1, 1}}] // Traditional Form
Print ["The partial derivatives of e are expanded
in terns of e and connection coefficients I (to be defined), "]
Partial D[l abs][ed[i 1, xu[j 1] » rudd [k, i, j]ed[k]
%%% /. Partial D[l abs][ed[i 1, xu[j_1] »Tudd [k, i, j]ed[k]
Print ["Reindex the first termand factor"]
MapAt [I ndexChange[{{k, i}, {i, ]}, {a, k}}1, %% 1]
MapAt [Factor, %, 1]
Print ["Therefore the bracketed expression nust be zero"]
MapAt [Rest, %%, 1]
Print ["Substitute X in terns of total derivative of x to
obtain the geodesic equation with the arc-length s as paraneter"]
GeodEqAr cLenght = %% /. au[i ] - Total D[xuli ], s1;
% // FrameBox // Di spl ayForm
Print ["Conpare with eqn[2, 4], p.57."]

For a straight line x(u) all the tangent vectors x(u) point in the sane
direction. If we use the arc-length s as a paraneter u, then the tangent vector is

dx
A= —
ds

Constant direction of tangent vector inplies

dAa

ds

Substitute conponent expression for 2
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d(e; A')

ds

Expand the total derivative by Unnesting the tensor

de, dxl
+€ — =
ds ds

A

Expand the total derivative of the basis vectors in terms of the coordinates

The partial derivatives of e are expanded
in terns of e and connection coefficients I (to be defined),

k
@inei_%ekI‘ i

dxa i
ia +8 —— =

ds ds

Reindex the first termand factor

P axk ax’
€ I'jp A +e — =0
ds ds
o axkax
e |TjkA + =0
ds ds

Therefore the bracketed expression nust be zero

dxk QA
+ —

ds ds

i
T X

Substitute x in terns of total derivative of x
to obtain the geodesic equation with the arc-length s as paraneter

: i
d?xi o dx gk
+I )y — —— =

k
1 ds ds

dsds

Conpare with eqn[2, 4], p.57.

Print ["If a general paraneter u=u[s] (inverse transformation s=s[u]) is used to
paraneterize a straight line, then the geodesic equation takes the form.."]

GeodEgAr cLenght

X[u[s]l;

{%, D[%, s], D[%, {s, 2}1}

{rulel =Total D[xu[i _], s] -» Total D[xu[i ], u] D[u[s], s],

rule2 = Total D[xu[i _], {s, s}] -

Total D[xu[i], {u, u}] D[u[s], s]?+Total D[xu[i ], u] D[u[s], {s, 2}]}
CGeodEqGener al Par anet er = GeodEqAr cLenght /. {rulel, rule2} // Full Sinmplify
#-%[[1, 2]1] &/@%;

#/%[[1, 2]] &/@%
-u”[s]/u[s]1® > h[s[u]]

%% /. % // FrameBox // Di spl ayForm
Print ["See Exercise 2.1.1, p. 63."]

If a general paraneter u=u[s] (inverse transformation s=s[u]) is used
to paraneterize a straight line,then the geodesic equation takes the form..
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ax'- ax! a?x' - d2x dx!
- 5 —u'[s], N urs]?+ u”[s}}
ds du dsds dudu du
. i .
a’xi . X gxk , axi
#T ) — — | u[s]?+ u’[s] =
dudu du du du
i i ax
da2x! oodx o gxk o [s]
+T ik —— —— = -
dudu du du u’'[s]?
u”[s]
- - hls[u]]
u[s)2
d?xi : ax’ dxk axi
+Tjk — —— =h[s[u]] —
dudu du du du

See Exercise 2.1.1, p. 63.

Print["If we use an affine paraneter w=u[s]=As+B where A#0 and B are
constants, then the affinely paranetrized geodesic equation is..."]
ufs 1:=As+B
CGeodEqAf fi neParaneter =
(MapAt [#1 / A® & GeodEqGeneral Paraneter, 1] // Sinplify // I ndexChange[{i, a}] //
I ndexChange [{{j, b}, {k, c}}1) /. u-w,
% // FrameBox // Di spl ayForm
Print ["Conpare with eqn[2, 11], p.58."]

If we use an affine paraneter w=u[s]=As+B where A+0 and
B are constants, then the affinely paranetrized geodesic equation is...

d2xa dx® dx¢

Compare with egn(2, 11], p.58.

m 2) Derivation of the connection coefficients in terms of the metric in Euclidean space (Christoffel symboals).
WARNING: Mathematica supposes partial differentiation to be commutativel

e {DIf[x, y1. x, yI, DIf [x, y1, v, x1}
{8x,yf [x, Y1, 8y xf [X, y1}
Hol dConpl et e [0, yf [x, y1 == 8y «f [X, y1]
% // Rel easeHol d
{Partial D[NestedTensor [f], {i, j}], Partial D[NestedTensor [f], {j, i }1};
Equal ee %
%% // ExpandParti al D[l abs] // Traditi onal Form
Equal ee %

{FOY DG y), £ vyl

{f Y y), £V Xy}
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Hol dConpl et e [6x yf [X, y] = 0y, xf [X, V]|

True

0 f 9 f

{

True

}

axiox axiax

Print ["The order of partial differentiation is comutative
with snmooth functions (continuous second partial derivatives)."]
{Partial D[ed[i ], j], Partial D[ed[j ], i]}
% // ExpandParti al D[l abs] // Tradi tional Form
% /. ed[k ] » Partial D[NestedTensor [r], k]
% // ExpandParti al D[l abs] // Tradi ti onal Form
Print ["Definition of nmetric tensor"]
gdd[i, j] =ed[i].ed[j]
Print ["Taking the partial derivative of each side"]
Partial D[#, k] & /@ %%
Print ["Substituting the expansion in terns of Christoffel synbols"]
%% /. Partial D[ed[i 1, ] _]-»Tudd[m i, j]ed[m]
Print ["Eval uating the dot products"]
(eqn[l] = %% // Eval uat eDot Products[e, g, False]) // FrameBox // Di spl ayForm

The order of partial differentiation is commutative
with smooth functions (continuous second partial derivatives)

CRUCES
oe 0e
e

{ax,r'i, ax.r'j}

or 0r
{ J

Definition of netric tensor

axiox axiax

9i; =€ .¢
Taking the partial derivative of each side
9ijk =€ k& +€ - €

Substituting the expansion in terms of Christoffel synbols

m
emrjk).e-

9« = (emTMk) & + i

Eval uating the dot products

m m
Gijk =9 ik +9mi Tk

eqn[l]
eqn[2] = egn[l] // I ndexChange[Transpose [{{i, j, Kk}, {i, k, i}}]1]
eqn[3] = eqn[1l] // I ndexChange[Transpose[{{i, j, k}, {k, i, j}}1]
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Print ["Add the first two equations"]

I nner [Pl us, eqn[1], egn[2], Equal ]

Print ["Subtract the third equation"]

I nner [Subtract, %%, eqn[3], Equal ]

Print ["Apply the symetries"]

Decl areTensor Synmetries[g, 2, {1, {1, 2}}]

Decl areTensor Synmetries[r, 3, {1, {2, 3}}]

%%%% // SymetrizeSl ots[]

Print ["Reverse, nmultiply by the inverse netric and sinplify"]
guufll, j1/72# &/@Reverse[%%]

(eqn[4] = MapAt [MetricSinplify[gl, % 1]) // FraneBox // Di spl ayForm
Print ["Conpare with egn[2, 9], p.58."]

Print ["Lower the first index to obtain an expression for the down conmponents of "]
gdd[l, ml # &/e@eqn[4] // MetricSinplify[g]

Print ["Rei ndex" ]

%% // | ndexChange [Transpose[{{m i, k}, {a, b, c}}11;

MapAt [Factor, %, 2] // FrameBox // Di spl ayForm

m m
Gij,k = 9m ik +Om Tk

__ m m
Oik,i =9 Iji +9n ki
m m

Oki,ji =9m I'ij +9nm Ty

Add the first two equations
m m
gij‘kJrgjk,i :gnj I'rT1ik+grr1<FJ'iJrgm'Tijrgnj kai
Subtract the third equation
m m m m
9k 95k 9, = e Tij * O Tk +Omc T ji 9 T+ O Tki ~ i T
Apply the symetries
m
9.k 9ki “i,j =29 mIMik
Reverse, multiply by the inverse metric and sinmplify

I mo_ L]
9 gjmrikzgg (gij,k+gjk,i_gki,j>

ot
ik = 59 (gij,k+gjk,i ‘gki,j)

Conpare with eqn[2, 9], p.58.
Lower the first index to obtain an expression for the down conmponents of T

1 1 1

Thik = Egimk‘ggki,mggnk,i

Rei ndex

1
Tape == E (gac, b+ Oba,c ~ gcb,a>

?? Chri st of f el DownRul e

Christoffel DowmnRul e gives the rule for the T Christoffel down elenments in terns of the nmetric g.

Chri st of f el DownRul e = T, — % (gac,b +Opa, ¢ - gbc'a)
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So we have now expressions for the Christoffel symbols in terms of the metric and, given a specific metric, we can actually
evaluate the geodesic equations.

m Example2.1.1 p. 59-60. geodesics on a sphere (in 3D space)

r[e, ¢ 1 ={a Cos[¢] Sin[e], aSin[¢] Sin[e], aCos[e]};
natural basis = {eg[6_, ¢ 1 =06%, €3[6 , & 1 = 9p%}
nmetricnatrix = natural basi s. Transpose[natural basis] // Sinplify;
Mat ri xForm/e
{"3D-position:", r[e, ¢], "natural basis:", eg[6, @], €4[6, @], "Netric:", netricmatrix}

{{aCos[©o] Cos[¢], aCos[e] Sin[¢], —aSin[e]}, {-aSin[e] Sin[¢], aCos[¢p] Sin[e], 0}}

aCos[¢] Sin[o]
{3Dfposition:, aSin[e] Sin[¢] |, natural basis:,
a Cos [9]
a Cos [0] Cos[¢] -aSin[e] Sin[¢] 2 0
aCos[6]Sin[¢] |, |aCos[p] Sin[e] |, metric:, [ ) , }
—asin[e] 0 0 acSinfo]

Print ["Metric:"]
Decl ar eBasel ndi ces[{1, 2}]
metric =netricmatrix // Coordi nat esToTensors[{6, ¢}, ul;
Set MetricVal ueRul es[g, netric]
Nonzer oVal ueRul es[g] // Tabl eForm
Print ["Christoffel synbols:"]
Set Chri st of fel Val ueRul es[uul[i ], metric, ]
Nonzer oVal ueRul es[T'] // Tabl eForm
Sel ectedTensorRul es[T, Tudd[_, a , b_]1/; OderedQ[{a, b}11U
Sel ectedTensorRul es[I, Tddd[_, a , b ] /; OrderedQ[{a, b}]]
Print ["Geodesi c equation: "]
Total D{uuf[i], {s, s}l +Tudd[i, j, k] Total D[uu[j ], s] Total D[uu[k], s] == zeroul[i ]
Ceodesi cEq =% // ToArrayVal ues[] // UseCoordi nates[{6[S], ¢#[S]1}, ul

Metric:

941 a2

g,, > a2 Sinful]?

1
git 5 L

Christoffel symbols:

rt, » -Cos[ul] Sin|u!|
r2,, > Cot [u!]

12, - Cot [u']

T1p - -a2 Cos [ul] Sin[u?]
T,, » a2 Cos|ul] Sinfut|
T, » a2 Cos[ul] Sinfu!|

{r',, » -Cos[ut] Sin[u']|, r%, - Cot [u'], T'yy, » -a?Cos[u']| Sin[u'], Iy, »a?Cos[ut] Sin[u]}

Geodesi ¢ equati on:
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] i
d2u oodu quk .
+T" ., — —— =2zero'

% gs as

dsds

{[-Cos(e(s]]Sin(es]] ¢ (s]?+e"[s] =0, 2Cot [6[s]] &'[s] ¢'[s] + " [s] = O}

Try to solve the geodesic equation with initial conditions analytically and numerically.

eqs = Ceodesi ceEqU {€[0] =1, 6" [0] =1, ¢[0] ==1, ¢' [0] =1};

DSol ve[eqs, {6[s], ¢[s1}, s]
NDSol ve [eqs, {6[s], ¢[s]1}, {s, 0, 2x
rre[rsl, ¢[s1l /. %[[111 /. a-1;

}

Paranetri cPl ot 3D[%, {s, 0, x}, ViewPoint » {-1, 1, 1}, ImageSi ze » {8 x72, 3x72}1;

DSol ve[{e[0] =1, ¢[0] =1, & [0] =1, ¢'[0] = 1,
~Cos[6[s]]Sin[e[s]] ¢ [s]>+67"[s] =0, 2Cot [6[s]] &' [s] ¢ [S] +9"[S] =

{{e[s] » Interpol ati ngFunction[{{0., 6.28319}}, <>][s],
¢[s] » Interpol ati ngFunction[{{0., 6.28319}}, <>][S]}}

-1

* Plot of the numerically found geodesic. x

For circles of latitude the geodesic equation is satisfied only by the equator.

Bl ock[{e, ¢, €0, a},

e[s_1:=60; ¢[s_]1:=s/(aSin[ed]);

Print [GeodesicEq, ", ", {6[s], ' [s], ¢[s], ¢' [S]1} /. s =0I;
e0 =7't'/2;
Print [GeodesicEq, ", ", {e[s], @' [s], #[s], ¢' [S1} /. s 0],
1
Cot [60] Csc [e0]
{_ =0, True}, {90, 0, O, }
a2 a
1
{True, True}, {i 0, O, —}
2 a

}, (els], ¢ls]}, s]

= Example2.1.2 p. 61-63. geodesic equation for the Robertson-Walker spacetime

Decl ar eBasel ndi ces[{0, 1, 2, 3}]
Var = {t, r, 6, ¢};

cretric = Di agonal Matri x[{l, -R[t 12

1-k

r2

. -R[t]12r2, -R[t]?r2Si n[e]Z}];

General_relativity.nb

30



% // MatrixForm
Dt [s]? = Col | ect [Dt [Var].cnetric.Dt [Var], -R[t]?] // Traditional Form

10 0 0
0o _RLZ g 0
1-kr2
00 -r2R[t]1%2 0
00 0 -r2R[t]2Sin[e]?

2

dr)
(d9? = (d1)? - R(t)? —+ r2(d ) + r? (d ) sin’(6)
1-kr

Begi nTi ne = Sessi onTi ne[];
netric =cmetric // Coordi nat esToTensor s [Var ]
Set MetricVal ues[g, netric]
Set Chri stof fel Val ueRul es[xuli ], metric, r, Sinplify[#, Trig - Fal se] &]
Sel ectedTensorRul es[T, Tudd[a_, b, c_] /; OrderedQ[{b, c}]1]1 //
UseCoor di nates[Var] // Tabl eForm
Print [" Geodesic equation for the Robertson-Wal ker spacetinme"]
Total D[xu[i], {u, u}y] +rudd[i, j, k] Total D[xu[j ], u] Total D[xu[k], u] == zeroul[i ]
% // TOArrayVal ues[] // UseCoordi nat es[Var 1;
Collect [#, R[t]R [t]] &//@%;
Collect [#, r (kr?-1)] &//e%
% // Tabl eForm// Tradi ti onal Form
Print ["Conpare with eqn[2, 20], p.62."]

Print["- - - - Tine used: ", N[SessionTine[]-BeginTine, 3], " s"]
2
R[x"] 012 ;1.2 012 o 1212 [o112
{11, 0,0 0} {o - ~ 0.0}, {0, 0, -R[X°]" (x*)%, 0}, {0, 0, 0, -R[x°]"sin[x*]" (x*)"}]
1-k (xt)

0 %R[I]R'[t]
1-kr?2

Geodesi ¢ equation for the Robertson-Wal ker spacetine

; i
da?x odx gk .
+T,, — —— =2zero'

k
"qu o du

dudu
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()

1-kr2

d%t
du?

+R) +12 (j—i)z +12 (j—ﬁ)z sin6) |R(t) =0

dr\2 dt dr
kr(f) 2—R(t) — 2 2 2
du du au 41 2 _ (ﬁ) (d_¢) in? =
ottt +r(kr 1)( =) +(3) sn“@|=0
dr def dt do
) a\2 2o a2 RO
cos(@)sm(@)(du) et RO

dr d¢

dt d¢
= a0 d 2ZRM— g2
i i 42 cot(f) I A TR TRl

— =0
du du R(t) dw?
Conpare with egn[2, 20], p.62.

- - - — Time used: 10.4 s

More examples: geodesics on special surfaces (in 3D space).

nmeg = "trunpet (' nbuti, vuvuzela)";

Reduce[{p >0, w/2<6 <7 Abs[z] /p=Tan[e-x/2],
=-1/p, X =pCoS[p], Vy=pSin[éd]}, {o, X, YV, 2}, Real s]

rie_, e.1={%[[3, 211, %[[4, 211, %[[5, 211} /. 6> (6+m) /2;

g <O <n&&p =V-Tan[6] &&Xx = Cos[¢p] V-Tan[e] &&Y =Sin[¢] V-Tan[8] &&zZ == -

neg = "sphere";
r[¢ , ©1={Cos[¢] Sin[e], Sin[¢] Sin[e], Cos[e]};

nseg = "cardi o potatoid";

Pol6 1 =-(-n-0)2(1/3+36) (1/2-0) (x-4)?/550;

pe[e_] = 6% (2-06) (n-6)? /4

ri¢., 6.1=(1+psls] pe[e]) {Cos[¢] Sin[e], Sin[¢] Sin[e], Cos[e]};

Print [nBQ]
Print ["3D-position:"]
r[¢, e] // Matri xForm// Short
nat ural basi s = {eg, €g} = {841 [@, O], Fof [¢, O]}
Print ["natural basis:"]
Mat ri xForm/e {e,, eg} // Short
Print ["nmetric:"]
metricmatrix = nat ural basi s. Transpose [nat ur al basi s] ;
% // Short // MatrixForm
Pot at oi d = Par anet ri cPl ot 3D[r [¢, €], {¢, -, =},
{6, 0+2 $Machi neEpsilon, n}, PlotPoints -> {40, 40}, DisplayFunction - ldentity]

cardi o potatoid
3D-posi tion:

1- (2-6) «<6>

s Cos [¢] Sin[o]

<«<1>>
(<1l>) «<1>

natural basis:

(<<1>) Cos[¢p] Sin[e] - <<1> «<l> + («<1>») «<1> Sin[o]
«<1> + «<1> , «<1> }
(<«<1l>) <«<l>»> <«<1> «<1>

metric:

{{ (<<1>>)2Cos[6]% + (<«<1>)2+ (<«<l>> - «<1>>)2, <<1>>}, <<1>>}

v/ -Tan[e]
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- Graphi cs3D -

Decl ar eBasel ndi ces[{1, 2}]
netric =netricmatrix // Coordi natesToTensors[{¢, 6}, ul;
Bl ock [{Set Metri cVal ueRul es},
Set MetricValueRules[g , MI_, flavor_: Identity]: =
Modul e[ {i, ] },
Set Tensor Val ueRul es [Tensor [g, {Void, Void}, {i, j}] // ToFl avor [fl avor ], MI];
Set Tensor Val ueRul es [Tensor [g, {i, |}, {Void, Void}] // ToFl avor [fl avor ],
Identity[lnverse[M]]111;
Set MetricVal ueRul es[g, netric]; SetChristoffel Val ueRul esfuufi ], nmetric, rJ;

1

Print ["g:"1;
Nonzer oVal ueRul es[g] // Shal |l ow // Tabl eForm
Print["r:"];

Sel ect edTensorRul es[r, Tudd[_, a , b ] /;
O deredQ[{a, b}1] 7/ Shal | ow// Tabl eForm

Print ["Geodesic equation:"]

Total D[uu[i ], {s, s}] +Tudd[i, j, k] Total D[uu[j ], s] Total D[uu[k],
s] == zerouli ]

Ceodesi cEq =% // ToArrayVal ues[] // UseCoordi nates[{¢[S], ©[S]}, ul;

CGeodesi cEq // Short

egs : = Geodesi cEq J | BConds;

g:
{<<3>> 5> Plus[«<3>], «3>» ->Plus[«<3>], «3>» >Plus[«<3>], «3> > Plus[<«<3>],
«<3> > Tinmes[<<2>], <«<3> > Tines[<<2>], «<3>» >Tines[<<2>], <3> > Tines[<<2>]}

I

{<«<3>> > Times[«<2>], «<3> ->Times[«<2>], «3> >Tinmes[«<2>],
<«<3> > Times[<«<2>], «<3> >Times[<<2>], «<3> > Tinmes[«<2>1]}

Geodesi ¢ equati on:

. j
d2uf ;du quk .
+T" ., — —— =2zero'

k
" gs ds

dsds

{<«<1>> =0, «<1> =0}

A collection of geodetics starting at the same point on the chosen surface:

t=.4; sRange = {s, 0, ¢2x};
geodpl ots = {}; C ear [funs, | Bvecs]
AS =.001; u=250;, a=1;
{0, 60} = {7/ 4, 7/3};
nmax = 9;
Do (
B=(n-1) 27 /nmax;
I BConds = {6[0] = 60, &' [0] = a Cos [B], ¢#[0] = ¢0, ¢' [0] =aSin[B]};
sol rul e = NDSol ve [egs, {¢, 6}, sRangel];
{¢sol , esol } = {solrule[[1, 1, 2]1], solrule[[1, 2, 2]11};
geodesic[s_]1:=r [¢sol [s], esol [S]];
funs[n] = {¢sol , esol, geodesic};
AppendTo [geodpl ots, Paranetri cPl ot 3D[
1. 001 geodesic[s] + {0, O, .01}, Eval uate[sRange], Di spl ayFunction - ldentity]];

r0=r [¢sol [0], esol [0]];
rs =r [¢sol [0] +¢sol ' [0] as, esol [0] +esol ' [0] AsT;
A =rs-r0;

| Bvecs[n] = {
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G aphi cs3D[{Hue [0], Poi ntSi ze[0.02]}, Point [r [¢sol [0]], esol [0]1]11,

G aphi cs3D[{Hue[0.4], Line[{r0, rO+puaAr}1}],

G aphi cs3D[ {Hue[0. 7], Poi ntSi ze[0.01], Point [rO+uaAr1}1};
AppendTo[geodpl ots, | Bvecs[n]];

)
{n, 1, nnmax}] (= End of Do %)

vP=5r[¢0, e0];
Show[ {
G aphi cs3D[EdgeForm[]], Potatoi d,
geodpl ots, G aphi cs3D[{Poi ntSi ze[0.005], Point [{0, O, 0}1}1},
Axes - True, AxeslLabel - {"X", "Y', "Z"},
Di spl ayFuncti on -» $Di spl ayFuncti on, Vi ewPoi nt -» vP, | nageSi ze » 72 x 6];

* Plot of the chosen surface with a collection of geodetics starting at the same point.

Export [ C:\\ USERS\ \ LUVA\ \ Mat hemat i ca\\ _Tensorrechnung\\2. 1
- Geodesi cs_on_speci al _surfaces. dxf", %, "DXF"]

C: \ USERS\ LUMA\ Mat hemat i ca\ _Tensorrechnung\ 2.1 - Geodesi cs_on_speci al _surfaces. dxf

More details on a selected geodetics:

nsel ect = 3;
{¢sol , esol , geodesic} =funs[nsel ect];
pl 0 = Paranet ri cPl ot 3D[geodesi c[s], Eval uat e[sRange],
AxesLabel - {"X", "Y', "Z"}, ViewPoint -» vP, DisplayFunction - ldentity];
pl 1 = Pl ot [{esol [s], ¢sol [s]}, Eval uate[sRange], Pl ot Range -» {{0, sRange[[3]]}, Autonatic},
AxeslLabel -» {"s", "o, ¢"}, PlotStyle » {Hue[0], Hue[0.2]}, DisplayFunction - Ildentity];
pl 2 = Pl ot [{esol ' [s], ¢sol ' [s]}, Eval uat e[sRange],
Pl ot Range » {{0, sRange[[3]]1}, Automatic}, AxesLabel - {"s", "6, ¢ "},
Pl ot Styl e » {Hue[0], Hue[O0.2]}, DisplayFunction - ldentity];
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p|3=P|0t[

{Nor m[geodesic' [s]], -Norm[{esol ' [s], #sol ' [s]}]1}, Eval uate[sRange],

Pl ot Range - {{0, sRange[[3]]}, All}, AxesLabel - {s “|geodesi ¢ [s]], -1, 8] |}

¢ [s]

Pl ot Styl e - {Hue[0], Hue[0. 1571}, D splayFunction -» Identi ty];

pl 4 = Parametri cPl ot [{esol [S]

, ¢sol [s]1}, Eval uate[sRange], AxesLabel - {"&", "¢"},

Pl ot Styl e - {Hue[0. 5]}, Di splayFunction > ldentity];
Show[pl 0, | Bvecs[nsel ect ], D spl ayFunction - $D spl ayFuncti on, | mageSi ze » 72 x47;
Show[Gr aphi csArray [{{pl 1, pl 3}, {p! 2, pl4}}], I mageSi ze - 72 x6];

e, o
2.2
2
1.8
1.6
1.4
L — s
ogl 05 1 15 2 25
e, ¢
1
0.8
0.6
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0.5 1 1.5 o2 —p

. 6' [s]
eodesic' [s]], - ,
|9 [s]] Hd> [s]”
1
0.5
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-0.5
-1
¢
2.5
2
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2]
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* Details on a selected geodetic.

"Geodesics are locally extremes of length. [...] Feynman has a cute illustration in a book of this. Suppose you want to arrive back
where you are now in one hour of local time, but with a maximum of time having elapsed for you. Note that going uphill takes
you to a place where, informally speaking, time goes faster. But moving fast causes time to go "slower" (informally speaking).
What is the tradeoff between the two which leads to an optimum of wasted time? Geodesics in space-time are the *free-fall*
paths of objects. So the right thing to do isto shoot yourself out of a cannon so that in free fall, you return to the same spot on the

ground." (Keith Ramsay)
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+ 2.2 Parallel vectors along a curve p. 64 - 71

Needs [" TGeneral Rel ativityl CGeneral Relativity "]
$PrePrint =.
Decl ar eBasel ndi ces[{1, 2, 3, 4}]
| abs = {x, &, g, T};
Defi neTensor Shortcuts|[
{{xX, e, A, 20, zero}, 1},
{{6, 9}, 2},
{{T}, 3}
Decl ar eZeroTensor [zer 0]
Decl areTensor Synmetries[r, 3, {1, {2, 3}}]
(* A sinple routine for fornmatted output of tensors: =)
ST[tensor ] :=
Print ["Tensor ", EinsteinArray[][tensor], " is ", ToArrayVal ues[][tensor]];
(» A victor is a graphical rappresentation of a vector as a pin. pin-
head (green=START) — bl oody pin-tip (red=STOP): x)
victor[a_, b, linecolor_: Hue[.7]]:={
Gr aphi cs3D[{Hue[. 4], Poi ntSi ze[0. 02], Point [a]}],
G aphi cs3D[{l i necol or, Line[{a, a+b}]}],
G aphi cs3D[ {Hue[. 0], PointSi ze[0.0075], Point [a+Db]}1};
(* nbProj (v) are the conponents of a vector v in the basis {ees, €4, €ox€4}: =*)
nbProj [v_]:={"v=", v // MatrixForm "nbProj (v)=",
{v.eql[B, ¢1, V.€y[6, @], V.€0[6, d]x€4[6, ¢1} // MatrixForm} // Sinplify;

m Derivation of the vector parallel transport equation along a curve in an N-dimensional manifold

Print [ Paral l el transport of vector A is intended as (1)t = 0, with T = tangent space. ]
Print["2 = (M7 + (An"]
Tot al D[Tensor [A[u]], u] == 0;
MapAt [Subscript [#, T] & %, 1,1 // FraneBox // Di spl ayForm
Print ["Substituting tensor expression for A[u] and eval uating"]
%%% /. Tensor [A[u]] -» NestedTensor [ed[b] au [b]];
MapAt [Subscript [#, T] & %, 1,]
%% // Unnest Tensor ;
MapAt [Subscript [#, T] & %, 1,]
Print ["Expanding the total derivative of the basis vector"]
MapAt [ExpandTot al D[l abs, c1, %%%, {1, 1}];
MapAt [Subscript [#, T] & %, 1,] // Traditional Form
Print ["Projection into T and expanding the partial
derivative of the basis vector in terns of Christoffel symbols"]
%%% /. Partial D[l abs][ed[i 1, xu[j 1] »Tudd[a, i, j]ed[a]
Print ["Rei ndex, factor and introduce zero vector"]
MapAt [ (& // SinplifyTensorSum// Factor) & %%, 1]
Part [%, 1, 2] = zerou[a] // FrameBox // Di spl ayForm
Print ["Conpare with eqn[2, 23], p.65."]

Parall el transport of vector . is intended as (};)T =0, with T = tangent space.

A= (M1 + (On
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Substituting tensor expression for a[u] and eval uating

T

Expandi ng the total derivative of the basis vector

—+A

b
A
du du axt

T
Projection into T and expanding the parti al
derivative of the basis vector in ternms of Christoffel synbols

dx¢ dxP
+ €y — = 0
du

€, Fabc )Lb

Rei ndex, factor and introduce zero vector

dx¢ da®
+ ==

du du

e, [T AP

dx® dx?
+
du du

= zero?

a b
T%¢ A

Conpare with egqn[2, 23], p.65.

m Complete expansion of the vector parallel transport equation in 2D
Decl ar eBasel ndi ces [Range[2]]

Absol ut eD[au [a], u] = zerou[a]
ExpandAbsol uteD[{Xx, &, g, T}, {c, b}][%]
% /. Tensor [T, {a_, Void, Void}, {Void, b, c_}]~»
1/2guula, d] (Partial D[gdd[d, c], b] +Partial D[gdd[b, d], c] -Partial D[gdd[b, c], d])
Ei nstei nSum[][%%] // SymetrizeSl ots[] // ToArrayVal ues[];
Col | ect [#, {Tensor [T, {a_, Void, Void}, {Void, b_, c_}]}] &//@% // Tabl eForm

D@
—— = zero®
du
b dx¢ da@
% A + = zero®
du du
1 b dx¢ da?
a
— 9% (~Qcb,d + Yed, b + Yab, c ) A + = zero
2 du  du
dxt dx dx?t dx? darxt
1 1 1 2 1 2 1
rloal St a2 Syl (a2 S
11 au 22 au 12 ( au a | "
dx?t dx dx?t dx? ar?
2 1 2 2 2 2 1
T A +T Af — + T Af — + A — | + — =
1 du 22 du 12 ( du du ) du

Definitions used in the next two sections:

Decl ar eBasel ndi ces[{1, 2}]

Set Attributes[{a}, Constant]

r[e, ¢ 1 ={a Cos[¢] Sin[e], aSin[¢] Sin[e], aCos[e]};
{ee[6_, &1, €s[6_, & 1} = {0e%, Op%};

%. Transpose([%] // Sinplify;
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netric =% // Coordi nat esToTensors[{e, ¢}, X]I;
Set Metri cVal ueRul es[g, netric]
Set Chri stoffel Val ueRul es[xul[i], netric, T]

m Example2.2.1 p. 66-68. vector parallel transport on a 2D-sphere

Set Attributes[{60, w, a}, Constant ]

Print ["Vector parallel transport equation on a sphere with radius a"]
eqns = Total D[au [m], t] +Tudd[m n, s] au[n] Total D[Xu[s], t] == zerou[m]
% // TOArrayVal ues[] // Tabl eForm

Print["...and along a circle of latitude e0 for vector A[t] with I.C on A[0]"]
Set Tensor Val ueRul es[xu[i ], {60, t}]
xulil// ST

eqns = (eqns // ToArrayValues[]) /. au[i _] »>xwl[i][t];

conds = {Aw[1]1[0] == Cos[a] /&, Au[2][0] == Sin[a]l / (aSin[e0])};
egns Jconds // Tabl eForm// FraneBox // Di spl ayForm

sol s = DSol ve[eqns Uconds, {awu[1], A [2]}, t1pgy /. Cos[e0] - w;
Print ["Sol ution A (t) with the given I.C and w=Cos[e0] is"]
{AWLILt 1, AW[2][t 1} ={w[1][t], Au[2][t]} /. sols //Sinplify

Vector parallel transport equation on a sphere with radius a

dxs  dam
M A" — + — == zero™
dt dt

o ax? At

-Cos [x!] Sin[x!] x —

Cot [x1] 22 . cot [x1] A% > 2
dt dt

...and along a circle of latitude 60 for vector A[t] with I.C. on A[0]

Tensor {x', x?} is {e0, t}

Cos [a]
a
Csc[e0] Sin[a]
a

~-Cos[60] Sin[e0] A2[t]+At[t] =0
Cot [60] X1[t] +22'[t] =0

A0] =

A2[0] =

Solution X' (t) with the given I.C. and w=Cos[e0] is

Cos[a-t w] GCsc[e0] Sin[a-t w]

— =

Let'slookat At ],A" [t JandA' ' [t ] inthe Cartesian coordinates of the embedding 3D space and in the natural basis.

Print ["A[t] in 3D kartesi schen Koordi naten und seine Lange"]
ANield[t_ ] =w[l][t]ee[60, t]+A[2][t] es[60, t]
Sgrt [Xield[t]. Mfield[t] //Sinplify]

A[t] in 3D kartesischen Koordi naten und seine Laénge

{Cos[t] Cos[e0] Cos[a-t w] -Sin[t]Sin[fa-t w],
Cos[e0] Cos[a-t w] Sin[t] +Cos[t]Sin[a-t w], -Cos[a-t w] Sin[e0]}

1

Print ["X' [t] in 3D kartesischen Koordi naten und in der |okalen Basis:"]
Dixield[t_]=Di[Afield[t], t] /. w-»Cos[e0] // Sinplify
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{DlXield[t].eq[60, t], DIAield[t].e,[60, t],
Dixfield[t].eq[60, t]xes[60, t1} // Sinplify

A' [t] in 3D kartesi schen Koordi naten und in der |okal en Basis:

{-Cos[t]Sin[e0]?Sin[a-t Cos[e0]],
-Sin[t]Sine0]2Sin[a-t Cos[e0]], -Cos[60] Sin[e0] Sin[a-t Cos[eO]}}

{0, 0, -a®Sin(e0]?Sin[a-t Cos[e0]]}

Print["X'' [t] in 3D kartesi schen Koordinaten und in der |okalen Basis:"]
D2xfield[t_]=Dt[Afield[t], {t, 2}] /. w->»Cos[e0] // Sinplify
(D2xield[t]. eq[60, t], D2Xfield[t].es[60, t],

D2Xfield[t].eq[60, t]1xes[60, t1} // Sinplify

A" [t] in 3D kartesischen Koordinaten und in der |okal en Basis:

{Sin[@O]2 (Cos[t] Cos[e0] Cos[a-t Cos[e0]] +Sin[t]Sin[fa-t Cos[e0]]),
Sin[e0]2 (Cos[e0] Cos[a-t Cos[e0]]Sin[t]-Cos[t]Sin[a-t Cos[e0]]),
Cos[€0]% Cos[a-t Cos[e0]] Sin[e0]}

{0, ~aSin[e0]3®Sin[a-t Cos[e0]], a® Cos[e0] Cos[a-t Cos[60]] Sin[e0]?}

The seriesexpansion of A [t ] - A[0] reveasit'sO[t ]2 behavior in T, as expected.

Print["Serie int von A[t] in 3D kartesischen Koordi naten:"]
Series[xfield[t], {t, 0, 1}] /. w>Cos[e0] // Sinplify

Print["Serie int von A[t]-A[0] in 3D kartesi schen Koordi naten: "]
%% - Af i el d[0];

(% e0[60, t1, % €,[60, t1, % eo[60, t]xe4s[60, t1} // Sinplify
Print["Serie int von {Qw[11[t], Ww[2][t]}:"]

Series[{aw[1][t], AW[2][t]}, {t, O, 1}] /. w—> Cos[e0] // Sinplify

Serie int von A[t] in 3D kartesi schen Koordi nat en:

{Cos[a] Cos[€0] -Sin[a] Sin[e0]?t +O[t ]2,
Sinfa] +O[t]? -Cos[a] Sin[e0] -Cos[e0] Sin[a] Sin[e0]t +O[t %}

Serie int von A[t]-2A[0] in 3D kartesischen Koordinaten:
{O[t]2, O[t]?, -a?Sinfa] Sin[e0]?t +O[t ]2}
Serie int von {Aw[1][t], w[2][t]}:

{Oos[oq Cos[e0] Sin[a] t oit 12 Csc[e0] Sin[a] Cos[a] Cot [60] t
+ +0[t 17, -
a a a a

+O[t]2}

Twist of the vector induced by the parallel transport at latitude 85° and 5°:

aufi]//ST

Set Tensor Val ueRul es[au[i ], {Aau[1][t], AW [2][t]1}]
Aauli]//7ST

Set Tensor Val ueRul es[X0u [i ], {aw[1]1[0], A [2][0]1}]
Aufli]//ST

gdd[i, jlaufilafjl

% // ToArrayVal ues[] // Sinmplify

Print ["cos (aa)=f (1,60)"]

gdd[i, jlau[i]20u[j]

(% // ToArrayVal ues[] // Sinplify) /. w- Cos[e0]
N[{27rC03[85°], 27rCOS[5°]}/°, 5]

360"°" -%[[2]]
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Tensor {a', A%} is {a, A?}

Cos[a-t w] Csc[e0] Sin[a-t w]

Tensor {Al, AZ} is { }

a a

Cos[a] GCsc[e0] Sin[a]

Tensor {J0%, 207} is { }

a ' a
g;; A A

1

cos (hra) =f (t,€0)

g;; A 20

Cos [t Cos[e0]]

{31.376°, 358.63°}

1.37°

A graphic representation of the vector parallel transport on a sphere.

Block[{a=.4, 60 =x/3, w=Cos[e0], a=1.},
range = {t, 0, 2x, 2x/5},;

Par anetri cPl ot [{)LU [11[t]1, Aw[2][t]1}, Eval uate[Most [range]],
AxeslLabel - {"A'", "2?"}, AspectRatio - Automatic, |nmageSize » 72 x3];

XieldPlot =Table[victor [r[e0, t], Afield[t]], Eval uate[range]l;

D1Xfi el dPl ot = Tabl e[victor [r [e0, t], DIXield[t], Hue[.25]], Eval uate[rangell];

D2Xfi el dPl ot = Tabl e[victor [r[60, t], D2Xfield[t], Hue[.25]], Eval uate[range]];

nat ur al basi sPl ot = Tabl e[{
victor [r [e0, t], eg[60, t], Hue[.80]1]1, victor [r[60, t], es[60, t], Hue[. 8811},
Eval uat e [range]]; sphereaxi sPl ot = Graphi cs3D[{Hue[. 2], Line[a {{1, O, 0}, {-1, O, O}}1,
Li ne[a {{0, 1, 0}, {0, -1, 0}}], Line[a {{0, O, 1}, {0, O, -1}3}11}1;

Show[spher eaxi sPl ot, natural basi sPl ot,

XieldPlot, DILXiel dPlot, D2Xi el dPl ot ,

Axes - True, AxesLabel -» {"X', "Y", "Z"},

Pl ot Range - 1.6 {{-1, 1}, {-1, 1}, {-1, 1}}, I mageSize » 72 x5];

]

)kl
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x Parallel transport onasphere: A, 1A', A'' andej.
Export ["C. \\ USERS\\ LUVA\\ Mat henati ca\\ _Tensorrechnung\\ 2. 2
- Parallel transport on a sphere.dxf", %, "DXF"]

C: \ USERS\ LUVA\ Mat hemat i ca\ _Tensorrechnung\ 2.2 - Parallel transport on a sphere. dxf

m Connection coefficients (when metric-induced: Christoffel symbols) on a 2D-sphere

Print ["Christoffel synmbols of the first kind are defined by"]

rddd [a, b, c] == Chri stoffel DownRul e[[2]]

Print ["Christoffel synbols of the second kind"]

rudd [a, b, c] ==

1/2guufa, d] (Partial D[gdd[d, c], b] +Partial D[gdd[b, d], c] -Partial D[gdd[b, c], d])
gdd[a, d] rudd [d, b, c];

% ==(%//MetricSinmplify[g])

Christoffel symbols of the first kind are defined by

1
Tabe == E (gac, b + 9ba, ¢ ~ Ybe, a)

Christoffel symbols of the second kind

1
Iy = > g™ (*gbc,d +0bd, ¢ + Ydc, b)

d
Gad I"bec = Tabc

Let'stest the geometrical meaning of the connection coefficientsasthe projection of e; ; into T: (e; )T =T €.
dlel[e_, ¢_] =aeee[9, ¢], d2€l[6_, ¢_] =a¢ee[9, ¢],
dle2[e , ¢ 1 =8e0€4[6, ¢]; d2e2[6_, ¢ ] = 0s€e4[06, @1;

Print [ 8;e; and 9;e; //nbProj ]
aa = dlelf[e, ¢] // nbProj
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bb = d2el[e, ¢] // nbProj
cc =dle2[e, ¢] // nbProj
dd = d2e2[e, ¢] // nbProj
bb == cc

dye; and 0 e //nbProj

-aCos[¢] Sin[o] 0

{v:, -aSin[e] Sin[¢] |, nbProj (v)=, |0
-aCos[0] -a®Sin[o]
-aCos[©] Sin[¢] 0

[v=, |acosie) coste) |, nbProj (v)-, |a2cos(e]sine] |}
0 0
-aCos[6] Sin[¢] 0

{v:, a Cos[6] Cos[¢] , NbProj (v)=, |a2Cos[o] Sin[o] }
0 0
~—aCos[¢] Sin[o] -a2 Cos[6] Sin[6]

{v:, -aSin[e]Sin[¢] |, nbProj (v)=, |0 }
0 -a®Sin[o]®

True

Print ["T]

Drop[NonzeroVal ueRul es[T'] // UseCoordi nates[{e, ¢}, ul, -3]

{rra, 1, 11 =0, r[1, 1, 21 =0, r[1, 2, 11 =1[1, 1, 21, T[1, 2, 2] =-Cos[©] Sin[e],
r[{2, 1, 11 =0, r[2, 1, 2] =Cot [6], T'[2, 2, 1] =T[2, 1, 2], T[2, 2, 2] =0} // Tabl eForm//

Hol dFor m

Print ["tjec and r¥jec//nbProj"]

r[l, 1, 11 eq[6, ¢1 +T[2, 1, 1] ey[6, @] // nbProj

Most [#[[4, 1]1]] & /@ (aa == %)

r[l, 1, 2] eq[6, ¢1 +T[2, 1, 2] e4[6, @] // nbProj

Most [#[[4, 1]]] &/@ (bb == %)

r[l, 2, 11 eq[6, 61 +T[2, 2, 1] e4[6, @] // NbProj

Most [#[[4, 1]11] &/@ (cC = %)

r[l, 2, 2] eqg[6, ¢]1 +T[2, 2, 2] e4[6, ¢] // nbProj

Most [#[[4, 1]11] &/ (dd = %)

T

{rt,, » -Cos[x*] Sin[x']|, 1%, - Cot x|, 1%, - Cot [x*]}
ri1, 1, 1] =0

rr1, 1, 2] =0

ri1, 2, 1] =T[1, 1, 2]

T[l, 2, 2] = -Cos[6] Sin[e]

rr2, 1, 11 =0

ri2, 1, 2] = Cot [6]

ri2, 2, 1] =12, 1, 2]

r[2, 2, 2] =0

ki ex and 1% ex//nbPr oj

0 0
{v:, 0|, nbProj (v)=, |0 }
0 0
True
-aCos[6] Sin[¢] 0
[v-, |acos(e] Cos o) |, nbProj (v)=, |a2cCos(e] Sin(o] |}
0 0
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True

-aCos[©] Sin[¢] 0
[v=, |acos(e] Cos[o] |, nbProj (v)=, |a2Cos(e]Sin(e] |}
0 0

True

~aCos[0]2Cos[¢] Sin[o]
{V:, ~—aCos[o]2Sin[e]Sin[¢] |, nbProj (v)=,
aCos[©] Sin[e]?

-a2 Cos[0] Sin[o]
0
0

True
A graphic representation of the natural basise; and the derivativese; ;.

Block[{a=.4, 60 =1.2, w=Cos[e0], a=1., f =.7},
range = {t, 0, 2x, 2x/5};
nat ur al basi sPl ot = Tabl e[{
victor [r[e0, t], eg[60, t], Hue[.80]],
victor [r[e0, t], es,[60, t]1, Hue[.88]1}, Eval uate[range]];
dlelPl ot = Tabl e[victor [r [e0, t], dlel[e0, t]f], Evaluate[range]];
d2elPl ot = Tabl e[victor [r [e0, t], d2el[e0, t] ], Evaluate[range]l];
dle2Pl ot = Tabl e[victor [r [e0, t], d2el[e0, t]f 1.2 ], Evaluate[rangell;
d2e2Pl ot = Tabl e[victor [r [e0, t], d2e2[e0, t] ], Evaluate[range]];
spher eaxi sPl ot = G aphi cs3D[{Hue[. 2], Line[a {{1, O, 0}, {-1, 0, 0}}1,
Line[a {{0, 1, 0}, {0, -1, 0}}], Line[a {{0, O, 1}, {0, O, -1}}1}1;
Show[spher eaxi sPl ot, natural basi sPl ot,
dlelPl ot, d2elPl ot, dle2Pl ot, d2e2Pl ot
Axes - True, AxeslLabel - {"X", "Y', "Z"},
Pl ot Range » 1.4 {{-1, 1}, (-1, 1}, {-1, 1}}, I mageSize » {8 x72, 3x72}];

N2/

=

*e; ande; ; onasphere.

Export [
"C.\\ USERS\ \ LUMA\\ Mat hemat i ca\\ _Tensorrechnung\\ 2.2 - Connection coefficients.dxf",
%, " DXF"]

C: \ USERS\ LUVA\ Mat henmati ca\ _Tensorrechnung\ 2.2 - Connection coefficients. dxf
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+ 2.3 Absolute and covariant differentiation p. 71 - 79

Needs [" Tensor Cal cul us3" Tensorial "]
$PrePrint =.
Decl ar eBasel ndi ces[{1, 2, 3, 4}]
| abs = {X, &6, g, T'};
Defi neTensor Shortcuts[
{{x, A, u}, 1},
{{6, 9, T}, 2},
{{T}, 3}]
Set Tensor Val ues[éud [i, j1, IdentityMatrix[ND m]]
Decl areTensor Synmetries[r, 3, {1, {2, 3}}]
TensorLi st = {Tensor [¢], au[a], ad[a], zuu[a, b], Tdd[a, b], zud[a, b], wdu[a, bl};

m Absolute differentiation

(aa = Absol ut eD[Nest edTensor [#], ul;
aa == (aa // Unnest Tensor // ExpandAbsol uteD[l abs, {i, j}])) &/@TensorList // Tabl eForm
Print ["] ast expression fully expanded: "]
Col | ect [#, {Total D[Tensor [x, List[_], List[Void]], ul}] &/@Ei nsteinSum[] [Last [%%]] //
Symetri zeSl ot s[]

Dy __ d¢

du du

D@  a o\ axl qpa

du T ] du du

Pa o Hoy o D

du a7} dqu du

Drab (Fb aj | a j b) ax! drab

du i ' du du

Dt i axt dt
ab __ [ bl ab

du ( I‘ibtaj I‘|a ]b) du + du

Dr? i ax’ dr?
b J a a J b

= | - . L+ .. —_ +

du ( I"btl F'th) du du

Dr,” ] b b _jy ax arP
a __ (_). _ - ] @ a

au ”( Plat] +FIJ ta) d]u+ u

b
Dz, dx?!
b 1. b 2 b 3 b 4 1 b .2 b .3 b 4 b
= (TP Ty #1009 Ty #1013 Tg #0014 Ta ~Tya Ty -T2 Ty ~Ta Ty ~Tia Ta) +
du du
b 1 b 2 b 3 b 4 1 b .2 b .3 b 4 b dx?
(M0 Ta #1700 Ty + T3 Ty + Tgg Ta ~Tipa Ty ~Tpp Ty = T7pa T3 *Tzat4)7dlu*
b 1 b 2 b 3 b 4 1 b .2 b .3 b 4 b ax’
(T3 Ta +T 03 Ty +T733 T +Tg4Ta ~Tiga Ty ~Tga Ty ~Tga T3 *Tsat4)7dlu*
b
dx4 dt
b 1 b 2 b 3 b 4 1 b 2 b 3 b 4 b a
(T14ta I, T 4T g, Ty + 17 aa Ta — 1745 Ty 1745 T 1744 T3 —I‘4at4>a+ a0

Absol uteD[au [a], ul;

% == (% // ExpandAbsol ut eD[l abs, {i, j}1])
MapAt [ExpandTot al D[l abs, i1, %, 2]
MapAt [Factor, %, 2]

Print ["in Full Form "]

%% // Ful | Form

General_relativity.nb



N
du Y du du
e A ax
— =T A + By A2
du du du
Dx2 ax! a J
= o (T X o Aa)
u u

in Full Form

Equal [Absol uteD[Tensor [\[ Lanbda], List [a], List [Void], u],
Ti mes [Tot al D[Tensor [x, List [i], List[Void]], u],
Pl us [Ti nes [Tensor [\[ Capi t al Gamma], Li st [a, Voi d, Void], List[Void,i,j], Tensor [
\[Lanbda], List[j], List [Void]], Partial D[List [x, \[Delta], g, \[Capital Ganma] ] ][
Tensor [\[ Lanbda], List [a], List[Void], Tensor [x, List[i], List [Void]]]]]]

@ |f two vector fields A and u are parallel transported along a curve y, then their inner product remains constant along the curve.

Print ["The inner product Xx-u"]

gdd[a, b] au[a] pu[b]

Print["is a scalar field, hence total derivative = absolute derivative:"]
Tot al D[Nest edTensor [%%], u]

Absol ut eD[Nest edTensor [%%%], U]

Unnest Tensor [%]

{Absol uteD[gdd[_, _1, u]l » 0, AbsoluteD[au[_], u] » 0, AbsoluteD[uu[_], u] » 0};

Print ["Using the properties of netric and parallel transport ", % ", we get:"]
%%% /. %%
Print ["Hence A-p = const."]
The inner product A-u
Jab 28 Ilb
is a scalar field, hence total derivative = absolute derivative:
d(gap 2 1)
du
D(gab A8 /Jb)
du
Dgav D° L, D
M+ Gap | —— AT+ U
du P ld du
B Da- Du—
Using the properties of netric and parallel transport {—90, — =0, —»O}, we get:
du du du
0

Hence A-u = const.

m Covariant differentiation

{Partial D[au[a], i], Partial D[au[a], {i, j}], CovariantD[au[a], i],
CovariantD[au [a], {i, j}], Total D[au[a], u], AbsoluteD[au[a], u]}

Covariant D[au [a], i1];

% == (% // ExpandCovari ant D[l abs, j 1)

Covariant D[au [a], {i, j}]1;

% == (% // ExpandCovari ant D[l abs, {m n}])
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dx @ D2

a a a a
P A% 2 A — —}
du du
a a i a
D TR
Wi = A0 T+ Oy i A% =TT (Tom AT+ 0 2®) +T% 116, A+ T, (T n AT+ 0 A7)

(aa = Covari ant D[Nest edTensor [#], i];

aa = (aa // Unnest Tensor // ExpandCovari ant D[l abs, {j }])) &/@TensorLi st // Tabl eForm
Print ["]| ast expression fully expanded:"]
Ei nst ei nSum[] [Last [%%] ]

b =9
28 =T A+,
j
Xai = -TiaX +0, Aa
ab __ b aj a ib ab
T I__F”t +Fij7: +6x.t
g j 5.
Tab.j = “ITip Ty ~ 1T ja Tjp + Oxi Tab
) a a )
tab;i = —Fllbtj +T tJbJr@Xi %
b b _b j b
Ta .| ”‘Tiatj +Fij T, +0,i Ta

| ast expression fully expanded:

b b 1 b 2 b 3 b 4
ta;i == i1 Ta Jrl“izta +Fi3ta +Fi4ta -

® Ingeneral relativity we define the divergence using covariant differentiation.

Covari ant D[au [a], a]
% // ExpandCovari ant D[l abs, i ]
% // Ei nsteinSum[] // SymmetrizeSlots[] // FullSinplify
(aa = Covari ant D[Nest edTensor [#], a];
aa = (aa // Unnest Tensor // ExpandCovari ant D[l abs, {i }])) &/e
TensorList [[{2, 4, 6}]] // Tabl eForm

28,

a

I‘ai

A+ Ba 02

1 2 3 4 1 1 2 3 4 2
(T11+1"12+I‘13+I‘14>)k +<I‘12+I‘22+I‘23+F24>/\ +

1 2 3 4 3 1 2 3 4 4 1 2 3 4
(F 13+F23+F33+F34>/\ +(F 14+F24+F34+I‘44))L +6X1A +6X2)L +6X3A +6X4)L

28 =T A 46,8

a al
tab:a == Fbai @ +1"aai t'b + Oya tab
a i a a i a
Thog = T T +1y T +0xalh

The divergence of a covariant vector field is defined to be that of the associated contravariant vector field.

pu i ] ==guufli, j1ud[j]
CovariantD[#, i ] &/@%

% /. Tensor [g, {_, _, Void}, {Void, Void, Cov[_1}]~-0
uo= g Hj
UI i = ij;./lj"'gij/-ij;i
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ij
Ko =097 Ky

s Example2.3.1 p. 79. Divergence of aradial field in Euclidean space

coord = {r, o, ¢};
{r Cos[¢] Sin[e], r Sin[¢] Sin[e], r Cos[e]};
Tabl € [0coord[n1; % {N, 1, Length[coord]}];

%. Transpose[%] // Sinplify;
Decl ar eBasel ndi ces [Range [Lengt h[coord]]]
Set Chri st of f el Val ueRul es[xu[i ], Coordi natesToTensors[coord, X][%%], T]

Set Attributes[{A B}, Constant]

Set Tensor Val ueRul es[au[i ], {Axu[l] +B, 0, 0}]
CovariantD[au[i ], 1]

% // ExpandCovari ant D[l abs, j ]

% // ToArrayVal ues[] // Sinplify // UseCoordi nat es [coor d]
%/. A-1/. B-0

+ 2.4 Geodesic coordinates p. 79 - 81

Needs [" Tensor Cal cul us3™ Tensorial "]
$PrePrint =.
| abs = {X, &6, g, T'};
Def i neTensor Shortcuts[
{{x, x0}, 1},
{{9, &, X}, 2},
{{r, 10, X}, 3}]
Set Tensor Val ues [éud [a, b], IdentityMatrix[ND m]]
M/Red = Styl eFor m[Super scri pt [#, "/"], Font Col or » RGBCol or [1, 0, 0]] &
MyBl ue = Styl eFor m[Super scri pt [#, "//"1, Font Col or - RGBCol or [0, 0, 1]] &
Decl ar el ndexFl avor [{red, MyRed}, {blue, M/Bl ue}]
Decl areTensor Synmetries[r, 3, {1, {2, 3}}]

m 1.1) Geodesic coordinates at a point on a sphere

Set up the metric and the Christoffel symbols for a 2D-sphere of radius 1 in spherical coordinates in an embedding Euclidean
space.

ma[u , v.] = {Cos[u] Sin[v], Sin[u] Sin[v], Cos[V]};
ru={u, -mx n};, rv={v, 0, n};
{u0, vO} ={1/3, 1/23;
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co = {u, v};

mafu, v];
Tabl e[0corn11% {n, 1, Length[co]}];

glu_, v_] =% Transpose([%] // Sinplify;
Decl ar eBasel ndi ces [Range [Lengt h[c0]1]1];
netric =%% // Coordi natesToTensors[co]; SetMetricVal ueRul es[g, netric];

Set Tensor Val ueRul es[Tudd [a, b, c¢], Cal cul ateChristoffelu[xuli], metric, Sinmplify]]
Sel ect edTensorRul es[g, gdd[_, 1] // Tabl eForm

Sel ectedTensorRul es[T, rudd[_, i _, ] _1/; OderedQ[{i, j}]1]1 // Tabl eForm

gy, - Si n[xz]2

9, > 1

I‘llz - Cot [Xz]

2, - —%Si n[2x2]
Set the point PO. We need the Christoffel symbolsevaluated in PO.

Set Tensor Val ueRul es [x0Ou[i ], {u0, v0}]
(rudd [a, b, c] // ToArrayVal ues[]) /. xu[i 1 - x0ul[i] /. Tensor Val ueRul es [x0]
Set Tensor Val ueRul es [TOudd [a, b, c], %]

1 Sin(1]

[{{o. ot [ 2]} {oot [2]. o)) {[-227 o). 10, 03}]

Calculation of the Jacobian matrix X* ; and the Jacobian determinant in PO.

Print [Xud[redea, d], " = "]

éud[a, d] +Qudd[a, d, c] (xu[c] -x0u[c])

% // TOArrayVal ues[] // Sinplify;

Set Tensor Val ueRul es [Xud[redea, b], %]

Set Tensor Val ueRul es [Xud[a, redeb], Inverse[%%] // Sinplify]
Xud[redea, b] // ToArrayVal ues[] // UseCoordi nates[co] // MatrixForm
Print [Xud[redea, d], " in PO = "]

%% /. U->u0 /. v->v0// MtrixForm

Print ["Jacobi an determnant in PO:"]

Det [%%]

a
Xy =

(X - x0%) T0? + &%

1_3(:ot[ﬂ+vcot{§] §<_1+3u>00t{§]
%(Sin[l}—SuSin[l}) 1

X*,in PO =

10

o 1]

Jacobi an determ nant in PO:

1

Let's check that the Christoffel symbolsin the red coordinates are indeed 0 in PO .
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Print [Xudd[redea, d, e], " = "]

Parti al D[l abs] [Xud[redea, d], xu[e]]

% // TOArrayVal ues[];

Set Tensor Val ueRul es[Xudd[redea, b, c], %]

(rudd [a, b, c] // ToFl avor [red]) ==Tudd [d, e, f] Xud[redea, d] Xud[e, redeb] Xud[f, redec] -
Xud[e, redeb] Xud[f, redec] Xudd[redea, e, f]

ToArrayVal ues[] /@%;

% /. XU[i _]1 -»x0u[i] /. Tensor Val ueRul es [x0]

o
Xde’

Oye Xy

T e = =X X X g X5, X X T
(e ™o b (T2 ™o {{TP0e T2 ) {2200, T2 )} =
{{{0, 0}, {0, 0}}, {{0, O}, {0, 0}}}

Calculation of the metric in the red coordinates.

Print [gdd[redea, redeb], " = "]
Xud[c, redea] Xud[d, redeb] gdd[c, d]
% // ToOArrayVal ues[] // Sinplify;

Set Tensor Val ues [gdd [r edea, redeb], %]
%% // Matri xForm

ga’b’ =
Ocd Xca/ de/
9 (Si n[1]2+36 Sin[x2]%-6Sin[1)2x1+9 Sin[1)? (xl)z) 27 Cot [%] (-1+3x1) (2 Cos[1]-21
(18—9C0t [Hmm [H Sin[1]-6 Cot [%} Sin[1] xt+9 Cot [H Sin1] (x)%+18 Cot [%} xz)z (1879 Cot [%}mm [%} Sin[1]-6 Cot [%] Sin[1

4ot {%}ZSi n[x?)? (1-3x1)%.9

27 Cot [ﬂ (-1+3x1) (2 Cos[1]-2 Cos [2x2]+Sin[1]-2 Sin[1] x2) 9

(1879 Cot [§]+00t [%} Sin[1]-6 Cot [H Sin[1] xt+9 Cot [%} Sin(1] (x})?+18 Cot [2} xz)z (18—9 Cot [%]@ot [H Sin[1]-6 Cot [H Sin[i]»

The metric components are unchanged in PO.

Print [gdd[a, b], " and ", gdd[redea, redeb], " in PO ="]

ToArrayVal ues[] /e {gdd[a, b], gdd[redea, redeb]} /. xu[i ] -» x0uf[i] /.
Tensor Val ueRul es[x0] // Sinplify

Matri xForm/e% // N

%% /. List -» Equal

gOred = %%%[[2]1] // Sinplify;

Oa and g, in PO =
2

({{sn[ 2] o} 0 v}, {{sin[2] o). 0. 1))

{(O. 229849 0. ) (O. 229849 0. )}
0. 1. )’ \o0. 1.

True

Transformation to geodesic coordinates.

Print [xu[redea], " = "]

xuf[a] -x0u[a] +1/21T0udd[a, b, c] (xu[b] -x0u[b]) (xu[c] -x0u[c])
% // ToArrayVal ues[] // Full Sinplify;

Set Tensor Val ues [xu[redea], %]
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xu[redea] // ToArrayVal ues[] // UseCoordi nates[co]
Sol ve[{uu, vV} =%, {uU, V}I;

Sel ect [%, FreeQ[#, Conpl ex] &];

maRed [uu_, vv_] =nma[co /. %[[1]] /. List -» Sequence];

x¥ =

1
x3 - x0% + — (x® ~x0°) (x®-x0°) 10%,,
2

{% (-1+3u) [ZCot [%] +2 v Cot {;” 7%+v7% (173u)28in[1]}

m 1.2) Local Cartesian coordinates at a point on a sphere

{s, j } = JordanDeconposi tion[gOred];
snor = 11/ V#.# &/@Transpose[s] // Full Sinplify // Transpose;

jscale =Full Simplify[lnverse[Sqrt [Abs[j1]1]11];
Matri xForm/e {"gOred", gOred, "s,j", s, j, "snor,jscale", snor, jscale, Transpose[jscal e]}
Transpose([jscale].j.jscale // Sinmplify // Matri xForm
2 1
Si nH 0 0
2

{gOr ed, . .

. 01
15111(1 0)1

orisese (35 o celz] | fo ez )
(0 1)

erm—(1 0)'
p =lo 1)

Pmat = snor.jscale.perm// Full Sinplify;

transPmat = Transpose[Pmat ];

i nvPmat = I nverse[Pmat ];

Mat ri xForm/e {Pmat, transPnat, i nvPnat }

(transPmat. gOred. Pmat // Ful | Sinplify) == Di agonal Matri x[{1, 1}]

(ipaitlt [sngz) o)

10

0 1
Csc[ﬂ 0

True

Set Tensor Val ues [Xud [red@a, bl uee@eb], Pnmat ]

Print [gdd[bl ueea, bl ueeb], " in PO = "]

gdd[redec, reded] Xud[redec, bl ueea] Xud[reded, bl ueeb]

ToArrayVal ues[]1[%] /. xu[i_] »x0u[i] /. TensorVal ueRul es[x0] // Sinplify

9, IN PO =
oo X0 X'y
{{1, 0}, {0, 1}}
Transformation to local Cartesian coordinates.

Print [xu[blueea], " = "]

i nvPmat . ToArrayVal ues[][xu[redea]l] // Full Sinplify;
Set Tensor Val ues [xu[bl ueea], %]

xu[blueea] // ToArrayVal ues[] // UseCoordi nat es[cO]
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Sol ve[{uuu, vvv} =%, {u, V}1];
Sel ect [%, FreeQ[#, Conpl ex] &];
maBl ue[uuu_, vvv_] =maf[co /. %[[1]] /. List -» Sequence];

1

{7—+v7— (1-3u)2Sin[l], — (-1+3u) (zcm [% +2 v Cot {;J Sinb”

N
w
o P
(o2

m 1.3) Coordinate mesh (spherical, geodesic and local Cartesian) at a point on a sphere

{PO = ma[u0, vO], g[u0, v0] // Matri xForm}
% // N

coR = {uu, vv};
maRed [uu, vVv];
Tabl € [0corr(n11 % {n, 1, Length[coR]}1;
gR[uu_, vv_] = %. Transpose[%] // Matri xForm
{PO == maRed [0, 0], gR[O, 01} // Sinplify

coB = {uuu, vvv};
maBl ue [uuu, vvVv];
Tabl e [0coB[(n11 % {n, 1, Length[coB]}1;
gB[uuu_, vvv_] = %. Transpose[%] // Matri xForm
{PO == maBl ue [0, 0], gB[O, 0]} // Sinplify

1 1 1 1

(foos 2] sin 2], sin 2] sin[ 2], s 2], [Sn[2)" 0

0 1

}

{{o. 453036, 0.156865, 0.877583, (O' 229849 0. )}

0. 1.

n=10; AU =.2; AV =. 2;

Tabl e[Paranetri cPl ot 3D[ma[u, vn], {u, u0-au, u0+au}, DisplayFunction-Ildentity],
{vn, vO-av, vO+aAv, 2Av / (n-1)1}1;

Tabl e[Paranetri cPl ot 3D[ma[un, v], {v, vO-aAv, vO+av}, DisplayFunction-ldentity],
{un, u0-au, uO+au, 2au/ (n-1)}1;

Coor di nat eMesh = {%, %%};

n=10; AU =.2; AV =. 2;

Tabl e[Par anet ri cPl ot 3D[maRed [u, vn], {u, -au, Aau}, DisplayFunction - ldentity],
{vn, -Av, av, 2av / (n=-1)}1;

Tabl e[Par anet ri cPl ot 3D[maRed [un, v], {v, -av, Av}, DisplayFunction-ldentity],
{un, -Au, Au, 2au/ (n-1)}1;

Coor di nat eMeshRed = {%, %%};

n=10; AU =.2; AV =.2;

Tabl e[Par anet ri cPl ot 3D[maBl ue[u, vn], {u, -au, Au}, DisplayFunction-ldentity],
{vn, -av, av, 2av/ (n-1)}1;

Tabl e[Par anmet ri cPl ot 3D[maBl ue[un, v], {v, -av, Av}, DisplayFunction - ldentity],
{un, -Au, Au, 2Au/ (n-1)}1;

Coor di nat eMeshBl ue = {%, %%};
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pp = 40;
uvSphere = Paranetri cPl ot 3D[ma[u, v], Eval uate[rul,
Eval uate[rv], PlotPoints -> {pp, pp}, DisplayFunction-Ildentity];

VP = Vi ewPoi nt -» 2 PO;

Show[G aphi cs3D[EdgeFor m[], Axes - True,
AxeslLabel - {"X', "Y', "Z"}, VP, | mageSi ze » {8 x72, 6 x72}],
Graphi cs3D[Poi nt [N[PO]11,
Coor di nat eMesh,
Coor di nat eMeshRed,
Coor di nat eMeshBl ue,
uvSpherel;

* Spherical, geodesic and local Cartesian coordinates together on a spherein PO.

Export ["C: \\ USERS\\ LUVA\\ Mat henati ca\\ _Tensorrechnung\\ 2.4 - Spherical,
geodesi c and | ocal Cartesian coordinates on a sphere. dxf", %, "DXF"]

C: \ USERS\ LUVA\ Mat hemat i ca\ _Tensorrechnung\ 2.4 -
Spherical, geodesic and | ocal Cartesian coordinates on a sphere. dxf

Show[Gr aphi cs3D[EdgeFor m[], Axes - True,
AxeslLabel - {"X', "Y', "Z"}, VP, PlotRange » {{0.2, .7}, {-.1, .42}, {.7, 1}}1,
Graphi cs3D[Poi nt [PO]], #, Di splayFunction - ldentity] &/e
{Coor di nat eMesh, Coor di nat eMeshRed, Coor di nat eMeshBl ue};
Show[G aphi csArray [%], | mageSi ze » 72 x 8];
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0.2 0.2 0.2
0.4 0.4 0.4
0.2 0.2 0.2
0.3 n 0.3 u 0.3
0.4 0.4 0.4
0.8 0.8 0.8
0 0 0
- 0.6 ; 0.6 ; 0.6
%% %% %%

* Spherical, geodesic and local Cartesian coordinates on a spherein PO. x

m 2) Local Cartesian coordinates in the Painlevé-Gullstrand metric (a generalized Schwar zschild metric with
off-diagonal terms)

% o 0
3
gOred = | _ ,3 -1 0 0 ; asnmpt = M> 0;
3
0 0 -9 M 0
0 0 0 -9Mm

{s, j } = JordanDeconposition[gOred];
invs =Inverse[s] // Full Sinmplify;

snor =n/ V#.# &/@Transpose[s] // Full Sinplify // Transpose;

invsnor =Inverse[snor] // Full Sinplify;
jscale =Full Simplify[lnverse[Sqrt [Abs[j 1]], asnpt];

0100
erme |1 00O}
PErM=10 00 1|
0010
1) Since the metric matrix is symmetrical a Jordan decomposition will give adiagonal matrix.

Matri xForm/e {s, invs, j, s.j.invs} //Sinplify
{(s.j.invs // Sinplify) ==gOred, (invs.gOred.s //Sinplify) =j}

3
E oL
2nf10_24f10 o o 2 E+m
Je Je .
{1 1 00 _ﬁ TP
A
0 0 01
0 0 10
1 1 _ 12 9 0
5(_1_\/10) 0 0 0 3 3
1
0 5(71“/10) 0 0 o, 0 0 }
0 0 “9M 0 3
0 0 0 oM/ |0 0 -9M 0
0 0 0 oM

{True, True}

We calculate a hew, orthogonal similarity matrix by normalizing the columns.
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Mat ri xFor m/@ {i nvsnor, invsnor.snor // Full Sinmplify}
i nvsnor == Transpose[snor ]
{(snor.j.invsnor // Full Sinplify) ==g0red, (invsnor.gOred.snor // FullSimplify) =]}

\/1 \/1 00
2 2 1000
0100

1 1 1

{-Jym \/5-1000'0010}
V 0001

0 0 01

0 0 10

True

{True, True}

2) Scaling matrix...

Matri xForm/e {j scal e, I nverse[j scal e]}
j scal e == Transpose[j scal e]
jscale.j.jscale // Sinplify // MatrixForm

1
5(71”/10) 0 0 0 3 0 o o
-1+4/10
1
{|o 5(+\/10)00,0 s o o |
1 1+/10
0 0 am 0 0 0 3M 0
0 0 0 L 0 0 0 3M
3M
True
100 0
0 10 O
0 0 -10
0 00 -1
3) Permutation...

perm (jscale.j.jscale) /7 Simplify // Matri xForm
%. perm// Sinplify // Matri xForm
per m== Transpose [per m]

0O 10 O
-1 00 O
0O 00 -1
0O 0 -10
10 0 O
0 -10 O
00 -10
00 0 -1
True

4) The FN P matrix isthen...
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(perm jscal e.invsnor).gOred. (snor.jscale.perm //FullSinmplify // Matri xForm
Pmat = snor.jscal e.perm// Full Sinplify;

transPmat = Transpose[Pmat] // Full Sinplify;

i nvPmat = I nverse[Pmat] // Full Sinplify // ToRadi cal s;

Matri xForm/e {Pmat, transPnat, i nvPnat }

Print ["Have we transPmat. gOred. Pmat ==n ?"]

(transPmat. gOred. Pmat // Ful | Sinmplify) == Di agonal Matrix[{1, -1, -1, -1}]

10 0 0
0-10 0
00 -10
00 0 -1
0 0
{ (-5+4/10 ) J$(5+4m) o o |
0 SiMo
0

0 o0

0o o0 | }
., ]/2 o0 o
2 \/ 5

L oo

am 0 3M 0

o L 0 0 3M

3M

Have we transPmat. gOred. Pmat ==n ?

True

FN: "The implication of this for general relativity is that about each point of spacetime we can introduce a coordinate system in
whichT), = 0,9, = 1, [...] showingthat locally the spacetime of general relativity looks like that of special relativity."

+ 2.5 The spacetime of general relativity p. 82 - 85

Needs [" Tensor Cal cul us3™ Tensorial "]
$PrePrint =.
| abs = {X, &6, g, T'};
Def i neTensor Shortcuts[
{{x, j, p, dx, f, u, zeroy, 13},
{{6, 9, n, zero, F}, 2},
{{T, zero}, 3}]
Decl ar eZeroTensor [zer 0]
FI at ToCur vedSpacetime = {n - g, Total D- Absol uteD, Di f » Cov};

Proper time dr for a particle and equation of motion under aforcef :

Print ["Fl at spacetine:"7J; {dc2 = ndd [, v]dxu[u] dxu[v], Total D[pu[u], ] =fu[u]}
Print ["Curved spacetine:"]; (% /. Flat ToCurvedSpaceti ne)
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Fl at spaceti ne:

dp”
{dtZ = dx" dxY nu, — = f“}
dt
Curved spaceti ne:
u
{dtZ = dx" dx¥ gu, — = f“}
T

Maxwell equationsin curved spacetime:

(eqn[2, 67] = {Partial D[Fuulu, v, v] == g julul,
Fol d[#1 + (Partial D[Fdd [#1, #2], #3] &ee #2) &,
0, Tabl e[RotateLeft [{u, v, o}, i1, {i, 0, 2}]1] == zeroddd[u, v, ol})
(eqn[2, 68] =eqn[2, 67] /. Fl at ToCurvedSpaceti ne)

{Fuv,v == /JOJ. “1 Fuv,U+Fvo,u JrFou,v = zer Ouvc}
{Fw;v = o " Fuvio + Fyvou + Fou v == zer OMVU}
Definition of time/light/space-like vectors.

MapThread [{#1, #2[gdd [y, v] A [p] w([v], 01} &
{{"vector X tinelike", "vector x null (lightlike)", "vector X spacelike"},
{Geater, Equal, Less}}] // Tabl eForm// FraneBox // Di spl ayForm

vector A tinelike O AU [u] au[v] >0
vector A null (lightlike) Ouv AU [u] [v] =0
vector 2 spacelike O A [u] Au[v] <0

m Exercise 2.5.1 p.85. Isthe world velocity of a stationary chair (in the lab) timelike or spacelike? Isits world
line a geodesic?

m Exercise 2.5.2 p.85. Geodesic equation for afree (massive) particle.

Print ["Equation of nmotion (2,70), p.84 for a free particle:"]
Absol ut eD[pu[u], ] = zerou[u]
Print ["Substitute for nmonentumin terns of velocity and divide out nmass"]
%% /. pulli ] -» muuli]
(#/m&/@%) /. a . zerou[b ] = zerou[b]
Print ["Expand the absol ute derivative"]
MapAt [ExpandAbsol ut eD[l abs, {a, b}], %%, 1]
Print ["Substitute velocity"]
%% /. uufi _] - Total D[xul[i], t] // FraneBox // Di spl ayForm
Equation of notion (2,70), p.84 for a free particle:
%
— =zero”

dc

Substitute for nonmentumin ternms of velocity and divide out nass

DJ/J
m— == zero”
dt
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DJM
— == zero"
dt

Expand the absol ute derivative

du” o ax® )
+u’ ', — = zero
dt dt

Substitute velocity

dxa ax®  a2x”
™y — + == zer 0"
dr dt drdt

Compare with equation (2.71), p. 84.

m |ntermezzo: The concept of forcein special relativity.
(Der Begriff der Kraft in der Massenpunktdynamik der speziellen Relativitatstheorie.)

A particle with rest mass my>0 is moving around subject to some force. This motion is observed by two inertial systemsX and =
("p" = prime) with relative velocity v (measured by X); each is endowed with a Cartesian coordinate system and they have
overlapping axes at t=t'=0 (standard configuration). We determine here various quantities (position, velocity, acceleration,
kinetic energy, impulse, force) which characterizes a particular motion asviewed by X or ',

® 1. Some definitions (See my Special Relativity Mathematica notebook for an ab initio derivation a la Lévy-Leblond of the
Lorentz transformation matrix A)

n = Di agonal Matrix[{1, -1, -1, -1}1;

YV ] :=1/\/1—(v/c)2;

¥ -VvXy/cC -vyy/c -vzy/cC
2 (_ _1 _
—vxy/cC 1+ Vxe (-l+y) VX VY (-1l+v) VX VZ (-1l+y)
v2 v2 v2
A[VX_, Vy_, VZ_] = vy y/c VX VY (2—1+7) 14 vy? (—21+1) vy vz (2-1+1) /7.
v v v
- -1 2 (-
—vzy/c VX vz (-1+y) Vy vz (-1+v) 1+ vze (-1l+y)
v2 v2 v2

{¥>v¥Ivl, vosSart [vx? +vy? +vz?]} 7/ Sinplify;

Test: The coordinate transformation in standard configuration and proof of the isometry of the Lorentz transformation expressed
by A

A[vx, 0, O7;
{ct, x, vy, z};
Matri xForm[{c tp, xp, yp, zp}] ==
Mat ri xFor m[%%]. Mat ri xForm[%] == Matri xFor m[Si npl i fy [%%. %]]

Print [ (c tp)z—xpz—ypz—szZ(c t)2—x2—y2—22"]

A[VX, vy, vz]. {ct, X, Yy, z},;

Sinplify[% n. %] == (ct)?-x2-y?-22

1 B VX 00 c2t-vxx
vx2 vx2 vx2
1-= c [1-=- c [1-=
ctp c? c? ct e
Xp . B VX 1 00 - X _ -t VX+X
yp VX2 V)(2 y VX2
zp e Ve z e
0 0 10 y
0 0 01 z
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?
(c tp)2-xp?-yp?-zp?=(c t)2-x?-y?-z?

True

® 2. A little collection of motions restrained to the x-y-plane.

meg = "Kraftefrei e Bewegung";

V=l/2;
X1[t_ 1:=vt;
X2[t J:=vt; x3[t_]1:=0

nmsg = " Hyper bol i sche Bewegung";
g=1/4;, a=3n/4,

x1[t 1:=Cos[a] cz/g(\/l+(gt /c)? -1); x2[t_]:=Sin[a]c?/g (\/1+(gt /c)? -1);

x3[t_1:=0

neg = "Bewegung auf Lissajous-Orbit";

X1[t 1:=Cos[nt] /4
Xx2[t_1:=Sin[t]/4; x3[t_]:=0

msg = "Parabolic orbit (Bewegung auf Parabel -Orbit)";
X[t 1:=t/2;
x2[t_]:=t2/20; x3[t_]1:=0

For simplicity we assumec=1 and my>0 ; timet € [0, 2x].
c=1; m=1;
{ti, tfy =40, 2x};
$Assunptions = {ti <t stf};

® 3. Cinematicasseenby

Ordinary position X(t ) , velocity V(t) and acceleration A(t) :

Print[" --- ", m8g, " --- "]
X[t 1 :={x21[t], x2[t], x3[t]}
V[t ]:=D[X[t], t]

Vnit _1:=Sinmplify[NormV[t]]]

A[t 1 :=Sinplify[D[X[t], {t, 2}1]

Anft ] :=Sinplify[Norm[A[t]]]

Print ["{X(t), V(t), A(t), [V(E)I, [A{t)I} ="]
Mat ri xForm/e {X[t], V[t1, A[t], Vn[t], An[t]}

--- Parabolic orbit (Bewegung auf Parabel -Orbit) ---

t 1
- L 0

{ 2 2 1 \25+12 1}
t - - R
20 10 10 10 10
0 0 0

A graphical representation of the motion.

xyOrbitplot =
ParanmetricPlot [{x1[x0/c], x2[x0/c1}, {xO, cti, ctf}, AspectRati o -» Autonmati c,
AxesLabel - {"x1", "x2"}, PlotStyle - {Hue[0]}, DisplayFunction - ldentity];

M nkowski Orbit = Parametri cPl ot 3D[{x1[x0/c], x2[x0/c], x0, Hue[0.9]1},
{x0, cti, ctf}, DisplayFunction-ldentity];

pM nkowski Orbit = ParanetricPl ot 3D[{x1[x0/c], x2[x0/c], 0},
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{x0, cti, ctf}, DisplayFunction->ldentity];
Li ght Cone = Tabl e[
Par ametri cPl ot 3D[{Cos [a] x0, Sin[a] x0, x0}, {a, 0, 2x}, DisplayFunction - ldentity],
{x0, cti, ctf, (ctf -cti)/ (7-1)}1;
vpl ot = Plot [Evaluate[{V[t][[1]], VIt1[[21], Wn[t]1}],
{t, ti, tf}, PlotStyle - {Hue[0], Hue[O0.4], Hue[0.6]},
AxesLabel - {"t", "V1(t),V2(t), |V()|"}, D splayFunction - ldentity];
Show[G aphi csArray [{xyOr bitpl ot, Show[M nkowski O bit, pM nkowski Orbit, Li ght Cone,
Vi ewPoi nt » {1, 1.4, 0}, AxesLabel - {"x1", "x2", "c t"}], vplot}, InmageSize »72x8]7;

X2
2 VI(t),V2(t), [V(t) |
0.8
1.5 = _/
ct 0.6
1 0.4
0.2
0.5 -5 t
1 x2 5 12 3 45 6

©0.51 152253
* Orbit in the x-y-plane, orbit in the Minkowski space (with projection and light cone) and plot of {V1(t), V2(t), | V()|
4-position x(t) , 4-velocity v(t) and 4-accelerationa(t):

Xx={ct, x1[t], x2[t], x3[t1};

v=y[Vn[t]]1D[x, t]//Sinplify;

a=y[Vn[t]1]D[v, t1//Sinplify;

Print ["{x(t),v(t),a(t)} ="]

Mat ri xForm/e {x, v, a}

Print ["{x(t)? v(t)? a(t)? v(t)-a(t)} ="]
Simplify/e{x.n.x, v.n.v, a.n.a, v.n.a} //Sinmplify

10 100t
t Jrstz (-75+t2)?
t 5 50t
{ tzz , | sz |, (-75+t2)? }
Tl t 750
0 7512 (-75+2)?
0 0

® 4. Dynamicsasseenby X

Einstein-forceKg = % (y my V) and 4-forcef (t):
Ke[t_1:=D[myy[Vn[t]]V[t], t1//Sinmplify
f =Flatten[{y[Vn[t]]1/CcKe[t].V[t], ¥[Vn[t]1Ke[t1}] //Sinplify;
Print ["{Ke(t),f(t)} ="]
Matri xForm/e {Kg[t], f}
Print ["{f (t)% v(t)-f(t)} ="]
(f.n.f, v.n.f}y //Sinplify

{Ke(t), f(t)} =
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100t

St (-75+12)?
(75-12)%2 50t
{ 75 , (-75+12)?
(75-12)%/2 750
0 (-75+t2)?
0

{f ()2 v(t)-f(t))

{ )

7500
(-75+12)°
4-momentump(t):

p=mpyv,

¥[Vn[t1] D[p, t1// Sinplify;

Print ["p(t), y p(t) and y p(t)=f (t)"]

Matri xForm/@ {p, %%, %% ==f}

Pri nt ["7 Bty and ¥ T (t)a 1\ (K\_E\)(t)"]

D[Rest [p], t1 // Sinmplify;
{Matri xForm[%], % == Kg[t ]}

bl

p(t), v p(t) and y p(t)=f (t)

10 100t
7512 (-75+t2)?
5 50t
{ Jrsaz |, | (-754t2)?
t 750
7512 (-75+t2)?
0 0
. . ?
Yy p(t) and ¥y p(t)=Ke(t)
5t
(75-12)%/?
{ 75 , TIr ue}
(75-12)%/2

o

Kinetic energy T(t):

Pri nt [ T(t) and T(t)z\!\(K\_E\)(t).V(t)"]
T[t_]1:= (my[Wn[t11c?-mc?) //Sinplify

{Tre1,

Sinplify /e (D[T[t], t] =Ke[t].V[t])}

, TIr ue}

T(t) and T(t )EKE(t ) -V(t)

10

{71 + —_, True}

\75-t2

® 5. Comparisonsof forcesasseen by £ and X
(Vergleich der Kréfte, die verschiedene I nertial systeme beziiglich derselben Bewegung eines Massenpunktes beobachten.)

a) First, we choose a particular relative velocity v of X' with respect to £ and set up the corresponding Lorentz transformation

matrix.
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1 1 1 ) )
A=A[—, -, —] /7 Sinmplify;
2 2 2
% // Matri xForm
2

[
[EEN
[

Wik Wik wls~ |
Wik Wd> W |

wlh Wk Wik |

b) 4-positionx' (t') asseenby X.

Warning: In genera theinverset =f (t' ) to be calculated by the Solve[] statement may cause serious problems!

Xp=A.X//Sinplify;

{tip, tfp}y = {xXpl[l1] /.-t »>ti, xp[[L1]1] /-t >tf};
$Assunptions = {tip<tp<tfp};
Solve[{ctp==xp[[1]1}, t]

trule =9%[[1, 111;

Xp=xp /. trule// Sinplify;

Xp // Matri xForm

[t 915—\/€M}, [t 915+\E\/W}}

tp
%(lS—\/?x/m—th)
%(10577\/57\/m78tp)
L (1545 a5 4tp -tp]

¢) Ordinary velocity V' (t' ) anditsnormasseenby X',

Xp[tp_]1 = Rest [xp];
Vpltp_1:=Sinplify[D[Xp[tpl, tp]]

Vnpltp_ 1:=Sinplify[Norm[Vp[tpl]]

Matri xForm/e {Vp[tp], Vnp[tpl} // N//Sinplify

~0.333333 4 2745356
/45, -4. tp

5.21749 15. -1.67705+/45. -4. tp -1. tp
{ 1. 33333+4574“D , 1_41421\/ }
\/45. -4, 11.25-1. tp
~0.333333 - 14907
\/45. -4. tp

d) 4-velocity v' (t') and 4-accelerationa’ (t')asseenby X.

vp = y[Vnp[tp]l] D[xp, tp]l // Sinplify;
ap = y[Vnp[tp]1Dlvp, tp] // Sinplify;
Matri xForm/e {vp, ap}

{vp.n.vp, ap.n.vp} // Sinplify
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J 45 4tp 6 (*45 ﬁ*lo\/W*‘lﬁtp)

-75:6/5 \[45-4tp +4tp Jasatp [,75+6J?Jm+4tp)z
V5 Jasatp 2151275 \[as-atp |

3J775+eﬁ\/m+4tp 3(775+6ﬁ\/m+4tp)2

{ 745 -4 [45-4tp 10 73+ﬁm) }

3J,75+6\/5_\/W+41p 3(_75+6ﬁ\/m+4tpj2
25 a5 atp 10 (12445 \[45-41p |

3J*75+6ﬁm+4tp 8 (’75+6ﬁ\/m+4tp)2

{1, 0}
€) Einstein-forceKg' (t ' )and 4-forcef' (t')asseenby .

Ksgl[tp_] = D[mp y[Vnp[tpl]l Vp[tpl, tpl // Sinplify;
fpltp_l =Flatten[{y[Vnp[tpl]l /c Ksg[tp]l. Vp[tp]l, ¥[Vnp[tp]l] Kse[tpl}] // Sinplify;

Matri xForm/e {Ksg[tp], fp[tp]}

vp.n.fp[tp] // Sinplify

60-6 /5 [45-41p
2(15 (76ﬁ+m%8\/?tp) (—75+6\/57\/m41p)2

3 (-45.4tp) (-75+6\/5_\/W+4tp)3/2 2 (15 (—6 W+M)+8ﬁtp)

10 [-45+/5 +3.[45-41p +4 /5 tp| sjm(ﬂswﬁ\/WMtp)z

{ 3 (-45:4tp) (J&eﬁjmmm)a’/z 10 (—45 V5 +3 \/WM\/?HJJ }
10 (-45+/5 +12.[45-41p +4 V5 tp) 3.[a5-4tp [—75+6J?JW+4tp)2

3 (-45:41p) (—75+6\/?M+4tp)3/2 o (*45 V5 412 Jm*“ﬁtp)
BMKJS%\/?\/thp)Z

f) Isthe 4-forcef' (t')asseen by X' and calculated directly from the 4-position x' (t') identical to the 4-force calculated with
the Lorentz transformation of the 4-forcef (t) as seen by X witht -t ' ?

Af /o trule// Sinplify;
% // MatrixForm
Simplify[fp[tp] == %%]
60-6/5 \[45-4tp
(_75+6J5_\/m+4tp)2
2(715+2x/5*\/m)
3(775+6ﬁm+4tp)2
10 L&ﬁﬁ)
3[775+6\/5*Jm+4tp)2
10 (712+ﬁm)
3[#5+6ﬁM+4tp)2

True

Yes, itis! Asit should...

"In moving from the flat spacetime of specia relativity to the curved spacetime of general
relativity we hope somehow to incorporate the effects of gravity, and the point of view we
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are adopting is that gravity is not a force, and that gravitational effects may be explained in
terms of the curvature of spacetime.” (FN)

+ 2.6 Newton's laws of motion p. 86 - 87

+ 2.7 Gravitational potential and the geodesic p. 87 - 89

Needs [" TGeneral Rel ativityl General Relativity "]
$PrePrint =.
| abs = {X, &6, g, T'};
Decl ar eBasel ndi ces[{0, 1, 2, 3}]
Def i neTensor Shortcuts[
{{x, v}, 1},
{{6, 9, n, h}, 2},
{{r, h}, 3}1
Decl areTensor Synmetries[r, 3, {1, {2, 3}}]

From the geodesic equation describing the motion of a free massive particle in GR we can recover the Newtonian equation of
motion of a particle moving in a gravitational field by means of a weak& quasi-static field and a low motion approximation. This
is done here in three "easy" steps... We suppose that g,,, = n,, + h,, withh << = diag(1,-1,-1,-1) (This meansalso
that the coordinates x¥ are nearly Cartesian).

® First, from the geodesic equation using the proper time ¢ as (affine) parameter we get the geodesic equation using the coordi-
natetimet =t ( t) as (non-affine) parameter; theinverseis t=t(t) . (See also Exercise 2.1.1, p.63, and subsection 2.1.)

Print ["1) Geodesic equation with the coordinate tine as paraneter"]

Absol ut eD[vu[u], t] =

Absol uteD[vu[u], t] =h[t[t]] Vvu[u]

% // ExpandAbsol ut eD[l abs, {v, o}]

(eqn[2, 75] =% /. vu[i _] » Total D[xu[i], t]) // FraneBox // Di spl ayForm

Print [" (see eqn[2,75] and eqn[2,76], p.87)\nwhere"]

h[{c[t]] == Total D[z, {t, t}]/Total D[z, t] // Traditional Form

Print ["considering that"]

Hol dForm[ (-f "' [t]f' [t]17® /. © > InverseFunction[f][t]) =
InverseFunction[f]'' [t] /lnverseFunction[f]' [t ]]

Rel easeHol d [

%]

1) Ceodesic equation with the coordinate tinme as paraneter

D/M
0
dt
D/H
e [c[t]]v"
dav” Lo axY
+vo T o =h[z[t]] Vv~
dt dt
a2x” L dxY dx© ax”
+T — — =h[t[t]] —
dt dt dt  dt dt

(see eqn[2,75] and eqn(2,76], p.87)
wher e
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d?r
h(r(ty) = 2

dr

dt

consi dering that

frlt) D7t
- ot f Dy s ——— =

fric)? fOeb ]
True

(see eqn[2,75] and eqn[2,76], p.87)
wher e

e
() =

T

dt

consi dering that

f[c f D7t
_ [1/.t»f(l>[t] ZA

frici? f D1t
True

® Now we construct all the approximations needed.

Print ["2,1) Ceodesic spatial part approximation"]

eqn[2, 75]

Print ["Do a partial sumon tinme conponent and sinplify"]

MapAt [Partial Sum[0, {j, k}]1, %%, {{1, 2}}]

% // SymmetrizeSlots[]

% // MapLevel Parts[Si nplifyTensor Sum {1, {2, 3}}]

Print ["Put ", xu[0] »ct]

Set Attributes[c, Constant]; $Assunptions = {c > 0};

%%% /. XU[0] »ct

Expand[# /c?] &/@%

Print ["The second order velocity termon |left can be neglected"]
%% /. Total D[xu[a_], t] Total D[xu[b ], t] -0

Print ["Do a partial array expansion on the time conponent and take the spatial part"]
%% // Partial Array[0, {i}]

(eqn[2, 77] = Last /@%) // FrameBox // Di spl ayForm

Print ["Conpare with eqn[2,77], p.87."]

2,1) Geodesic spatial part approxination

dazx” L dxv dx® ax”
+T%0 — —— =h[z[t]] —
dt at at dt dt

Do a partial sumon tinme conponent and sinplify

) . .
dx?® ax® ax! ax® qxk ax' gxk  a2xt ax”
FHOO — +Fujo— +Fu0k——+f‘“jk——+ =hlc[t]] —
dt dt dt dt dt dt dt dt dt dt
X . .

) dx?® ) ax® ax’ ) ax® axk ) ax’ gxk @2x” dx*
T — | +Ty — +T _— —+T, — — + =hlc[t]] —
0 gt o gt at % gt at gt oat atat at

X _ _
ax°® ax°® ax’ ax' gxk g2xt dax”
oo | —| +2T%; — T — + =hicit]] —
dt dat  dt dat dt dt dit dt
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ax’ ax’ axx  a@?x” ax”
c2r +2crt + T — + =h[T[t]] —
00 0 K
bt Mogt at atat dt
ax! ax) gxk a2xH axt
21““0J- — r“,kii X [Tt @
" dt I X at at dt dt dt
oo + + + =
c? c? c?

The second order velocity termon |eft can be neglected

ax’ dg2x* dax*
217, — [T[t]] —
u ] dt dt dt dt
Moo + + ==
2 2
C C

Do a partial array expansion on the tinme conmponent and take the spatial part

420 o ax a2xi i ax ax© ax!
o ama CTaw o wa 2Toa hic(t]] o hIzlt]] o
{T 00t + v Mg + + } == { ) }
c? c c? c c? c?
da2xi I‘i ax! ¢ ax’
o dt at 0 ‘gt (elt]] 5
+ + ==
00 o2 c o2

Conpare with eqn[2,77], p.87.

Print["2,2) Up netric approximtion"]

Print["this is the Kronecker"]

gdd [y, vl guufo, ul

Print ["ansatz (wWwth h « n)"]

%% /. gdd [y, v] » ndd [y, v] +hdd[y, v] /. guulo, u] » Bnuulo, ul +ahuulo, ul
% // Expand

Print ["sinmplify with netric g = n"]

%% // MetricSinplify[n]

Print ["wWith a=-1 and B=+1 we get the Kronecker to first order"]

%% /. a-»-1/. B->1

2,2) Up netric approximation

this is the Kronecker

9 g7

ansatz (with h <« n)

(hw + nw) (ot h + 3 )70“)

o hyy h +ah®™ Nuv + By n™+B Nuv n’"

simplify with netric g = n

ahov+6h0v+ahwhw+5ncv

with a=-1 and B3=+1 we get the Kronecker to first order
~hy h?™ 4 1o,

Print ["2,3) Connection coefficients approximation"]
rudd [y, v, o] ==1/2quuflu, p] (Partial D[l abs][gdd[o, p], XUu[Vv]] +
Parti al D[l abs][gdd[v, p], xu[o]] -Partial D[l abs] [gdd[v, o], Xu[p]])
Print ["Substituting the weak gravity approximation"]
%% /. gdd[a_, b ] » ndd[a, b] +hdd[a, b]
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Print ["n does not depend on x"]

%% // Nondependent Parti al D[{n, X}]

Print ["Up netric approxi mation"]

%% /. guufa_, b ] »nuula, b] -huufla, b]

Print ["Negl ect h conpared to n"]

%% /. huu[_, _1-0

% /. Partial D[l abs][hdd[a , b ], xu[c_]] » hddd[a, b, D f [c]];
TApproxRul e = Rul ee@ % // LHSSynbol sToPatterns[{u, v, o}];

2,3) Connection coefficients approximtion

1
I‘HVO == E g“p (axggvp _ prgvc + va gU,O

Substituting the weak gravity approxi mation
i 1 e
Tvo = 5 g (axU hyo = 0gePyo + Oy Moy + Oyo My = Oyo Nyo + Oxr Mo
n does not depend on x
H 1 HpP
™o =—g (@Xohvp =00 N + Oy hop)

Up metric approximation

1
T = 5 (_hup . ’7#0) (@XO h,, -0,y + Oy hgo)

Negl ect h conpared to n

1
o = 5 7 (85 Nup = B0 Ny + By N |

Print ["2,4) Approximation for h(z(t))"]

Print ["Start with the derivative of the netric relation"]
(Total D[z, t1)? = gdd [, v] Total D[xu[u], t] Total D[xu[v], t1/c?
Print ["Substitute weak gravity netric"]

%% /. gdd[a , b ] - ndd[a, b] +hdd[a, b]

Print ["Expand on tinme coordi nate"]

%% // ExpandAl | // Partial Sum[0, {i, j}1]

Print ["Set ", xu[0] »ct];

%% /. XUu[0] »ct

Print ["Spatial velocities are small conpared with time flow']
%% /. Total D[xuf[i ], t] -0

Print ["Set ", ndd[0, 0] » 1]

%% /. ndd [0, 0] » 1

Vi &/@% // Power Expand

Print ["Take the first order Taylor series approxinmation."]
MapAt [Nor mal [# + O[hdd [0, 0]11%] & %%, 2] // Traditional Form
Dr =%[[2]];

Print ["Taking the total derivative and expandi ng"]

Tot al D[%%%, t ]

MapAt [ExpandTot al D[l abs, a], %, 2] /.

Partial D[l abs][hdd[a , b ], xu[c_]] » hddd[a, b, Dif [c]]
Print ["Partial sumon tine conponent and putting ", Xu[0] »cCct]
%% // Partial Sum[0, {i}]

% /. Total D[xu[0], t] » Total D[ct, t] // Traditional Form
DDz = %[[2]]

Print ["Substitute expressions above"]

h[c[t]] = Total D[z, {t, t}]/Total D[z, t]

h[t[t]] = DDt / Dt
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Print [" Negl ect hoo L Moo = l"]

%% /. hdd[0, 0] -0
hAppr oxRul e = Rul e ee %;

2.4) Approximation for h(c(t

))

Start with the derivative of the netric relation

ax”  ax>
dt dt

Ouv

c2

Substitute weak gravity netric

(huv+r7uv
Dt [t, t]2 =

ax”  ax>
dt dt

C2

Expand on tine coordinate

Dt [z, t]? =
h (ﬁ)z . (ﬂ) ax0 axi ax0 axi ax0 ax) ax0 ax! axi - ax) axi - ax)
00 | at 00 | at i0 g @ o ar 0 @ @ o & a T R
+ + +
c? c? c? c? c? c? c? c?
Set x®>ct
axi axi ax! ax’ axi - ax) ax!
i0o o Mo @ o0 w  To & i . o w o a
Dt[t,t}zzzh00+7700+ + + + + +
c c c c?

Spatial velocities are small conpared with tinme flow
Dt [, t1% = hyg + 7o
Set ngy~>1
Dt [z, t}Z::l+h00
Dt [z, t]=_/1+hy
Take the first order Taylor series approximtion.
dr 1
—=—hyp+1
at 2
Taking the total derivative and expandi ng

1 dhg,
Dt [z, {t, 2}] = =

2 dt

1 dx?
Dt [z, {t, 2}] = =h —

7R
Partial sumon time conponent and putting x°>ct

0 i

1 h dx 1 o dx
Dt [z, {t, 2}] = — —+ —hgy ;| —

2 %% at 2 " at
d?r 1 1 dx
— =—chyyg+ —hgy: —
J2 2 00,0 > 00,i dt
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1 o 1 o axi
—C + — L
2 00,0 2 00, i dt

Substitute expressions above

Dt [z, {t, 2}]
hiz[t]] = —————
Dt [z, t]
dx’
%Choo,oJr%hoo,i e
hiz[t]] =

1
1+ > hoo
’\bgl ect hoo < 1oo = 1

o 1 o 1h dx
[t[t]] = —cC + — P —
5 € Moo,0* 2 Mooi

(David Park: "1 have kept both terms here, departing slightly from FN. The first term is small because of the quasi-static approxi-

mation. The second term is small because of low spatial velocities.")
® We put here al together!

Print["3) Finally..."]

eqn[2, 77]

Print ["Replace ", tudd [i, j, K]]
%% /. TApproxRul e

Print ["Quasi -static field approximation and n'°=0"]

%% /. hddd[_, _, Dif [0]]>0/. p>k

Print ["Negl ect approximation for h(c(t))"]

%% /. hApproxRul e

%[[1]1 =0

Print ["Test particle mass m and rearrangi ng"]
Map [# mc? & %%, {2}]

eqn[2, 80] = (%[[1, 211 = -%[[1, 1]1-%[[1, 311);
% // FrameBox // Di spl ayForm

Print ["Conpare with eqn[2,80], p.88."]

3) Finally...

a2xi i ax! dxi
T o — h t —
- atat 0 at (et &
oot * ==
c2 c c?

Repl ace T'j,

a?xi ax
L iy a2y g e A, LMoo onr “Mhao] T S
— (- + no+ +
2 00, p 0p, 0 C2 c C2
Quasi -static field approxi mation and n'°=0
azxi Cax)
_ha . ik
1 - ( hoy &+ howj | 7% —  hlTlt]
——hgo '+ + =
2 c2 c c2
Negl ect approximation for h(c(t))
a2 ik axl ax! 1 dx!
1h ik atat “hoj ko ) 1w ;¢h 00,i g
- — + + ==
5 00,k ' o2 c
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d2xi )
_h.. ) ik 7
1h o dtat hOJ,k+hOk,J n
= Moo,k M 7+ + =
2 c2 c

Test particle mass mand rearrangi ng

ax!

1 2 mh ik a?x' (h h ) ik
-—cm n'*+m +cm{-h, , + ntt—=0
2 00. k at dt OF ke Ok, ] at
@x 1 ax’
2 ik ik
mdltdlt == Ec mhoo'kn' 7cm(fhojyk+h0kyj) n' _dlt

Conpare with egqn[2,80], p.88.
The second rhsterm "clearly smacksof rotation” (FN) and is zero in a nonrotating reference system:
eqnnr = Del ete[egn[2, 801, {2, 2}]

dIZXi 1 2 h ik
=—¢c%Zm n
atat 2 00,k

m

We can derive the rhs term from a gradient of a potential V:

(eqn[2, 82] = Tensor [V] ==1/2c?hdd[0, 0] +const)
Partial D[#, k] &/@eqn[2, 82]

Reverse[%] /. Equal - Rul e;
Print ["Wth ", % " and intoducing the Kronecker delta we get finally"]

eqnnr /. %%,
(% /. %[[2, 311 »-¢éuu[i, k1) // FrameBox // Di spl ayForm

Print ["Conpare with eqn[2,81], p.89."]

1
V = const + 5 c? o
1 2
Vi = Ec oo, k

1
Wth —c?hgy  ~V, and intoducing the Kronecker delta we get finally

d?x! ,
= - mV' Kk Ioh k

m
dt dt

Conpare with eqn[2,81], p.89.

This is the Newtonian eguation of motion for a particle moving in a gravitational field of potential V, if we can make the identifi-

cationggo = 1 +V /c2.
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+ 2.8 Newton's law of universal gravitation p. 89 - 90

Needs [" TGeneral Rel ativityl General Relativity "]
$PrePrint =.

| abs = {X, &6, g, T'};

Decl ar eBasel ndi ces[{0, 1, 2, 3}]

Defi neTensor Shortcuts[

{{x}, 1},
{{6, 9, n, h}, 2},
{{r, h}, 3}]

Set Tensor Val ueRul es[nuu [i, j 1,

Di agonal Matrix[{1, Table[-1, {NDim-1}] /. List - Sequence}]]
Schwar zschi | dCoordi nates = {ct, r, 6, ¢};
SetAttributes[{c, G M}, Constant ]

O f[t]
Unpr ot ect [D];
Difun_, ct]:=ctD[fun, tJ;
Prot ect [D1;

FN: "Newton’'s law of universal gravitation does not survive intact in general relativity, which is after all a new theory replacing
the Newtonian theory. However, we should be able to recover it as an approximation. The Schwarzschild solution is an exact
solution of the field equations of genera relativity, and it may be identified as representing the field produced by a massive

body."

Print ["Jacobian matrix A for Cartesian « spherical coordinates transformtion"]
A=CQuter [D, {ct, r Sin[e] Cos[¢], r Sin[e] Sin[¢], r Cos[e]}, {ct, r, 6, ¢}] // Sinplify;
% // Matri xForm

InvAa = I nverse[a] // Sinmplify;

% // MatrixForm

Print["Alittle test..."]

Transpose([a]. Di agonal Matrix[{1, -1, -1, -1}]1.A// Sinplify // Matri xForm
Transpose[lnval. %. Inva // Sinmplify // Matri xForm

Jacobian matrix A for Cartesian < spherical coordinates transformation

10 0 0
0 Cos[¢] Sin[e] r Cos[o] Cos[¢p] -r Sin[e] Sin[¢]
0 Sin[e]Sin[¢] rCos[e] Sin[¢] r Cos[¢p] Sin[O]
0 Cos 6] -r Sin(e] 0
10 0 0
0 Cos[¢] Sin[e] Sin[e] Sin[¢] Cos[O]
0 Cos [©] Cos [¢] Cos[©6] Sin[¢] _Sin[e]
r r r
0 Csc[0] Sin[¢] Cos [¢] Csc (o] 0

r r

Alittle test...
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10 O 0
0 -10 0
00 -r20
00 O -r2Sin[e)?
10 0 O
0 -10 O
00 -10
00 0 -1

Print [*Schwarzschild netric tensor g,"]
SM= Schwar zschi | dMetric /. m> Gc?2 M
Ouv == (% // Matri xForm)
Print ["Schwarzschild line el ement"]
(c Dt [t])? == Dt [Schwar zschi | dCoor di nat es]. SM Dt [Schwar zschi | dCoor di nates] //
Tradi tional Form
Print ["Flat space netric n and line elenent in spherical coordinates"]
FSM= Transpose[A]. Di agonal Matrix[{1, -1, -1, -1}1.A // Sinplify;
Hol dFor m[n,y spherical | = (% // Matri xFor m)
(c Dt [t])? == Dt [Schwar zschi | dCoor di nat es]. FSM Dt [Schwar zschi | dCoor di nates] //
Tradi ti onal Form
Print ["h, =0, -1, (spherical base)"]
H = SM- FSM
% // Matri xForm
Print [*h,, (Cartesian base)"]
Transpose[l nval. H. Inva // Sinplify;
Set Tensor Val ues [hdd [, v], %]
%% // Matri xForm
Print["h,, - O for large r"]
Limt[%% r >Infinity] // MatrixForm
Print ["This is eqn[2.80] from subsection 2.7:"]
Equal [Ti mes[m Total D[Tensor [x, List[i], List[Void]], List[t, t]111,
Pl us [Ti mes [Rati onal [1, 2], Power [c, 2], m Tensor [h, List [Void, Void, Void],
List [0, O, Dif [k]]]1, Tensor [\[ Eta], List[i,k], List[Void, Void]],
Times[-1, ¢, m Plus[Times[-1, Tensor [h, List[Void, Void, Void], List[O, j, Dif [k]1]]11,
Tensor [h, List [Void, Void, Void], List[O0, k, Dif [[ 1111, Tensor [\[ Eta],
Li st [i, k], List[Void, Void], Total D[Tensor [x, List[j], List[Void]l], t]1111]
rint ["Expand the derivatives"]
% // ExpandParti al D[l abs]
rint ["Expand to (spatial) conponents"]
% // TOArrayVal ues[{1, 2, 3}]

rint ["r:x/x2 +y?+2z2 and use Cartesian coordinates synbol s"]

% /.1 >\ x?+y?+2% // UseCoordinates[{ct, x, y, z}] // Col umForm// Tradi ti onal Form

Schwar zschild nmetric tensor g,

1726M 0 0
c?r
1
0 S - 0
g = 122
0 0 -r2 0
0 0 0 -r2sin[e;?

Schwar zschil d i ne el ement

(dr)y? 2GM
Adr=-—m +c2[1—
2GM

](dt)z —12(d6)? - 12 (d ¢)? Sn’(0)
1- r

r
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Fl at space netric n and line elenent in spherical coordinates

Myuv spherical ==

10 O 0
0 -10 0
00 -r2o0
00 O -r2Sin[e]?

A d7)?=-dr)?+ A dt)? —r?2(d)? - r? (d¢)? sin*(®)

h,=0,, -1

h, (Cart

2GM
c?r

(spherical base)
00
1
1- o 00
1-
sz
0 00
0 00
esi an base)
0 0
2GMCos [¢]2Sin[6]2 GMSin[6]2Sin[2¢] GMCos [¢] Sin[26]
2GMc?r 2GMc?r 2GMc2r
GMSin[6]2Sin([2¢] 2GMSin[e]2Sin[¢]2 GMSin[26]Sin[¢]
2GM-c?r 2GM-c?r 2GMc?r
GMCos [¢] Sin[26] GMSin[26] Sin[¢] 2 GMCos [©]2
2GM-c2r 2GM-c?r 2GM-c?r

h, - 0 for large r

o O oo
o O oo
O O oo

O O oo

This is eqn[2.80] from subsection 2.7:

ax!

d?x! 1 2 mh ik ( h h ) ik
m = —Cc°m n“-cmi(-h,  + )t —
atdat 2 00. k 0.k ok at
Expand the derivatives
@xi  GmMniko r !
m - —cmn'k—<—6kh +0, h )
dt dt r2 at X0 oK
Expand to (spatial) components
a2xl GmMo,.r d2x2 GmMo,,r azx3 GmMo, s
{m = - m = — m =
dt dt r2 dt dt r2 dt dt r2

r=o/x?+y?+z2 and use Cartesian coordinates synbols

d?x GmM x
d?y GmMy
d?z GmMz

This is egn[2.80] from subsection 2.7:

a2

m
dt dt

1
2

2 ik
= —C mhoo'kn' -cm ‘hOj,k+h0k,j>77 —

dx’
ik

dt
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Expand t he derivatives

@xi  GmMnikor ax
m —emn'k — (-6, h, +8;h
dt dt r2 T x0T ok

Expand to (spatial ) conponents

a2xl GmMo,.r d2x2 GmMo,,r azx3 GmMo, s
{m = - , m = - ., m - _
dt dt r2 dt dt r2 dt dt r2

r=+/x*+y?+2z> and use Cartesian coordinates synbols

d?x GmM x
ra - (x2+y2+22)3/2
d?y GmMy
e - (+y2+2)¥2
d?z GmM z
awe (x2+y2+22)3/2

This seems to be typically Newtonian... Those we recovered the classicdl Newton's law from the general relativistic

Schwarzschild solution.

+ 2.9 A rotating reference system p. 90 - 93

Needs [" Tensor Cal cul us3 Tensorial " "]
$PrePrint =.
| abs = {x, &, g, T'};
Decl areBasel ndi ces[{0, 1, 2, 3}]
Def i neTensor Shortcuts|[
{{x, dx, zero}, 1},
{{6, g, A}, 2},
{{r}, 3}]
Decl ar eZer oTensor [zer 0]
MyRed = Styl eFor m[Super scri pt [#, "/"], Font Col or - RGBCol or [1, 0, 0]] &
Decl ar el ndexFl avor [{red, M/Red}]
Set Attributes[c, Constant]
(
Unpr ot ect [D];
Difun_, ct]:=ctD[fun, t1;
Prot ect [D1;

)

FN: "The principle of equivalence (see the Introduction) implies that the “fictitious’ forces of accelerating coordinate systems
are essentialy in the same category as the “real” forces of gravity. Put another way, if the geodesic equation contains gravity in
the T/, it must also contain any accelerations which may have been built in by choice of coordinate system. In a curved space-
timeit is not always easy, and often impossible, to sort these forces out, but in flat spacetime we have only the fictitious forces of
acceleration and these should be included in the ), . As an example of this, let us consider a rotating reference system in flat

spacetime.”

Print ["Rotating' to nonrotating coordinate transformation"]
Xu[redea] -» xu[a]

Set Tensor Val ues [xu[redea], {ct, X, Yy, z}]

CTXYZ = {ct, xCos[wt]-ySin[wt], xSin[wt] +y Cos[wt], z};
Set Tensor Val ues [xu[a], cTXYZ]

(egqn[2, 851 = ({c T, X, Y, Z} ==cTXYZ // Thread)) // Tabl eForm// FrameBox // Di spl ayForm
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Print ["Jacobian matrix"]

Aud [a, redeb] == Partial D[xu[a], redeb]

Amat =%[[2]] // ExpandParti al D[l abs] 7/ ToArrayVal ues[1];
Amat // Matri xForm

Set Tensor Val ues [aud [a, redeb], amat ]

Set Tensor Val ues [aud [rede@a, b], Inverse[amat ] // Sinmplify]
Print ["Nonrotating nmetric (M nkowski netric) to rotating' netric"]
Set MetricVal ues[g, Di agonal Matrix[{1, -1, -1, -1}1]
gdd[redea, redeb] == aud[i, redea] aud[j, redeb] gdd[i, j]
crmetric =%[[2]] // ToArrayVal ues[] // Sinplify;

% // MatrixForm

Cl ear Tensor Val ues [{xu[redea], xu[a]l}]

netric =cmetric // Coordi natesToTensors[{ct, X, y, 2}, X, red];

% // Matri xForm

Set MetricVal ues[g, netric, red]

Print ["Cal cul ate the Christoffel synmbols in the rotating' systent]
christoffel = Cal cul ateChristoffelu[xu[redei ], netric, Sinplify];

Set Tensor Val ueRul es[Tudd [a, b, ¢c] // ToFl avor [red], %];

Sel ectedTensorRul es[r, Trudd[_, a , b 1 /; OderedQ[{a, b}]] // Tabl eForm
Set Tensor Val ues [rudd [a, b, c¢] // ToFl avor [red], christoffel ]

Rotating' to nonrotating coordinate transfornmation

x? 5 x2

cT=ct

X=xCos[t w] -ySin[t w]
Y=yCos[t w] +XxSintw]
Z --

Jacobi an matri x
a __ a
AN b == X b

1 0 0

-y wCos [t w]c—XwSin[t w] Cos [t O)] _Si n[t w] 0
X w Cos [t w](—:ywSin[t w] Si n[t w] Cos [t w] 0

0 0 0

Nonrotating netric (Mnkowski nmetric) to rotating' netric

_ i
Gap = gij Nag Ny

c2- (x24y?) w2 yo _xe g
c? c c
ye -1 0 0
c
- e 0 -1 0
c
0 0 0 -1
cz—wz((x1)2+(x2)) wx? wx
- 0
c2 c c
w x2
-1 0 0
c
wxt
- -1 0
c
0 0 -1

Cal culate the Christoffel synmbols in the rotating' system
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17 we X
Moo=~
1 0]

I g = - -
2 y2
2/ we X
oo 2~
2/ W
I g1 = -

Print ["Geodesic equation in the

rotating systent]

Total D[xu[i], {t, t}] +Tudd[i, j, k] Total D[xu[j ], ] Total D[xu[k], ] ==zerouli] //

ToFl avor [red]

Print ["Expandi ng and usi ng coordi nates"]

%% // TOArrayVal ues[]
% // UseCoordi nates[{ct, X, y, 2},

MapAt [# /C & %, {{1, 1}, {1, 2}}1;

X, redl;

(eqn[2, 87] =%) // Tabl eForm// FraneBox // Di spl ayForm// Tradi ti onal Form

Print ["dt /dt = constant and nass ni']

(eqn[2, 88] =Distribute[ms#] &/e# &/@eDrop[eqn[2, 87], 1] /. t»t) // TableForm//
FrameBox // Di spl ayForm// Tradi ti onal Form

Print ["Conpare with eqn[2,88], p.91."]

Geodesic equation in the rotating system

ax’ ax’’ dax®’

+T = zero'’

ik

drdt dc dt

Expandi ng and usi ng coordi nates

2
dx 0’ 2
, 2 o1 dx dx
0 we X ,
d?x ar ) a2xl 2w —o— —
dtdtc c2 dtdt c
202 dx® 2 ax®  ax?
w* X 2,3
ar ) 2w — —  g2x2 d?x
_ N . =0, }
c2 c dtdt dtdt
d?t
o
dr?
dt\2 dy dt  d?x
—sz(—) 2028, X9
dr dr dt dr?
at\2 dx dt  d?y
(B e aw
dr dr dt dr?
d%z
=0
drt

dt /dt = constant and nass m

d d?x
“mxw?-2mZw+mE =0
dt dt?
dx d?
-myw?+2mZw+m=L =0
dt dt?
d?z
=0
dt

Conpare with egn(2,88], p.91.

We compare now this result with the classical formula giving the transformation of the force m b measured in an inertial system

> to theforce m b' seen by an non-inertial system X

b ={0, 0, 0};
B={0, 0, 0};

Q={0, 0, w}; SetAttributes[w, Constant]
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Do = Total D[#, t] &/@Q;

rp={X,y, z}

vp = Total D[#, t] &/erp;

bp = Total D[#, {t, t}] &/erp;

Print ["Cl assical vector equation for the forces in a non-inertial systenf]
Hol dFor m[mbp - (mb -mB-m(Dexrp) -mQx (Qxrp) -2 maxvp) = 0]
Print ["Wth our conditions this gives in coordinate form.."]
Thread [Rel easeHol d [%%]];

% // Tabl eForm// Tradi ti onal Form

Print ["Equal to eqn[2,88]1?"7];

%%% === eqn[2, 88]

Cl ear [a, b]

Cl assical vector equation for the forces in a non-inertial system
mbp - (Mb -mB-mDRxrp-mQx (Qxrp) -2 mxvp) =

Wth our conditions this gives in coordinate form..

d?x

“mxa?-2mZw+rmE =0

dt dt?

X d?
-myw?+2m w+m§2y_0
d?z
Z_0
dt?

Equal to eqn[2,88]?

True

m Exercise2.9.1 p.93.

c?dc? == gdd[u, v] dxu[u] dxu[v] // ToFl avor [red]

(eqn[2, 86] =% // Ei nstei nSum[] // UseCoordi nates[{c dt, dx, dy, dz}, dx, red] //
UseCoordinates[{ct, X, Yy, z}, X, red]) // FraneBox // Di spl ayForm

guu[redea, redeb] // EinsteinArray[] // UseCoordi nates[{ct, X, y, z}, X, red],

guu[redea, redeb] == Hol dFor m[c~2] Matri xForm[%c? // Sinplify] // FrameBox // Di spl ayForm

c2dc? - dx" dx¥ g

W

c?dr? = -dx® -dy?-dz?-2dt dyx w+2dt dxyw+dt? (c?- (x*+y?) o?)

c? CYyw —CXw 0
ge i cyw -c2+y?2w? -xyw? 0
c2 | -cxw -Xy w? —cZ2+x2w?2 0

0 0 0 -c?
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= Problem 2.8 p.94. One can conceive of an observer in aswivel chair located above the Sun, looking down on
the plane of the Earth's orbit. If the chair rotates at the rate of one revolution a year, then to the observer the
Earth appears stationary. If for some reason al heavenly bodies other that the Earth and the Sun are invisible,
how does the observer explain why the Earth does not collapse in towards the Sun, there being no detectable
orbit?

Chapter 3: Field equations and curvature

+ 3.0 Introduction p. 97

FN: "The main purpose of this chapter is to establish the field equations of general relativity, which couple the gravitational field
(contained in the curvature of spacetime) with its sources. We start by discussing a tensor which effectively and concisely
describes the sources, and follow that with a discussion of curvature, then bring these together in the field equations. [...] The
chapter finishes with an exact solution of the field equations representing the gravitational field of spherically symmetric massive
body."

+ 3.1 The stress tensor and fluid motion p. 97 - 102

Needs ["TGeneral Rel ativityl Ceneral Relativity "]
$PrePrint =.
| abs = {X, 6, g, T'};
Decl ar eBasel ndi ces[{0, 1, 2, 3}]
Def i neTensor Shortcuts|[
{{X, A, U, v, p, p, zero}, 13},
{6, 9, T, n, 6}, 2},
{{r}, 3}]
Decl ar eZeroTensor [zer 0]
Set Attributes[c, Constant]
FI at ToCur vedSpacetime = {n - g, Total D- Absol uteD, Di f » Cov};
Print ["Two needed 4-velocity relations as rules:"]
uufv] ud[v] =c?
usquare = Rul e@@% // LHSSynbol sToPatterns[{v}]
Partial D[#, u] &/@ %%
% /. Partial D[c?, u] >0
Print ["Usi ng UpDownSwap on first termand turning it into a rule"]
MapAt [UpDownSwap [v], %%, {1, 1}]

H/2&/@%;
uidentity = Ruleee% // LHSSynbol sToPatterns[{u, v}]
Print ["Another little adjustnment..."]

Partial D[Tensor [f], 0] // ExpandParti al D[l abs] //
UseCoordinates[{ct, X, y, z}] // Tradi tional Form
Unpr ot ect [Parti al D];
Partial D[l ][tensor , ct]:=c tPartial D[l ][tensor, t];
Prot ect [Parti al D];

)

%%

General_relativity.nb 77



Two needed 4-velocity relations as rules:

u, u” = c?

u, u- ->c?

u’uy,,+u,u’,, = Partial D[c? |

v v

u’uy,,+u,u, =0

Usi ng UpDownSwap on first termand turning it into a rule
2u,u’, =0

u, u-, -0

Another little adjustnent...

of

oct

o f

C

m Expanding thetemporal and spatial parts of atensor expressions
We can expand a 4-vector as follows...

AU [pu]

AU [u] // EinsteinArray[]

AU [u] // EinsteinArray[{0}]

AUu[u] // EinsteinArray[{1, 2, 3}]
Au[u] // Partial Array [0, {i}]

MapAt [Ei nstei nArray [{1, 2, 3}1, %, 2]
({20, xs} =%%) // Full Form

2s // EinsteinArray[{1, 2, 3}]

[0, %))

Li st [Tensor [\[ Lanbda], List [0], List [Void], Tensor [\[Lanbda], List [i], List[Void]]

{2t 22, 2%}
Mixed expansions. The number of separate parts goes as 2" where n is the number of free indices plus the number of dummy
pairs.

Tuu g, v] Ad[v]

% // Partial Array[0, {i}]
% // Partial Sum[0, {j }]
%% // Ei nst ei nSum[]
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= Quantities used in the relativistic description of particle and fluid dynamics

™ X

v

{TOV A, TV A

v

00 0j i0 i
{T A+ T, TO0 T AJ.}

[TO g + TO Ay + T2 0, + TS 0y, TO R + T L0 + T2, + T8 2y}

m = proper mass of a particle. (A scalar)
t = coordinate time. (Not a scalar but a component of the coordinates)

T = proper time. (A scalar. "Proper" actually comes from the French and means"own". The timethat the particle sees.)

y=dt /dt = 1/ \/1-Vv2 /c2? wherev isthe particle's speed. (Not a scalar)

& =y mc? = energy of particle (Not ascalar but the first component of the energy-momentumtensor. We can't use E in Mathe-

matica.)

u“ = dx” /dt = world velocity. (A vector)

VH

pLi

dx* /dt =u“/y = coordinate velocity. (Not a vector)
mu* = 4-momentum of the particle. (A vector. Also called "momergy"”, by me.)

o = proper density of a continuous distribution of matter. (A scalar)
P = pressure

Print ["Coordinate velocity for a particle ", vu[u]l]
vulu] // Partial Array[0, {i}]

% /. Vu[p ] - Total D[xuf[u], t]

MapAt [Ei nsteinArray[{1, 2, 3}]1, %, 2]

% // UseCoordi nates[{ct, X, y, z}] // Tradi ti onal Form

Coordinate velocity for a particle v¥

oy

ax®  dxi

o o)

ax®  ax! ax? ax®

o e o o)

dx dy dz

fe {;’ I g}}

Print ["4-velocity for a particle ", uu[u]l]

uufu] // Partial Array [0, {i}]

% /. Uuf[p ] - Total D[xuf[u], t]

% /. Total D[xu[r_ 1, t] » Total D[t, t] Total D[xu[u], t]
% /. Total D[t, ] » ¥

MapAt [Ei nstei nArray [{1, 2, 3}1, %, 2]

% // UseCoordinates[{ct, X, y, z}] // Tradi ti onal Form

% /. 7-»1/ «ll-vz/c2 // Traditional Form

4-velocity for a particle u

Ty
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dx”  dxi
{—
ax°® ax
{Dt [t, ] — Dt [t, ] R}
ax®  ax
r— v}
ax® axt  ax2  ax®

{ng {ng YRV YE}}

dx dy dz
{C% {7 % Y E Y I}}

Print ["4-nomentum for a particle"]

pufu] = muu[u]

Print ["Definition of u and use of coordinate tine"]

%% /. uu[p 1 -» Total D[xu[u], t]

% /. Total D[xu[p_ 1, t] » Total D[t, t] Total D[xu[u], t]

Print ["Definition of y and v¥"]

%% /. Total D[t, ] » ¥y /. Total D[xu[p_ ], t] > vul[u]

Print ["Broken into tine and space conponentp"]

MapAt [Partial Array [0, {i}], %%, 2]

Print ["Definition of ", vu[0], " and substituting coordinates"]
%% /. {VUu[0] » Total D[xu[O], t]}

% // UseCoordi nates[{ct, X, Yy, z}]

Print ["Substituting definitions for energy & and spatial nonentum p"]

%% /. {myvuli _]->p[i], my-s&/c?}
4-monmentum for a particle
p" = mu“

Definition of u and use of coordinate tinme

) dax”
p — -
dt

ax”

pr =mDt[t, ] —

dt

Definition of y and v*
p“ = myv“
Broken into time and space componentp

p = {my v, myv']

Definition of v° and substituting coordinates

ax®

p" = {my = myv‘}
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p’ = {cmy, myv'}

Substituting definitions for energy & and spatial nomentum p
5

pl = A}
c

m The (special) relativistic energy-momentum-stress tensor for a perfect fluid

Print ["Energy-nmonment um-stress tensor T for a perfect fluid (definition (3.2), p.99)"]

(eqn[3, 2] = Tuu[u, v] = (Tensor [p] + Tensor [P] /c¢?) uu[u] uu[v] - Tensor [P] nuu [u, v1) //
FraneBox // Di spl ayForm

Trule = Ruleeeeqn[3, 2] // LHSSynbol sToPatterns[{u, v}]

Ener gy-moment um-stress tensor T“ for a perfect fluid (definition (3.2), p.99)

P
T == (—+p u“uv - Pn"
C2
H_V_ (P LT Hv
T > |—+p|lU U -Pn
CZ

Print ["Contracting T with ", ud[v]]

Tuuy, v]ud[v] = (Tuu[y, vlud[v] /. Trule)

% // ExpandAl |

Print ["Using ", usquare]

%% /. usquare

Print ["Metric sinplify"]

%% // MetricSinplify[n]

Print ["Conmpare with the 4-nonentum density: "]
Tensor [p] uu[u]

Contracting T with u,

P
Tuvuv: v — +p uuuvpnuv]
C2
" Pu, u“uv ) "
v
T uv::72+ﬁ)uvu u -Pu,n
c

Using u, u--c?

T%u, =Pu"+c2pu’-Pu, n"

v
Metric sinplify
T u, =c? pu”
Conpare with the 4-momentum density:

pu”

= Thedivergence of the ener gy-momentum-stress tensor

The divergence of T#¥ leads to the continuity equation and the equation of motion of the perfect fluid. (Because of the
symmetry of T# thereis only one divergence.)

Print ["Setting T , to 0"
eqn[3, 2, bis] =
Partial D[Tuu[u, v], u] = (Partial D[NestedTensor [Tuu[u, v] /. Trule], ul) =
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Print ["Expandi ng and usi ng constancy of n"]
%% // Unnest Tensor

% /. Partial D[nuu[_, _1, _1-0

Print ["Dropping first equation and expandi ng"]
eqn[3, 3] = (Drop[%%, 1] // ExpandAll)

Setting T"V , to O
P

—+p
c2

uv'u-Pn" =0

U

Expandi ng and usi ng constancy of n

P
™ = (—+p (U uf s U’ ) -PL T =P e Y

c2

P
™ )= (Jr,o (uwu  +u"u’ ) =P s

c2

Dropping first equation and expandi ng

By v oM UV
P,uu u Pu u . vl Pu u, u uov uv Uy
+ +opu’u  + —+pu U, ,-P,n +uup =0
c? c? c?

Print ["]) Equation of continuity"]
Print ["Contracting T , with ", ud[v]]
Distribute[# ud[v]] &/@eqn[3, 3]
Print ["Using ", usquare, " and ", uidentity]
%% /. {usquare, uidentity}
MapAt [MapLevel Parts[MetricSinmplify[nl, {{3, 4}}1, % {1, 4}]
eqn[3, 5, 1] = %;
#/c?&/@%% // Sinplify
Print ["Check proposed sinplification"]
(eqn[3, 5] = First [%%[[1]1]] +
Parti al D[Nest edTensor [Tensor [p] uu[u]l], u] = 0)
%%% == (% // Unnest Tensor)

1) Equation of continuity

Contracting T , with u,

P,u,u"u Pu,uu’, Pu,u“u’,,
v oM uov InY oy -
+ +opu,u’u,  + —+pu, 0 u ,-Pyu,n +u,uup =0
c? c? c?

2 and u, u-, -0

Using u, u--c
P, u'+«Pu”  +c?2pu” ,-P,u,n"+c?up, =0

Pu“ , +c?2pu” +c?u’p , =

U
Pu” .

+,OUH,M+U“,0’H::O
C2

Check proposed sinplification

U
Pu” .

c2 ’ <puu>,u:

True

Compare with equation (3.5), p.99.
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Print ["]]) Equation of notion"]
Print [ Factoring the set of terms of T* ,

that contains the continuity relation and setting it to zero"]
eqn[3, 3]
% // MapLevel Parts[Factor, {1, {2, 3, 7}}]
% /. Ruleeeeqn[3, 5, 1]
Print ["Factoring terns and rearranging"]
#c?2&/@%% // Sinplify
eqn([3, 61 = (%[[1, 111 == -%[[1, 2]])

11) Equation of notion

Factoring the set of terns of T'' , that contains the continuity relation and setting it to zero

Uy v M uov
P,uU u Pu u . Vo Pu u, u UV uv Moy
+ +opuWUuU  + — +puU U, ,-P.n +Uu U p ==
c? c? c?

u u U
P,u"u PUu'Uu", . W v (Puu+c2pu” +c?u’p,,)
+ +ou u L -Pun+ =0
c? c? c?

P,u“u Pu'u’,
uov uv
+ +pu u,-Pun" =0
c? c?

Factoring terns and rearranging

(P+c?p)u’u’ ,+P, (U ur-c?n™) =

(P+c?p)u’u’  =-P, (uu-c?n")
Compare with equation (3.6), p.99.

Note: We can use the following relation to transform the rel ativistic motion equation (see p.101).

%[[1, {2, 3}1]

% // ExpandParti al D[l abs]

% /. Uu[a_] » Total D[xu[a], ] // Traditional Form
% /. ReverseParti al Tot al Chai nRul e

dv
ax' 9=
dr gx

d2x

dzdt

m Classical limit of the continuity equation and the equation of motion

Print ["Note: Series expansion of the y(v(&§)) factor and its derivative:"]

y[v_l:= (1-(v /c)z)'l/2
Print["y =", Series[¥[V[E]], {VIE], O, 4}11]
Print ["y ¢ = ", Hol dForm[0] + Series[D[¥[V[£]], &1, {VIE], O, 4}1]

Print ["Hence y = 1 and y,¢ ~ O approximation
means | ow velocity and slowy varing velocity wt & ]

Note: Series expansion of the y(v(&)) factor and its derivative:
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y o= 1+ +O[V[£])°
2¢c? 8 c*
viglvigl 3viglviel® .
Y =0+ + +0O[V[<&]]
c? 2c*
Hence ¥ = 1 and v, - =~ O approximation nmeans |ow velocity and slowy varing velocity wt ¢&.

Print["]) Limt of the relativistic continuity equation"]
eqn[3, 5]

Print ["Low pressure approxi mation"]

%% /. Tensor [P] » 0

Print ["Substituing world velocity conponents"]

%% /. uufp 1 -» Tensor [y] vu[u]

% // Unnest Tensor

Print["y = 1 and v, = O approxi mation"]

%% /. Tensor [y] » 1 /. Tensor [y, List [Void], List [Dif[u]]] -0
Print ["Check proposed sinplification"]

Parti al D[Nest edTensor [Tensor [p] vu[u]l], u] =0

Unnest Tensor [%] == %%%

Print ["Breaking into tinme and space comnmponents"]

(H /7. u->0)+ (1 /. ui) &/@%%%

Print["v is equal c"

%% /. VU[0] » C

% // ExpandParti al D[l abs] // UseCoordi nates[{ct, X, y, z}];
MapAt [Unnest Tensor, %, {1, 1}]

% // Traditional Form

Print ["...which is the same as the classical continuity equation."]

1) Limt of the relativistic continuity equation

I
Pu” .

c? ! (,OU“)’“::

Low pressure approxi mation

ou), =0

Substituing world velocity conponents

pv“y,quy(QV“,quv“p,u) =0
¥y = 1 and vy , = O approxination
oV i +vip =0
Check proposed sinplification
(ov"),, -
) U
True
Breaking into time and space conponents
(pV°) o+ [0V | =

0

v’ is equal c

(Cp)’oJr (pVi>’i ==
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Otp+6xi (DVi> =0

p  ApV)
—+ — =0
ot ox

...which is the sane as the classical continuity equation.

Compare with equation (3.7), p.100.

Print["]11) Limit of the relativistic equation of notion for a perfect fluid"]
eqn[3, 6]

Print ["Low pressure approximation"]

%% /. Tensor [P] » 0

Print ["Substituing world velocity conponents"]

%% /. UU[p_] - Tensor [y] vu[u] /. Partial D[uu[v], u] » Partial D[Tensor [y¥] vu[v], u]
Pri nt ["7 =1and y, =0 approxirration"]

%% /. Tensor [y] » 1 /. Tensor [y, List [Void], List [Dif [u]]] >0

Print ["Expand, separate into tinme and space conponents"]

%% // ExpandAl |

% // Partial Sumi0, {j}1;

% // Partial Array[0, {i}] // Thread

Print["Simplify n, ",

vu[0] »¢c, ", ",
vu[i _Jwvu[] _1-0,", ", Partial D[vu[0], | 1 - 0]
%% /. nuu[0, 0] »1 /. nuuli _, | 1/;1 =0V] =0-0;

% /. vu[0] »c /. vu[i _]vu[j_1-0/. Partial D[vu[O], | 10

Pri nt ["V\e can neglect the P; termprovided the rate of change of pressure in space
is small,getting 0=0. So we take only the spatial part.\nW can negl ect
the P, termprovided the rate of change of pressure with tine is small."]

%%[[2]] /. Tensor [P, List [Void], List[Dif[0]]] >0

#c?&/@%//Sinplify

% /. nuufj, i]->-s6ud[j, il

% // Kronecker Absorb[é&]

% // ExpandParti al D[l abs] // UseCoordi nates[{ct, X, y, z}];

% // MapLevel Parts[Factor, {1, {1, 2}}]

% // Traditional Form

Print["...which is Euler's classical equation of notion for a perfect fluid (1755)."]

1l) Limt of the relativistic equation of notion for a perfect fluid

(Prc2p)uu’ = -P, (W"u -c2n")
Low pressure approxi mation
2 W)

c?puu’, = -P, (Vu -c*n

Substituing world velocity conponents

2y oV (v v vu) = P ((n)2viv-c?nt)
y = 1 and vy , = O approxination
c?pvivy = -P (VivY-c?n)

Expand, separate into tine and space conponents

c?oviv’ = -P vivVic?P "

o ) . "
{C20V0V00+C2,OVJV [ =P (VO - VOV et P P ac?P
c2ovov! gac2oV v =P VOV P ViV 2P % s P 77“}
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0

Sinplify n, v®-c, vi-vi-So, v -0

{ :_chv', oV j+c?pVv v [ =-CPyvi+c?P, 77“}

We can neglect the P; termprovided the rate of change of

pressure in space is small,getting 0=0. So we take only the spatial part.
We can neglect the P, termprovided the rate of change of pressure with tine is snall.

C?’pvi 0+Cz,ovJ v' i ::CZPj 77“

o (cvi’0+vj vi‘j) =P i

o |6 V! v, 0,i v') =-0,i P
v ja\/ P
pl—+VvV —|=——
ot 6)(J (9)('

...which is Euler's classical equation of notion for a perfect fluid (1755).

Compare with equation (3.9), p.100.

m General relativity case

eqn[3, 2] /. Fl at ToCurvedSpacetinme // FrameBox // Di spl ayForm
eqn[3, 2, bis] /. Fl at ToCurvedSpacetine // FrameBox // Di spl ayForm

P
T = -Pg" + | — +p| U ¥
C2
o v P By _
T .= |-Pg" +|—+pjU U =
c? :
T

Compare with equations (3.10) and (3.11), p.101.
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+ 3.2 The curvature tensor and related tensors p. 102 - 105

Needs [" TGeneral Rel ativityl CGeneral Relativity "]
$PrePrint =.
| abs = {X, &6, g, T'};
Decl ar eBasel ndi ces[{0, 1, 2, 3}]
MyRed = Styl eFor m[Super scri pt [#, "/"], Font Col or - RGBCol or [1, 0, 0]] &
Decl ar el ndexFl avor [{red, MyRed}]
Def i neTensor Shortcuts[
{{x, A, e}, 1},
{{6, 9, R G =}, 2},
{{r, R t}, 3},
{{R}, 4},
{{R}, 5}1]
(» = - - %)
Ri emannToChri st of fel Rul e = LHSSynbol sToPatterns[{a, b, ¢, d}] @R emannRul e
Chri st of f el TORi emannRul e = LHSSynbol sToPatterns[{a, b, ¢, d, e}]@ReverseeRi emannRul e
ChDoRul e = LHSSynbol sToPatterns[{a, b, c}][Chri stoffel DownRul e]
PaMeRul e = LHSSynbol sToPatterns[{a, b, c}][Partial MetricRul e]

d_ d e d e d d
R abc 2T cel ap+T pel ac ~Oxe I ap +Oyp I ac
d e d e d d
“I'ce I'ap +I"pe I'Tac_ - ch_ I'=ap + Oxb_ I'ac - Rdabc

1
Tabe — E <gac, b * 9ba, ¢ ~ Ibc, a)

Ja b ,c_ > Tabc + I'bac

= 1) Curvature tensor R, from commutator of covariant differentiation

Print ["Conmmut at or of the covariant differentiation of a covariant vector field ", ad[a]]
comut at or = Covari ant D[xd [a], {b, c}] - Covariant D[xd [a], {c, b}]

Print ["Expandi ng and col lecting ", xd[d], " ternms"]

%% // ExpandCovari ant D[l abs, {d, e}]

Col | ect [%, Ad [d]]

Print ["Using symetry of 1]

%% // SymmetrizeSlots[r, 3, {1, {2, 3}}]

Print ["Last terms cancel out"]

%% // MapLevel Parts[Si nplifyTensor Sum {{2, 4}}1;

% // MapLevel Parts[Si nplifyTensor Sum {{2, 3}}]

Print ["Substituting the definition of the Curvature tensor"]

conmut at or == (eqn[3, 12] = %% /. Chri stoffel ToOR enannRul e) // FraneBox // Di spl ayForm
Print["Dies ist die Ricci-ldentitat. Ricci identity."]

Commut ator of the covariant differentiation of a covariant vector field 2,
Aa; b; c _)ka;c;b

Expandi ng and col |l ecting x4 terms

~2d Oxe T%a + g Oy T%a + Toh¢ (~T%a Ag + Oxe Aa) ~ T (~T%a Ag + Oxe Ag) +

cha Oxb )\d - Tdba Oxc Ad - Feca (7dee Ad + Oxb Xe) + Feba (7Tdce )kd + Oxc )\e)
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d e d e d e d e d d
Ad (*Fcerbaflﬂeanc+TbercaJrFeaFcb*@xCTba*@XbFca +

T®he Oxe Aq - T%h Oye Ag + T4 0.0 Ag — T%a Oxe Ag - T%a Oy Ae + Toha Oxc Ae
Using symetry of T
Ad (* che 1ﬂeab + I'dbe Feac - Oye Fdab + @Xb I'dac) + I'dac Oxb Ad - Fdab Oxe A — Feac Oxb Ae + I'eab Oxe Ag
Last terns cancel out
Ad (* che 1Heab + 1“dbe I‘eac - Oye I‘dal:o + @xb I‘dac:)

Substituting the definition of the Curvature tensor

Aa;bic ~Aaicib = Rlabe A

Dies ist die Ricci-ldentitat. Ricci identity.

If the curvature tensor is identically zero, then covariant differentiation is (generaly) commutative. In flat spacetime we can
always find a coordinate system in which all the connection coefficients are zero, namely the Cartesian form of the Minkowski
metric. Therefore the curvature tensor will be zero, not only in the Cartesian form of the metric, but in al coordinate systems.
The connection coefficients are not necessarily zero in other coordinate systems. They are not tensors.

= 2) Der vollstandig kovariante Riemannsche Krimmungstensor (down curvaturetensor) Rapcg

Wir wollen hier verschiedene Formen des vollsténdig kovarianten Riemannschen Krmmungstensors berechnen.

Print ["Curvature tensor definition"]

Ruddd [f, b, ¢, d] == (Ruddd[f, b, ¢, d] /. Ri emannToChri st of f el Rul e)
Print ["Lowering the index"]

Distribute[gdd[a, f]#] &/@%%

stepl = Covari ant Ri emannRul e =% // MetricSinplify[g]

Curvature tensor definition
e f e f f f
Ribed = T%a ' ce ~ T%c T de = Oxd I be + Oxe I' b
Lowering the index
Ricd = Jar Thg T T8, I 04T O T
Oaf Rped = Gaf I"bd I' ce ~Yaf I bec I de — Jaf Oyd I" be + Jaf Oxe L' pd
= T4 Tace - T Tade — Gar Oua T O T
Rabed == T bd Tace bc T'ade — Jaf Oyd I pe + Jaf Oxe I' pd

We cannot lower an index through a partial derivative. Instead we should use the following steps to arrive at the rule for lowering
the index...

Print ["Partial derivative of netric tines Christoffel and then expanded"]
stepa = Parti al D[Nest edTensor [gdd[a, f] rudd [f, b, c]], d]

stepb = % // Unnest Tensor

Print ["Equating the two quantities and rearrangi ng"]

st epb == st epa

#-Part[% 1, 1] &/@%

Print ["Using the netric on | hs"]

MapAt [MetricSinplify[g]l, %%, {2, 2, 1}] // Unnest Tensor

Print ["Using the derivative of the netric in terns of Christoffel synbols"]
%% /. PaMeRul e

Print ["Expanding the partial derivatives and converting to a rule"]

%% // ExpandParti al D[l abs]

netricpartial rul e =LHSSynbol sToPatterns[{a, b, ¢, d, f}][Rul e @e%]
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Partial derivative of metric tinmes Christoffel and t
f
(gaf r bc)’d

f f
Gaf,d I bc +Yar 1" e, d

Equating the two quantities and rearrangi ng
f f f
Gaf,d I bc + 9af I"bec,d = (gaf T bc)yd

f f f
Gat I be,d = —9af,d I bc + (Gar 1" b
.d

Using the netric on | hs

f f
Gaf " be,d = —9af,d ' be + 'abc, d

hen expanded

Using the derivative of the netric in terns of Christoffel synbols

f f
Gaf I"be,d = T be (Tafd +Tfad) + Tanc, d

Expandi ng the partial derivatives and converting to
f f
Oaf Opa I pe = —T' ¢ (Tafd +Tfad) + Oyd Tabe

f_ f
9af_ 04 T "be = ~The (Tafd + Ty ad) +0,d Tapce

arule

We can now use thisto calculate the covariant version of the curvature tensor.

stepl

Print ["Using rule above for |lowering an index on a partial derivative"]

%% /. nmetricpartialrule

Print ["Expandi ng, using symretry of T and sinplifying pairs of terns"]

%% // ExpandAl |
% // SymetrizeSlots[r, 3, {1, {2, 3}}1;

% // MapLevel Parts[SinplifyTensorSum {2, {1, 2}}1;
% // MapLevel Parts[Si nplifyTensor Sum {2, {1, 2}}] // I ndexChange [{f, e}]

Print [

"David Park: \"The above is the definition that I will use in calculating the R emann

tensor. But that formis not convenient for
Print ["Tudd - rddd"]
%%% /. Tudd[e_, b_, d_ ] »guufe, f]rddd[f, b, d]
% // MapLevel Parts[Factor, {2, {1, 2}}]
Print ["T - g"]
%% // MapLevel Parts[# /. ChDoRul e & {2, {2, 3}}]
(eqn[3, 15] =% // MapLevel Part s [Fact or [Expand [#
Di spl ayForm
Print ["Vol | standi g kovari ante R emannsche

proving the symretries.\""]

// ExpandParti al D[l abs]
11 & {2, {2, 3}}]) // FrameBox //

Kr irmungst ensor . Conpl etely covariant curvature tensor."]
RDownRul e = LHSSynbol sToPatterns[{a, b, ¢, d}][Rul eeeeqn[3, 15]11;

Print ["I n Komma-Not ation: "]

eqn[3, 15] /. Partial D[_][Tensor [g, List [Void, Void], List[a_, b 11,

Li st [Tensor [x, List[c_], List[Void]], Tensor

[x, List[d ], List[Void]]]] »

Tensor [g, List [Void, Void, Void, Void], List[a, b, Dif [c], DIf [d]]]

Print ["Nur mt Metrik g:"]
%% /. ChDoRul e // Full Simplify

e e f f
Rabed == T bd Tace = I be Tade — Gaf Oyd I be + at Oxe I pg

Using rul e above for lowering an index on a partial

derivative
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Rabed == T%bd Tace - I%bc Tade ~ I' b (Tatc + Trac) + ' e (Tatd + Trad) — Oya Tabc + Oxe Tabd
Expandi ng, using symetry of T and sinplifying pairs of terns

Rabcd = I°bd Tace ~ T°bc Tade ~ I' bd Tafc + ' be Tatd ~ I' bd Trac + I be Trad - Oyd Tane + Oxe Tapd
Rabcd = ~ T°bd Teac + Ibe Tead — Oxd Tabc + Oxe Tabd

David Park: "The above is the definition that | will use in calculating
the R emann tensor. But that formis not convenient for proving the symetries."

rudd - 1ddd

__ ~ef ef a a
Rabed = 9" Tead I'tbc =9 Teac I'tbd — Oxd Tabc + Oxe Tabd

__ ~ef a a

C - eal c eac ~ Yx abc X a

Rabed (T d foc — T bed) d I'abc + 9xe I'apd
I -4
Rabed =

1 1
f
g° (Tead Ttpoc ~ Teac It bd) + > (*@Xb,xd Gac — Oyc, xd Oba + Oya yd gbc) + > (@xb,xc Gad *+ Oyc, yd Oba — Oxa, x¢ Gbd

1
ef
Raped = 9 (Tead Ttpe — Teac Tt bd) + > (*@Xb, xdJac * Oyb yc Jad + Oya yd Gbc — Oxa, x¢ Obd

Vol | st andi g kovari ante Ri emannsche Kr inmungstensor. Conpletely covari ant curvature tensor.
I n Konma-Not at i on:

1
ef
Rabed == > <—9ac,b,d +0ad,b,c * 9bc,a,d - gbd,a,c) +dg (Fead Tthe = Teac T'tbd

Nur mit Metrik g:

Rabed =
1

1 (gef ((~Gad,e + Yae,d * Jed, a) (~OGbc,f +9bf,c +Grc,b) — (~Tac,e + Gae, ¢ + Yec,a) (~OGbd,t +Obf,d +rd,b) ) +

2 (_gac,b,d +Jad, b, ¢ * Ybc,a, d _gbd,a,c>>

= 3) Symmetries and proprieties of curvature tensor Rdabc

Print ["a) First symetry"]

(eqn[3, 16] = Rdddd[a, b, ¢, d] == -Rdddd[b, a, ¢, d]) // FraneBox // Di spl ayForm
Print ["RDownRul e, sinplify and expand"]

eqn[3, 16] /. RDownRule // Sinplify

% // ExpandAl |

Print ["Metric Sinplify (according to eqn 2.34)"]

%% // MetricSinplify[g]

Print ["UpDownSwap on 2nd and 4th terns"]

%% // MapLevel Parts [UpDownSwap [f ], {1, {2, 4}}]

a) First symetry

Rabcd == *Rbacd

RDownRul e, sinplify and expand

ef
9% (Tebd Trac — Tebc T'fad + Tead Tbc — Teac Ifbd) == O
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0% Tepd Trac ~ 9" Tebc Trad + 9% Tead Ttbc - 9% Teac I'fbg = O
Metric Sinplify (according to eqn 2.34)

T bg Trac ~ T be Tfad + T ad Tfbe ~ I ac Trbg = O

UpDownSwap on 2nd and 4th terns

True

Print ["b) Second symetry"]
(egqn[3, 17] = Rdddd[a, b, c, d] = -Rdddd[a, b, d, c]) // FraneBox // Di spl ayForm
eqn[3, 171 /. RDownRule // Sinplify

b) Second symmetry

Rabcd = — Rabdc

True

Print ["c) Third symetry"]

(eqn[3, 18] = Rdddd[a, b, ¢, d] = Rdddd[c, d, a, b]) // FranmeBox // Di spl ayForm

Print [ RDownRul e, use g and T symetries, sinplify and expand"]

eqn[3, 18] /. RDownRul e // Symmetri zeSl ots[g, 2, {1, {1, 2}}]1 //
SymmetrizeSlots[r, 3, {1, {2, 3}}] //Sinmplify

% // ExpandAl | // MetricSinmplify[g]

Print [" UpDownSwap on second ternt]

MapAt [UpDownSwap [f 1, %%, {{1, 2}}]

c) Third symetry

Rabed == Redab

RDownRul e, use g and T symmetries, sinplify and expand
ef

g <Febc Ttad = Tead Tt bc) =
f f -0

T pe T'tad =T ad T'ibc ==

UpDownSwap on second term

True

Print ["d) Cyclic identity (Exercise 3.2.2)"]
(Cyclicldentity = Pl us ee MapThr ead [Ruddd [a, Sequenceeet] &,
{Tabl e[Rot ateLeft [{b, ¢, d}, i ], {i, O, 2}]}] ==0) // FrameBox // Di spl ayForm
Print ["Expanding the terns to their definitions"]
Cyclicldentity /. RiemannToChri stoffel Rul e
Print ["Using symetry of 1]
%% // SymmetrizeSlots[r, 3, {1, {2, 3}}]

d) Cyclic identity (Exercise 3.2.2)

RPycd + Ricap + Riape = 0

Expanding the terms to their definitions

a e a e a e a e a e
T de b + Ice I'bd * Tde I'cb =T be I cd ~ T %ce I db +

Tabe Fedc - @Xd Fabc + @Xc Tabd + @Xd Pacb - @Xb Tacd - @Xc Tadb + be Tadc == 0

Using symetry of T
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True

Print ["e) Bianchi identity",
"\ nAt any point P we can construct a geodesic coordinate system where"]
redrrul e =rudd[a, b, c] - 0 // ToFl avor [red] // LHSSynbol sToPatterns[{a, b, c}]
Print [
"Definition of the curvature tensor at point P in the red coordinates and rei ndex"]
Ri emannRul e
% // | ndexChange [{{d, a}, {a, b}, {b, ¢}, {c, d}}] 7/ ToFl avor [red]
Print ["Uneval uating the partial derivatives"]
%% /. Hol dPattern[Partial D[l abs ][t _Tensor, Tensor [x, {a_}, {Void}]]] = Partial D[t, a]
Print ["Taking the partial derivative of each side"]
Partial D[#, redee] &/@%%
Print ["Setting the Christoffel synbols to zero, but not their derivatives"]
stepl =%% /. redrrul e
Print ["But in the geodesic coordinates system the
covariant derivative is the same as the partial derivative..."]

First [stepl] /. Dif -» Cov
% // ExpandCovari ant D[{x, &, g, T}, redef]
% /. redrrul e
% /. Hol dPattern[Partial D[l abs ][t _Tensor, Tensor [x, {a_}, {Void}]]] = Partial D[t, a]
Print ["Therefore, at point P we can wite a general rule:"]
MapAt [# /. Dif -» Cov & stepl, 1];
RBrul e = LHSSynbol sToPatterns[{a, b, c, d, e}][%]
Print ["We now do a cyclic pernutation of {c,d,e} on R and add"]
Tabl e[Rot at eLeft [red /e {c, d, e}, i1, {i, O, 2}]
Covari ant D[Ruddd [redea, redeb, #1, #2], #3] &ee# & /@%
step2 =Pluse@% == 0
step2 /. RBrul e
% // ExpandParti al D[l abs]
Print ["Since the point P was arbitrary, we can use the pointwi se principle and wite"]
(Bi anchildentity = step2 // ToFl avor [l dentity, red]) // FrameBox // Di spl ayForm
Print ["This is the Bianchi identity."]

e) Bianchi identity
At any point P we can construct a geodesic coordinate system where

a’
I 0

Definition of the curvature tensor at point P in the red coordinates and rei ndex
d e d d d
Rdabc - -T"ce Iab + T pe I‘eac_@xCT ab + Oy I g

e’

! a’ a’ e’
Ripea > T ae T pe T

a’ a’
ce T g = Oxr I pror + Oxe T

Uneval uating the partial derivatives

! a’ e’ a’ e’ a’ a’
Ripear 2 Tae T pe *Tee Tve ~Twe,a * T b, o

Taking the partial derivative of each side

a’ a’

de’, e’

a
de’

’ e’ e’ e’ a’ e’ a’ a’
R bcd, e e T ce,e g T -r T bc, e T e T b'd,e T be,d, e T T b’d’, c’, e’

Setting the Christoffel synbols to zero, but not their derivatives

, a ar
R b’c'd’, e’ - -T b'c’,d, e’ +T b’d’, c’, e’

But in the geodesic coordinates system the
covariant derivative is the same as the partial derivative...

R

b’c’'d’; e’
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, » , ” , » , » ,
Ripeo Ter "Rice T or ~Ribra T oo ~Rper T eg + 0,0 Ripoa

0,0 R

b’c’d’

R

b'c’d’, e’
Therefore, at point P we can wite a general rule:

a a

Ra7 b_c_'d e’ =T R T b’d’, c’, e’

We now do a cyclic pernutation of {c,d,e} on R and add
{{c’, d’, €'}, {d, e, c'}, (e, ¢/, d}}

{Ra/b’c’d’; e’? Ra/b’d’e’; c’? Ra/b’e’c’; d’ }

R bcd;e ¥ R bde;c T R brec;d = 0

a’ a’ a’ a’ a’ a’ ”
-r bc,d,e T T bc,e,d T T b’d,c’,e ~ r b’d,e’,c’ r be,c,d T T be’,d,c’ 0

True

Since the point P was arbitrary, we can use the pointwise principle and wite

Rabcd; et Rabde; ct Rabec; a=0

This is the Bianchi identity.

Print ["f) Total and indi pendent conponents of the curvature tensor Rapcg"]
Prepend[{ToString[#1] <>"D", #1% #1? (#1?-1) /12} &/eRange[5],
{"Mani fold di nension", "tot. conp.", "ind. conp." }] // Tabl eForm

f) Total and indi pendent conponents of the curvature tensor Ripcqg

Mani f ol d di mensi on tot. conp. i nd. conp.
1D 1 0

2D 16 1

3D 81 6

4D 256 20

5D 625 50

= 4) Ricci tensor Ry
The Ricci tensor is obtained by contracting the curvature tensor.

(eqn[3, 21] = Rdd[a, b] == Ruddd[c, a, b, c]) // FraneBox // Di spl ayForm

Rab == RCabc
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Print [

"By contracting the cyclic identity we can prove that the Ricci tensor is symetric."]

Cyclicldentity

Print ["Contract a with d"]

%% /. d-»a

Print ["Use antisymetry on 3rd terni]

MapAt [# /. Ruddd[a_, b , c_, d_] » -Ruddd[a, b, d, c] & %%, {1, 3}]

Print ["Contraction of first two slotp is zero"]
%% /. Ruddd[a , a , c , d 1-0

Print ["Use definition of Ricci tensor and rearrange"]
%% /. Ruddd[a , b , ¢, a ] » Rdd[b, c]
#-Part [% 1, 2] &/@%

By contracting the cyclic identity we can prove that the Ricci
Ribca + Rcap + Rgpe = 0

Contract a with d

Raabc + Rabca + Racab =0

Use antisymmetry on 3rd term

Raabc + Rabca - Racba =0

Contraction of first two slotp is zero

Rabca - Racba =0

Use definition of Ricci tensor and rearrange
Roc - Rep = 0

F\)bc == Rcb

m 5) Curvature scalar R

Contracting the Ricci tensor givesthe curvature scalar.

(eqn[3, 22, 1]

(eqn[3, 22, 2] =eqn[3, 22, 11 // MetricSinplify[g])

R= g% Ry

R=- R,

m 6) Einstein tensor Gy

The Einstein tensor is defined by...

tensor is symmetric.

Tensor [R] == guu[a, b] Rdd[a, b]) // FrameBox // Di spl ayForm

(eqn[3, 23] = &dd[a, b] ==Rdd[a, b] -1 /2 Tensor [R] gdd[a, b]) // FranmeBox // Di spl ayForm

1
Gp = 3 Rap + Rap

Since G is symmetric it possesses only one divergence and this divergenceis zero.

Print ["Proof that the divergence of the Einstein tensor
Print ["Di vergence of G']
di vG = Covari ant D[Nest edTensor [Guu[a, b]], b]

Gis zero."]
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Print ["Definition of G']

%% /. Quu[a, b] » Ruu[a, b] -1/2Tensor [R] guu[a, b]
Print ["Eval uate"]

%% // Unnest Tensor

Print ["Covariant derivative of metric is zero"]

%% /. CovariantD[guu[_, _1, _1-0

Print ["Use symmetry of Ricci tensor and | ower index"]
%% /. Ruud[a_, b , c_ ] - Ruud[b, a, c]

Distribute[gdd[a, c] #] &/@ (% = di VG)

stepl =% // MetricSinplify[g]

Proof that the divergence of the Einstein tensor Gis zero.

Di vergence of G

Gab

b
Definition of G

1
[ Rgab + RabJ
2 b

Eval uat e
1

E (7Rgab;b 7gab R,b) +Rab;b

Covariant derivative of metric is zero

1
7Egab R’b+Rab;b

Use symmetry of Ricci tensor and | ower index

gab R, b+ Rba; b
gab Gac R b + Gac Rba; b = Gac Gab; b

R,c+Rbc;b = Gbb;b

Using the Bianchi identity we can show that lhsis zero.

Print ["Bi anchi identity"]
Bi anchi l dentity
Print ["Contracting a with d and introducing the Ricci tensor"]
%% /. d-»a
% /. Rudddd[a_, b_, c_, a_, d_] » Rddd[b, c, d]
Print ["Using anti symmetry on second termand Ricci tensor again"]
MapAt [# /. Rudddd[a_, b_, c_, d_, e ] » -Rudddd[a, b, d, c, e] & %%, {1, 2}]
% /. Rudddd[a , b , c , a , d_] - Rddd[b, ¢, d]
Print ["Raise the b index and contract b with e"]
Distribute[guulb, f]1#] &/@%%
(% // MetricSinplify[gl) 7. f - b
% /. e b
Print ["I ntroduce the curvature scal ar"]
%% /. Rudd[a_, a_, Cov[b_]1] » Covari ant D[Tensor [R], b]
Print ["Use symmetry ", Ruudd[a, b, ¢, d] » Ruudd[b, a, d, c],
and ", Ruudd[a, b, ¢, a] » Rud[b, c], " to sinplify the last term"]
MapAt [ (# /. Ruuddd[a_, b_, ¢, d_, e_] » Ruuddd[b, a, d, c, e] /.
Ruuddd[a_, b, ¢, a, d_ ] -» Rudd[b, c, d] &), %%, {{1, 3}}]
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Print ["Sinplify"]

%% // | ndexChange[{a, b}]

Distribute[# /2] &/@%

Print ["But Ihs is ", stepl[[2]]]

%%[[1]] == Hol dFor m[Eval uate[stepl[[1]]1]1]

% // Rel easeHol d

Print ["Hence the divergence of Gis zero:"]
divG==0 // FrameBox // Di spl ayForm

Bi anchi identity
Rabcd; et R’@lbde; ct Rabec; a=0
Contracting a with d and introducing the Ricci tensor
Rabae; ct R’@lbca; et Rabec; a=0
Rbc; et Rabae; c*t I:zabec; a=0
Using antisymmetry on second termand Ricci tensor again
Rbc; e~ Rabea; ct I:zabec; a=0
Rbc;e - F\)be;c + Rabec;a =0
Rai se the b index and contract b with e

bf bf bf
g Rbc;e -9 Rbe;c +9 Rabec;a =0

b

Rbc;e*Rbe;c + R ec;a —
_Fst;c + Rbc;b + I:{c’ibbc;a ==
I ntroduce the curvature scal ar
—R,c +Rbc;b +I:{abbc;a =0
Use symmetry R, >R, and R, >R, to sinplify the last term
R Rga Ry =0
Sinmplify
~Rc¢+2Rp =0

1
——R’C+Rbc;b :0
2

But Ihs is be,b

1 1
75R’C+Rbc;b ::75R’C+Rbc;b

True

Hence the divergence of Gis zero:

G =0

-
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m 7) Extras

o a) For covariant differentiation we can reach inside the derivative and lower the index.

stepl = Covari ant D[Nest edTensor [gdd[a, d] zud [d, b]], c]

step2 =% // Unnest Tensor

step2 == stepl

Print ["Covariant derivative of nmetric tensor is zero"]

%% /. CovariantD[gdd[_, _]1, _1~>0

Print ["We can | ower indices inside a covariant derivative from outside"]
MapAt [MetricSinplify[g]l, %%, {2, 1}] // FrameBox // Di spl ayForm

(gad tdb>;c

Gad; ¢ tdb +0ad tdb; c

Gad; ¢ 7:db + Jad 7:db; c = (gad 7:db) e

Covariant derivative of netric tensor is zero
Jad tdb;c = (gad tdb>;c

We can lower indices inside a covariant derivative from outside

d
Gad T b;c = Tab. ¢

o b) Covariant differentiation commutator.

? Covar i ant Conmut at or

Covari ant Conmut ator [{c1, c2}, R d][term] will calculate the covariant
commut ator, CovariantD[term {cl,c2}] - CovariantD[term {c2,cl}], and express
the result in terms of the Riemann tensor R d is the dummy index introduced

{™d[a], au[a], wuu[a, b], ruud[a, b, c], aufa] Ad[b]}
Covari ant Commut ator [{d, e}, R, f]/@%

D, 23, 2, 22 )
f f f fb b f fb f
[Rage A, ~Fge A, ~Rpge ™ ~Rige T Roge % ~Rige ¢~ Rige t'%, ~Rge A )‘bJrﬁbde)‘aAf}

o c¢) The following routines, from the General Relativity package, can be used to calculate the curvature tensor, the Ricci tensor,
the curvature scalar and the Einstein tensor.

? Cal cul at eRi emannd

Cal cul at eRi emannd [l abel s, flavor:ldentity, sinplifyroutine:ldentity] will calculate the down
version of the Riemann tensor and return it as an array. labels is the list {x, & g, T}.
g and T are the synbols for the nmetric tensor and Christoffel connections. They nust have
defined shortcuts and have been given tensor values or rules. flavor and sinplifyroutine are
optional arguments. flavor is the index flavor used in the g and T values. sinplifyroutine
is applied to each of the independent elenents as they are calculated. Only the independent
el enents are separately calculated and the conplete array is generated fromthem

? Cal cul at eRRRG
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Cal cul at eRRRG[g, riemanndown, flavor:ldentity, sinplifyroutine:ldentity] will calculate
Ruddd, Rdd, R, and Gdd, the up version of the Ri emann tensor, the Ricci tensor,
curvature scalar, and the Einstein tensor. They are returned as arrays in the |list
{riemann, ricci, curvaturescalar, einstein}. g is the synbol for the nmetric matrix.
ri emanndown i s the down version of the Ri emann tensor in array form |t can be
precal cul ated with Cal cul at eRi emannTensord. Tensor shortcuts must be defined for g
and val ues or rules stored for the up and down netric matrix. flavor is an optional
argunent that gives the flavor of the g definitions. sinplifyroutine is an optional
argument that gives a routine to be applied to each of the elenments of the arrays.

o d) Exercise: Isthe manifold flat or curved?

msg =" A cylinder £(¢,z) whose cross sectionis a circle of radius 1,
using {¢,z} borrowed fromcylindrical coordinates as paraneters.";

varnanes = {¢, z};

Elo_, z_1:={Cos[¢], Sin[s], 2}

msg =" A cone.";
varnanes = {z, ¢};
§lz_, ¢.1:={zCos[¢], zSin[¢], 2}

msg = "This paranetrization, where -co<u|v<w, gives a hyperbolic paraboloid.";
varnanes = {u, v};
Elu, Vv ]l:={u+v, u-v, 2uv}

nsg = " A sphere &(e, ¢) of radius p, using angles

{6, #} borrowed from spherical coordi nates as paraneters.";
varnanes = {6, ¢};
gle_, ¢ 1:=p{Sin[e] Cos[¢], Sin[e] Sin[¢], Cos[E]}

nmsg = "Wavy surface.";
var names = {X, Y};
Sx_, y_1:={x, v, Si nixJ}

Decl ar eBasel ndi ces[{1, 2}]

Set Tensor Val ues [éud [, v], IdentityMatrix[ND m]]

Print ["Exanple: ", nsg]

£[Sequence eevar nanes];

Print ["&", varnanes, "=", %]

Set Tensor Val ueRul es[ed[i ], {Oyarnamesiii1] %% Ovarnames[j21] %%}, Truel
ed[i1;

Print ["natural basis ", % ":"]

%% // TOArrayVal ues[]

gdd[i, j] ==ed[i].ed[j];

Print ["netric ", % ":"]

%%[[2]] // ToArrayVal ues[] // Sinplify;

% // Matri xForm

nmetric = %% // Coordi nat esToTensor s [var nanes];

Set Chri stof fel Val ueRul es[xul[i ], netric, T]

Tudd [i, j, kI;

Print ["Christoffel synbols ", % ":"]

%% // ToArrayValues[] // Sinplify // UseCoordi nat es[varnanmes] // Matri xForm
ri emannd = Cal cul at eRi enmannd [| abs];

Set Tensor Val ueRul es[Rdddd[a, b, ¢, d], ri emannd]

Rdddd[a, b, c, d];

Print ["Down curvature tensor ", %, ":"]

%% // TOArrayVal ues[] // Sinplify // UseCoordi nat es [varnames] // Matri xForm

If[Union[Flatten[%]] == {0}, "The manifold is flat!", "The manifold seens to be curved...

Exanpl e: Wavy surface.

X, y}:{xl Y, Sln[X]}
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natural basis e;:

{{1, 0, Cos[x]}, {0, 1, 0}}
metric gj; =e;.¢€;:

(1+Cos[x]2 0)
0 1

Christoffel synbols Pijk:

: o)

o) o)

Down curvature tensor Ry.4:
ool loo

ool oo

The manifold is flat!

Sin[2x]
3+Cos [2 x]

Up Curvature, Ricci, Curvature Scalar and Einstein tensors given by the Cal cul at eRRRE ] function:

Set MetricVal ueRul es[g, netric]
Mat ri xFor m/e (Cal cul at eRRRG[netric, riemannd] // Sinplify // UseCoor di nat es [var nanes])

11380 ooy . o
{(88) (88) ’(00)’ '(00)}

FN: "A manifoldisflat if at each point of it R?,.4=0, otherwiseit is curved. (We may also speak of flat regions of a manifold.) It
may be shown that in any region where R?,.4=0 it is possible to introduce [...] a Cartesian coordinate system|...]."
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+ 3.3 Curvature and parallel transport p. 105 - 110

Needs [" TGeneral Rel ativityl CGeneral Relativity "]
$PrePrint =.
| abs = {X, &6, g, T'};
Decl ar eBasel ndi ces[{0, 1, 2, 3}]
Defi neTensor Shortcuts[
{{A, 20, X, XP, & AA, i, j, u}, 1},

{{6, 9, f}, 2},
{{r, P}, 3},
{{R}, 4}]

Decl areTensor Synmetries[r, 3, {1, {2, 3}}]

Ri emannToChri st of f el Rul e = LHSSynbol sToPatterns[{a, b, ¢, d}]eRi emannRul ¢;
Chri st of f el TORi emannRul e = LHSSynbol sToPatterns[{a, b, ¢, d, e}]@ReverseeRi emannRul ¢;
Format [I ntegral [expr_]] : = Di spl ayFor m[RowBox [ {" [", RowBox [{" (", expr, ")"}] H]
For mat [Cont our I ntegral [expr_]] : = Di spl ayFor m[RowBox [ {" ¢", RowBox [{" (", expr, ")"}] HI
{I ntegral ["any expression"], Contourlntegral ["any expression"]}
victor[a_, b, linecolor_: Hue[.7]]:={

G aphi cs3D[{Hue[. 4], Poi nt Si ze[0.02], Point [a]}],

G aphi cs3D[{l i necol or, Line[{a, a+b}]1}],

G aphi cs3D[ {Hue[. 0], PointSi ze[0.0075], Point [a+Db]}1};

{J(any expression), 9S(any expressi on)}

The purpose of this section is to make the connection between the curvature tensor and parallel transport clear. We shall show
explicitly how the change A2? that results from parallelly transporting a vector A2 around a small loop y near a point P depends
on the curvature tensor R* .4 at P. By suitable choices for y, this relationship can be exploited to measure the components of the

curvature tensor at P.

m 1) Derivation of the equation of parallel transport deviation

We start by constructing an integral version of the parallel transport equation.

Print ["Parallel transport equation for vector X (eq. (2.23),p.65)"]
Absol uteD[au[a], t] =0

Print ["Expandi ng and rearrangi ng the equation"]

MapAt [ExpandAbsol ut eD[l abs, {c, b}], %%, 11;

% // SymetrizeSl ot s[]

(eqn[3, 24] =# -%[[1, 1]1] &/@%)

Print ["Integration (path—dependent!) of the equation for A"]
%% /. Hol dPattern[Total D[a_, b _]] =» Total D[a]

Integral /e%

% /. Integral [Total D[au[a]]] » au[a] - aou [a]

(egqn[3, 25] =# -%[[1, 2]] &/@%)

Parall el transport equation for vector X (eq. (2.23), p.65)

D@
— =0
dt

Expandi ng and rearrangi ng the equation
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T A +
dt dt
dx@ a b dx¢©
— = T —
dt dt

Integration (path-dependent!) of the equation for

da? = -3, AP axe

J(dl)\a) J(—Tabc A axe)

22 - 02 = J(,Fabc A axe)
pLg. J(-rabc 2> dax®) + 202

We will paralel transport A around a small loop y centered at xP starting from O. Let ¢ be the displacement from the center xP
and write...

Xxu[c] =xPu[c] + &u[c]

Tot al D[%]

% /. Total D[xPu[_]]1 -0

Print ["Substituting & for x gives eq. (3.26),p.106:"]
(egn[3, 26] =eqn[3, 25] /. xu[c] » &u[c])

X¢ = xP° + &£°
dx® == dxP® + d&°
dx® = d&®

Substituting & for x gives eq. (3.26),p. 106:
28 = J(,Fabc A°dgs) + 202

This equation is not solvable in a straightforward manner because 2 appears on both sides of the equation, once in the integral.
The FN method for solving the equation is to consider £ to be small and expand the solution up to the second order in £. To do
this, the equation is substituted in terms of itself for the X inside the integral.

eqn[3, 26]

Print ["First order integral equation for 2a2"]

Au[b] » xou[b]

eqn[3, 26] /. % /. Equal - Til deTil de

Pri nt [ Second order integral equation for gS on 7"]

A[b] » (%%[[2]]1 /. {a»b, b>d, c>e})

eqn[3, 26] /. Integral -» Contourlntegral /. % /. Equal -» Til deTil de

Print ["Expand integral and separate integral terns"]

%% // ExpandAl |

% /. Contourlntegral [a_+b ] - Contourlntegral [a] + Contourlntegral [b]

Print ["Take constant factors outside the integrals"]

(eqn[3, 27] =%% //. {Integral [a_b_] /; MatchQ[a, (-1 |2aou[_])] -»>alntegral [b],
Contourlntegral [a_Db_] /; MatchQ[a, (-1]xou[_])] »aContourlntegral [b]})

28 = J(,Fabc A°dgs) + 202
First order integral equation for 2

A° 5 0P
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22 = J(—rabc 20° dgt) + 02
Second order integral equation for 55 on vy

AP J<—Pbde 20%dage) + 0"

A% = QS(_Tabc

Expand integral and separate integral terms

J(—rbde 20%dge) +0®

dl§°) +202

pLe gg(_f(-rbde 209 dg®) T dES - T 20° A< + 202

A2 = é(fj(,rbde 20%dee) 1y dgs

Take constant factors outside the integrals

22 = 02 - (gS(rabc d]gc)) 0P+ (95( (J(dee d]ge)) T d]gc)) 20¢

Print ["a) Evaluation of the first integral with second order accuracy in &"]
fi =Part [eqn[3, 27], 2, 2, 2]
Print [" Approxi mation for "]
rudd[a, b, ¢] ==TPudd[a, b, c] +Partial D[rPudd[a, b, c], d] & [d];
rsubstitution[d_] = LHSSynbol sToPatterns[{a, b, c}][Rul e ee %]
Print ["Substitute approximation for "]
fi /. Tsubstitution[d] // ExpandAll
Print ["Split integral and renpve constant terns fromintegral"]
%% /. Contourlntegral [a_+b_] - Contourlntegral [a] +Contourlntegral [b]
% //. Contourlntegral [a_b_] /; MatchQ[a, Tensor [TP, _ 1] » aContourlntegral [b]
Print ["The first integral around a loop is
zero because & nust return to its original value. Finally..."]
fi = (integrall =Drop[%%, 11)
Print ["b) Evaluation of the second integral with second order accuracy in &"]
si = Part [eqn[3, 27], 2, 3, 1]
Print ["Substitute T at point P"]
%% /. T - TP
Print ["Renove constant terns fromintegral "]
%% //. {Integral [a_b 1 /; MatchQ[a, Tensor [TP, _ 1] » alntegral [b],
Contourlntegral [a_b_] /; MatchQ[a, Tensor [TP, _ 1] - aContourlntegral [b]}
Print ["Performthe inner integration, result: ", &+const, ". Finally..."]
si ~ (integral2 =%% /. Integral [Total D[gu[a_]]1] » &u[a])

+9§(7rabc 20° dec) + 202

a) Evaluation of the first integral with second order accuracy in &
P(re aee)

Approxi mation for T

Iy o = TP + TP g &°

Substitute approxi mation for T

gg(rpabc AE° + TP ¢ €9 Ac®)

Split integral and renpve constant terns fromintegral

qS(rpabc ags) + 95<rpabc,d gdage)
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(g&dl&)) P + (95(3‘ d1§°)) P,

The first integral around a loop is zero because & nust return to its original value. Finally...

birease) = (Ple? ase)

b) Evaluation of the second integral with second order accuracy in &

B[] e

Substitute T at point P

[P e

Renpve constant terns fromintegral

(B[ @en) aee) ) Pt e

Performthe inner integration, result: const +&. Finally...

95( U(Tb“e ae’) ) (95@‘* de)

Print ["Substituting the two integral approximations in eq. (3.27)"]
eqn[3, 27]

Repl acePart [%, {integrall, integral 2}, {{2, 2, 2}, {2, 3, 1}}, {{1}, {2}}]
Print ["Renmovi ng constant factors fromintegral and rearrangi ng"]
#H-%%[[2, 11] &/@%%

% /. Au[a] -xoula] » Au [a]

Print [" Rei ndexi ng" 1]

MapAt [I ndexChange[{{d, c}, {c, d}}], %%, {2, 1}1;

MapAt [I ndexChange[{{d, b}, {b, e}, {e, c}, {c, d}}], %, {2, 2}]

Print ["Factoring, we get eq. (3.28),p.107:"]

(eqn[3, 28] = MapAt [Factor, %%, 2])

a
TP%c, d

T3 d&s TP, TP,

Substituting the two integral approxinations in eq. (3.27)

A% = 0@ - (gg(rabc dlgc)) 0P+ (95( U(rbde d]ge)) e d]g“)) 20¢

A%~ 0% - (95(@“‘ d]§°>) TP%c. 4 20° + (gg(é"‘ dE) | TP TP ge 20°

Renovi ng constant factors fromintegral and rearrangi ng

2% - 0% = -95(5“ dES) TP g 20° + (g@(@e d§C>) TP, TP, 20°
0% < (£ AE%) TPRhc, 0 20° + ((&° dE%) | 1P 1P, 0

Rei ndexi ng

ax = (95(8 A€} | Peq TPy, 20° - (96(§° ag’) | 1P, ¢ 20°
Factoring, we get eq. (3.28),p.107:

AR = (95(5‘3 dlgd)) (TP®eq TP®c ~ TP%%q, ¢ ) 20°

We can manipulate the contour integral jg to aform that showsit is an antisymmetric expression.
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gu[c] &udl;

Tot al D[Nest edTensor [%]] == Tot al D[%]

Print ["The follow ng contour integral is zero"]

Contourlntegral /@%%==0// Flatten

Print ["Mani pul ate the equation and convert to a rule"]

Drop[%%, 1];

Distribute /@%;

#-Part[% 1, 1] &/@%

cirul e = LHSSynbol sToPatterns[{c, d}][Rul e @@ %]

Print ["Split integral and use antisynmetry"]

tenp = Contourlntegral [&u[c] Total D[&u[d]]];

tenp=1/2HoldForma+a] /. a-»tenp

MapAt [ (& /. cirule) & %, {2, 2, 1, 2}] // Rel easeHol d

(eqn[3, 29] =% /. Contourlntegral [a_] -Contourlntegral [b_] » Contourlntegral [a-b]) ==
fuuflc, d]

df rul e = LHSSynbol sToPatterns[{c, d}][2%[[1, 2]] » 2%[[2]]]

d]<§c éd) - §d d§c+§c dlé-d

The followi ng contour integral is zero

9S(dl(§° &) :zgg(gd d£S 1 €0 agd) = 0

Mani pul ate the equation and convert to a rule

e ac”) = - P(s? aes)

95(5— ag’) - —gg(é" ac°)

Split integral and use antisymetry

Ples aet) = - (Ples aet) + ples act)
bleae”) = = (-Ple? as) + Plee ag?))

[96<§C ag’) = %96(—8’ dgs + &€ dlé—d)] _god

95(-5"— dg™ + £~ ag’) 521

The integral is an antisymmetric tensor. Substituting this into eq.(3.28). In Exercise 1.8.3 we showed that contracting a symmet-
ric tensor with an antisymmetric tensor gives zero. Therefore it is only the antisymmetric portion of the expression in brackets
(involving TP) that contributesto the result.

(eqn[3, 29, 1] =eqn[3, 28] /. Ruleeeeqn[3, 29])
Print ["Repl acing second factor with its
antisynmetric part and changing P to T for convenience"]
MapAt [Fact or @ Expande (Anti Symmetric[{c, d}] /e#) & %%, {2, 3}] /. TP >T
Print ["Expanding the partial derivatives"]
(eqn[3, 29, 2] = %% // ExpandParti al D[l abs])
Print ["SymetrizeSlots on 1]
%% // SymmetrizeSlots[r, 3, {1, {2, 3}}]
Print ["Substitute the curvature tensor in P"]
%% /. Christoffel ToR emannRule /. R-»> RP
Print [ SymmetrizeSlots on last two indices of RP and substituiting
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fcd for the contour integral 93 We get finally eq. (3.30),p. 107:"]
(eqn[3, 30] =%% // SymmetrizeSlots[RP, 4, {-1, {3, 4}}1])
% /. dfrul e // FraneBox // Di spl ayForm
1 d d b
AN = 5 (95({ degs + £ ag )) (TP%eq TPy - TP%q ¢ ) 20

Repl aci ng second factor with its antisynmetric part and changing TP to T for convenience

1
A = " (95(—5" agt +&° d1§d)) (T%d T®c ~ TP%c T4 + Tbe,d ~ Tbd, c ) 20°

Expandi ng the partial derivatives

a 1 d c c d b a e a e a a
AN ZZ (—‘5 dg~ + & dlé) A0 (Tedrbc‘recrbd*'@xdrbc_@xcr‘bd)
SymmetrizeSlots on T

a 1 d c c d b a e a e a a
AN :Z (7§ d&t + &€ d]é) 20 (Fderbc—FcerdJr@xdec—@chbd)

Substitute the curvature tensor in P

1 d d a b
AN = " (98(—.»5 des + ¢ aeg )) RP*, 4. 20

SymmetrizeSlots on last two indices of RP and
substituiting f° for the contour integral 95 We get finally eq. (3.30), p. 107:

AN® = 4 (96(750' dES + £° dgd)) RP?,cq 20°

a 1 cd b
A = — E f Rpabcd 20

Thisisthe equation of parallel transport deviation.

= 2) Investigate the components of the curvature tensor

We take y to be a small loop lying in a surface & embedded in the manifold and surrounding P: (0&)g = (x®)p + xi2 + y 2, where
{i & j2)} arean orthogonal pair of unit vectors at P and X, y defining the point G € y are small. The pair (X, y) act as locally
Cartesian coordinates on X, with P as origin and "axes" {i 2, j2}.

Print["f° in eq. (3.30) is defined as"]
eqn[3, 29]1[[2]]
Print ["Substitute &€ in terns of x and y"]
&ufa_]-»xiu[al+yjufal
%%% /. % // Traditional Form
Print ["Set the total derivatives of the (constant) unit vectors to zero"]
%% /. {Total D[iu[_]] » 0, Total D[ju[_]1] -» 0}
Print["Sinplify the integrand expression"]
MapAt [M nus /e (# // Expand // Factor) & %%, {2, 1}]
Print ["Renove the constant factor fromthe contour integral"]
%% /. Contourlntegral [a_? (FreeQ[#, Hol dPattern[Total D[_]]] & b_] -» aContourlntegral [b]
Print [
"1/2 the contour integral is very nearly the area of the (snmall) loop ¥, so we get"]
fexpr = Repl acePart [%%, 2 areay, 2]

f° in eq. (3.30) is defined as
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1
5 95(—5" ags + & agl)

Substitute & in terms of x and y

- sxidryje

1
— 56((xi°+ yi(dxi®+dy*+xdi® +yd %) - (xi? +y ) @xi®+dy |+ xdi°+ yd %)
2

Set the total derivatives of the (constant) unit vectors to zero

1

5g5(—<Dt[x1i°+Dt[y]j°> (xi%+y i)+ (xiC+yj®) (Dtix]i®+Dt[y1j?))

Sinplify the integrand expression

1

595(<—yDt[x]+th[y1> (-idjesicj?))

Rermove the constant factor fromthe contour integra

1 . d e d
E(gg(—yDt[x]+th[y})) (-i9je+icj)

1/2 the contour integral is very nearly the area of the (small) loop ¥, so we get

d

area, (-i®jc+icj)

We can now substitute this approximation for f €9 into our equation of parallel transport deviation given by eq. (3.30).

eqn[3, 301 /. RP>R
Print ["Repl acing contour integral and rearrangi ng"]
Repl acePart [%%, 2 fexpr, {2, 2}]
#t /area, &/@%
Print ["Expandi ng, reindexing and using an antisymretry
of Rleads finally to the approxi mation eq. (3.32), p. 108"]
%% // ExpandAl |
(eqn[3, 32] = MapAt [I ndexChange[{{c, d}, {d, c}}1, % {2, 1}]1 //
SymmetrizeSl ots[R, 4, {-1, {3, 4}}]1) // FraneBox // Di spl ayForm
Print ["This is equal to"]
eqn[3, 32] // I ndexChange[{{c, d}, {d, c}}] // Symmetri zeSlots[R, 4, {-1, {3, 4}}]

1 d d b
AXE = 3 (96(7§ dgs + £° dg )) Rpcq 20

Repl aci ng contour integral and rearranging

A)az_garan (<i9j°+i°]%) Ryeq 20

AN

[EnY

2o (<P +iC] ) RPygq 20°
area, 2

Expandi ng, reindexing and using an
anti symmetry of R leads finally to the approxi mati on eq. (3.32), p. 108

AN 1 1
~ —idjcRabcd)kobfficdeabcd)kOb
area, 2 2
AN
~ -1 de Rabcd Aob
area,
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This is equal to

a2
=i 9]¢ Ryeq 20"

ar ea,

Spezialfall 2D-Mannigfaltigkeit (special case 2D-manifold):

ol di ndi ces = Basel ndi ces;

Decl ar eBasel ndi ces[{1, 2}]

eqn[3, 32]

% /. TildeTilde » Equal // Ei nstei nSum[] // Ei nsteinArray[];

(% // SymmetrizeSlots[R, 4, {-1, {3, 4}}] // Sinplify);

% /. Ruddd[a , a , , 1-0

(Solve[%, {Ruddd[1, 2, 1, 2], Ruddd[2, 1, 1, 2]}] // Flatten) /. Rule > TildeTilde //
Tabl eForm// FrameBox // Di spl ayForm

Decl ar eBasel ndi ces [ol di ndi ces]

a

A _ -c-dRa A b
— = -17] bcd A0
area,

Akl 1231 112 1 2 AAZ 231 112 1
{ = (i2)1-i1)2) Ry, 207, = (i2jt-it )Rzllzm}
area, ar ea,

RL axt

212 © area, (i2j1-i1j2) x?

a2
R2,.. =
112 area, (i2j1-i1j2) 0!

= 3) Antson a surface measuring the curvature tensor

Ants living on a certain surface decide to explore the geometrical proprieties of their world and use the equation of parallel
transport deviation to measure the non-null components of the curvature tensor R? .4 at some point P. They measure (maybe

using Lanchester's transporter, see FN p.233) the change A2 that results from parallelly transporting a vector 22 around a small
loop y centered at P and the area ar ea, enclosed by the loop and apply then eq.(3.32) for a 2D-manifold.

A) Definition of the experimental settings.

nsg = "sphere";
pe¢le 1:=0; pe[e_]:=0;

msg = "shel | potatoid";
Pélo_1:= (-Pi -¢)% pele_]:

n
=

nsg = " X potatoi d";
pPéld_1:= Sin[¢]"2; pe[e_]:= Sin[20]"2;

Print ["Exanple: ", msg]
Print ["Surface {X[¢,06]1,Y[0,0]1,Z[¢,01}:"]
Rrlé, 6.1 =1+pod[o] pele];
surface[¢ , 6 ] =
{Rr[¢, 6] Cos[¢] Sin[e],
Rr[¢, 6] Sin[¢] Sin[e],
Rr [¢, 6] Cos[6]};
r¢ = {¢, -Pi, Pi}; re=1{e, 0, Pi};
surface[¢, ©] // Sinplify // Matri xForm
natural Basis = {nbl[¢ , @ ], nb2[¢# , @ 1} = {D[surface[¢, ©], ¢], D[surface[¢, €], €]1};
gd[¢_, 6 ] = CQuter [Dot, natural Basis, natural Basis, 11];
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Print ["Chosen point P:"]
¢p =1.5;, ep =1.0;
p =surface[¢p, 6p]
Print ["Chosen orthonormal vector pair {i,j} at P (natural basis and 3D-basis):"]
Clear [iul, iu2, jul, ju2]
Sol ve[{iul = 0.5,
{iul, iu2}.gd[¢p, ep]. {iul, iu2} =1,
{jul, ju2).gd[¢p, ep]. {jul, ju2} =1,
{iul, iu2}.gd[¢p, ep]. {jul, ju2} =0}1];
%[[1]] /. Rule -» Set;
Col umFormy/e {{i ul, iu2}, {jul, ju2}}
{i, j}={iulnbl[gp, ep] +
iu2nb2[ép, epl, julnbl[¢p, ep] +
ju2nb2[¢p, epl};
Col umForm/e %
Print ["Check orthonormality: i.i,j.j and i.j"]
{i.i, j.j,i.j}y 7/ Chop
Print ["Loop ¥: "]
e=0.1;
xX[t_]:=€eCos[t]; yy[t_1:=€eSin[t];
XGL[t J:=¢p+xx[t]iul+yy[t]jul
XQ[t ]:=ep+xx[t]liu2+yy[t]]ju2
"{e(t),e(t)}" == {xGL[t], x&[t]}
Print ["Parallel transported vector X (natural basis):"]
{201, 202} = {1, 1}

Exanpl e: X potatoid

Surface (X[¢,6],Y[d, 6],2Z[¢, 6]}:
Cos [¢] Sinfe] (1+Sin[20]2Sin[¢]?)
Sinfe]Sin[¢] (1+Sin[20]?Sin[¢]?)
Cos (6] (1+Sin[20]?Sin[¢]?)

Chosen point P:

{0. 108492, 1.52989, 0.984801}

Chosen orthonormal vector pair {i,j} at P (natural basis and 3D-basis):

{0.5 , —0.416714}
~0.255063 -0.337998

{70.756378, 0. 641387 }
0.175085 0. 00921659
0.630268  0.767162

Check orthonormality: i.i,j.j and i.j
{1., 1., 0}
Loop v:

{p(t),0(t)} = {1.5+0.05C0s[t] -0.0416714Sin[t], 1. -0.0255063 Cos[t] -0.0337998Sin[t ]}
Paral l el transported vector A (natural basis):

{1, 1}

pp = 40;
Pot at oi d = Paranetri cPl ot 3D[surface[¢, 6], Eval uate[re],
Eval uate[re], PlotPoints - {pp, pp}, D splayFunction - ldentity];
CL¢p = Paranetri cPl ot 3D[surface[¢p, ©], Eval uate[re], Di splayFunction - ldentity];
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CLep = ParanetricPl ot 3D[surface[¢, ep], Eval uate[r¢], Di splayFunction - ldentity];
nblp = victor [p, nbl[¢p, epl];
nb2p = victor [p, nb2[¢p, ep11;
ip=victor([p, i, Hue[.9]11;
jp=victor[p, j, Hue[.5]1;
¥p = ParanetricPl ot 3D[surface[xGL[t], x&[t]1], {t, 0, 2x}, DisplayFunction - ldentity];
gl = Show[G aphi cs3D[EdgeFor m[], Axes - True,
AxesLabel - {"X", "Y", "Z"}, ViewPoint -»p+10 {1, 1, 1}],

Pot at oi d,

G aphi cs3D[ {Poi nt Si ze[0. 015], Point [p]}],
CL¢p, CLep, nblp, nb2p, ip, jp, v, D splayFunction - ldentity

1

g2 = ParametricPl ot [{xGL[t], x&[t1}, {t, O, 2x-.3}, AspectRati o - Automati c,

AxesLabel -» {"¢,(t)", "6, (t)"}, DisplayFunction - Identity];
Show[G aphi csArray[{gl, g2}], | mageSi ze » 72 x71];

1.02

t
.44 1.46 1. 48 1.521.541.76 Ov
0.98

* Plot of ant'sworld with coordinate lines and natural basis at point P, orthonormal vector pair {i , j} andloop y. x

B) Theoretically expected results.

Decl areBasel ndi ces[{1, 2}]

metric =gd[¢, ©] // Coordi natesToTensors[{¢, 6}, ul;

Set MetricVal ueRul es[g, netric]; SetChristoffel Val ueRul esfuu[k], netric, TJ];

Print ["Vector parallel transport equation on |oop ¥"]

MapAt [ExpandAbsol ut eD[l abs, {c, b}], AbsoluteD[au[a], t] =0, 1] // SynmetrizeSl ots[]

% // Ei nstei nSum[] // ArrayExpansi on[a] // ToArrayVal ues[1];

% // UseCoordi nates[{xGL[t], x&[t]}, ul;

% // UseCoordinates[{xX1[t], X2[t]}, Al;

% // UseCoordinates [{xGL[t], x&[t]}, XI;

Vect or Par al | el Transport Equati onOny = %;

Short [%, 5]

Ruddd[a, b, c, d]

% /. Ri emannToChri stoffel Rul e

{Ruddd[1, 2, 1, 2], Ruddd[2, 1, 1, 2]}

% /. Ri emannToChri stoffel Rul e

Rt heor = % // Ei nstei nSum[] // ToArrayVal ues[] // UseCoordi nates[{¢, 6}, ul //
UseCoordi nates[{¢, 6}, X];

Rt heorp = {"Theory", Rtheor /. {¢ » ¢p, 6> 6p}}

Vector parallel transport equation on |oop vy
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1
{—-(—0.0337998Cbs[t}+0.0255063Sin[ty
2

524288 «<5> (<«<1l>)
+ (64 (=306 + <<16> +4 <<1>) «<1> (<<d> + <1>)) /

2

(<<1l>)% («<1>)

((<<l>>)2 (<<l>>)> A[t] +<«<3> +A[t] =0, «<l> = }

I:eabcd

a e a e a a
~T%e I'"be + Tce I bd = Oyd Ipe + Oxe I'pg

{Rh120 Ripn
{‘ e T + Ty T - 02Ty + 0 Thyy, - Fz2e T+ lee T8, — 0,2 T%y + 0, lez}
(Theory, {8.65686, -3.6638}}

C) Ant'sexperimental results and comparison with theory.

Print [*Measured area,"]

areay, =1/2Nntegrate[xx[t]yy' [t]-yy[t]xx"[t], {t, O, 2m}]

Print ["Measured deviation {aAXl, AR }"]

NDSol ve [Uni on[Vect or Par al | el Transport Equati onOny, {Al[0] == 201, X2 [0] == 202}],
{21, 23, {t, 0, 2x}1;

(XA [2x], 2[27x]} /. %

{aXl, AR} = (% //First) - {x0l, 202}

{Ruddd[1, 2, 1, 2], Ruddd[2, 1, 1, 2]}

{"Experinment",

{R1212 = AX / (area, 202 (iu2jul -iulju2)), R112 =AX / (areay, 201 (iu2jul -iulju2))}}
Rt heor p
{"Relativ error", {R1212/%[[2, 111 -1, R2112/%[[2, 2]] -1} #100" %"}

Measured area,
0. 0314159
Measured deviation {AX, A2}

{0.0713319, -0.0330282}

{ R1212v R2112 }

(Experiment, (8.24799, -3.81899})
({Theory, {8.65686, -3.6638}}

{Relativ error, {-4.72305%, 4.23566 %}}

"Ants are small and silent. And gigantically mysterious..."
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+ 3.4 Geodesic deviation p. 110 - 112

Needs [" TGeneral Rel ativityl CGeneral Relativity "]
$PrePrint =.
| abs = {X, &6, g, T'};
Decl ar eBasel ndi ces[{0, 1, 2, 3}]
Defi neTensor Shortcuts[
{{X, xp, v, vp, & zero}, 1},
{{s, g}, 2},
{{r, T}, 3},
{{R}, 4}1]
Decl ar eZer oTensor [zer 0]
Decl areTensor Symmetries[r, 3, {1, {2, 3}}]

Chri st of f el TORi emannRul e = LHSSynbol sToPatterns[{a, b, ¢, d, e}]@ReverseeRi emannRul ¢;

We derive here the equation of geodesic deviation.

Print ["Let there be two affinely paranmetrized nearby geodesics."]
Absol uteD[vpu[a], u] ==
MapAt [ExpandAbsol uteD[{xp, &, g, Tp}, {b, c}1, %, 1]
(eqn[3, 33] =% /. vpul[a_] -» Total D[xpu[a], ul) // FrameBox // Di spl ayForm
Absol ut eD[vu[a], u] =
MapAt [ExpandAbsol uteD[{x, &, g, T}, {b, c}1, %, 1]
(eqn[3, 34] =% /. vu[a_] » Total D[xu[a], u]) // FraneBox // Di spl ayForm
Print [" (W are going to need the last equation in the formof a rule...)"]
geodesicrule[b_, c_] =
LHSSynbol sToPatterns[{a}] [Rul eee (# - Part [eqn[3, 34], 1, 2] &/@eqn[3, 34])]

Let there be two affinely paranetrized nearby geodesics
Dvp?2
du

dvp? daxp®

du

d?xpa ., dxp® dxp°

+IP e ==
dudu du du
D/a
du
dv@ dxP®
— + VC Fabc — == O
du du
d2xa dx® dx¢

+ T — — =

bc
dudu du du

(W are going to need the last equation in the formof a rule...)

d2x?- dxP dxc
- -1 c—— ——
dudu du du
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Print ["Subtracting the two equations"]
I nner [Subtract, eqn[3, 33], eqn[3, 34], Equal ]

Print ["We let &(u)=xp(u)-x(u) be a small vector connecting points on the two curves

with the sane paraneter value u. Substitute xp in terns of x and & "]

%% /. xpul[a_] -» xu[a] + &u[a]
Print ["We have to first order:"]

rpudd[a_ , b, c_]1 »rudd[a, b, c] +Partial D[rudd [a, b, c], d] &u[d]

%%% /. %
AA = % // ExpandAl |

Print ["Pick out only first order terns in & and expand partial derivatives"]

MapAt [Sel ect [#, Count [{#}, &U[_], o] <2 &] & AA, 1]

(stepl = MapAt [ExpandParti al D[l abs]1, %, {1, 1, 1}1) // FrameBox // Di spl ayForm
Print [" (The negl ected second or higher order terms in & are:)"]

Sel ect [AA[[1]], Count [{#}, &[_], o] >=2 &]

Subtracting the two equations

d?x2 dxP dax¢  d?xp? dxp® dxp°®
- Tabc E— + +IP "pe B
dudu du du dudu du du

We let £(u)=xp(u)-x(u) be a small vector connecting points on the
two curves with the sanme paraneter value u. Substitute xp in terns of x and &.

dx axc  dg2ed dx®  deb) daxe  ase
a a
~Tpe — + + 1P e + + ==
du du dudu du du du du
We have to first order:
P a_b_c_ - Te + Toe. d g
. dx axc  dg2ed . . ) dx®  deb) faxc  dee
T — + + (TP + T%%c,a €7) + + =0
du du dudu du du du du
. . dx® daxc  g?e2 L e deP . g Ax° deP®
T%c,d & — — + +T%c — +T%¢,d & —— — +
du du dudu du du du du
. dx® aqee . . dxP aee . dsb agee g ds® aee
¢ — —— +T ¢, d & —— + % —— +T%c, g & —— —— =
du du du du du du du du

Pick out only first order terns in £ and expand parti al

derivatives

. . dx® daxc  g?e2 L axe deP dx® dqee
T%c,d & — — + + 1 — + e — —— =
du du dudu du du du du
?ed  dx© des® . dx® aee g dx® dxe .
‘*’Fbc— +FbC— +§ ——GXdeC:O
dudu du du du du du

(The negl ected second or higher order terms in & are:)

. g dxe des® . . dx® aec . deb aee
T%c,d & — +T%¢,d & — +T%c —
du du du du du du

Note: We must suppose that £(u) and dé(u)/du are both small! In the following counterexample f [ x] is arbitrarily small, but
f'[x] andf[x]f'[x] are arbitrarily big with suitable chosen € and w. (Gegenbeispiel: € beliebig klein, w beliebig gross =

f[x] beliebigklein, f'[x] undf[x]f'[x] beliebiggross.)

{f [% ] =eSin[:—2x], frx], fx]f" [x]} /7 Sinplify
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X wcos{x_w} 1 2
fesn[ ] ——= Jusn[ 7]

We want to express the lhs as the absolute derivative of £ plus other terms. So lets cal culate the absolute derivative and subtract
it from the Ihs termsto see what we obtain.

Print ["a) Absolute derivative of &"]
Absol uteD[&u [a], {u, u}]
% // ExpandAbsol ut eD[l abs, {{b, c}, {d, e}}]
% // ExpandAl |
absol ut edt er m= MapAt [ExpandTot al D[l abs, d], %, {3, 3}]
Print ["b) Renmining ternms on | hs"]
First [stepl] -absol utedterm
Print ["3rd and rei ndexed&ynmetrized 4th terns cancel "]
MapAt [ (# // | ndexChange[{{d, c}, {e, b}}] 7/ SymmetrizeSlots[T, 3, {1, {2, 3}}]) & %%, 4]
Print ["Use the second equation to reduce the 1st terni]
%% /. geodesicrul e[d, e]
Print ["Rei ndex 2nd and 3rd term and factor"]
MapAt [I ndexChange[{{e, b}, {b, €}}1, %%, 2]
MapAt [I ndexChange[{{d, c}, {c, d}}]1, %, 3]
% // Fact or
Print ["Synmetrize T and use Ri emann definition rule"]
%% // SymmetrizeSlots[r, 3, {1, {2, 3}}1;
lastternms =% /. Christoffel ToOR emannRul e
Print ["c) Reassenble the terns"]
Absol uteD[&u [a], {u, u}] +lastterns =
Print ["Rei ndex 2nd term and use antisymetry of R W
get finally the equation of geodesic deviation, eq. (3.35),p.111:"]
%% // | ndexChange[{{c, b}, {b, c}}1]
(eqn[3, 351 =% // SymmetrizeSlots[R, 4, {-1, {3, 4}}]) // FraneBox // Di spl ayForm

a) Absolute derivative of &

D &a
dudu
dax® dr?, d2e? . ax®  axP aee . dx4 . ax®  dgee
& — + + % | &° + — | +T%e — [T%hc &° +
du du dudu dudu du du du du du
. ax® ax® ax? ax® dr?  d?ed o ax® de¢  ax? aee
I'bcgc +I‘derbc§C7 + &% — + +1Tpe — +17ge — —
dudu du du du du dudu du du du du
. a2x® . e ax® ax? a2 . dx® aege . dx9 aee dx® ax¢ .
TbC§C +I'de]_“bC§C7 + + I e — + 1 de — +§‘2776Xd?bc
dudu du du dudu du du du du du du
b) Renmmining terns on | hs
. d2xP e e dxP ax® . dxe de®
T & —— - Tqe e & — + 1T — — -
dudu du du du du
dx9 aee dx® axe dx® ax¢
a d a c a
I'ge — + & 776Xd1—‘bc7§ 776de‘bc
du du du du du du
3rd and rei ndexed&synmmetrized 4th terns cancel
. dzxP X e dx? ax® g dxP daxe . dx® ax¢ .
“T%c &¢ —— —T%e Tpe §&¢ — +& —— —— 0T — ¢ — —— 0, %
dudu du du du du du du

Use the second equation to reduce the 1st term
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b

a . dx® axd a b dx? daxe d dx® axe a dx® dx a
-T%e Tpe £ — +T%c Tge € —— —— + & —— —— 0,a T - & — —— 0,a T
du du du du du du du du
Rei ndex 2nd and 3rd term and factor
a . dx® axd . dx® axd g dx® axe a dxP ax® a
-T%e Tpe £ — + T8 Togp € — — + & —— —— 0, a T - & — —— 0,a T
du du du du du du du du
. e dx® ax¢ . dx® ax¢ dx® ax¢ . dxP ax® .
-T%e Tpe & — + T8 Tp ¢ — —— - &% —— —— 0, a T + € —— —— Oxe Thg
du du du du du du du du
dx® ax?
-8% — —— [T%e T — T%c Tab + Oya Thc — Oye Thg
du du
Symmetrize T and use Riemann definition rule
dx® ax¢?
~Ripge ¢ — —
du du
c) Reassenble the terns
D22 - dx® ax?
—— —Rbpge & — — =
dud ¢ du du
Rei ndex 2nd term and use antisymetry of R We
get finally the equation of geodesic deviation, eq. (3.35),p.111:
D2 . dxe dax¢
-Regp & — — =
dudu ¢ du du
D?sa L axe ax¢
+Rpg & — — =0
dudu du du
Spezialfall 2D-M annigfaltigkeit (special case 2D-manifold):
ol di ndi ces = Basel ndi ces;
Decl ar eBasel ndi ces[{1, 2}]
eqn[3, 35][[1]] == zerou[a]
% // EinsteinSum[] // EinsteinArray[];
% /. Ruddd[a_, a , _, _1-0;
% // SymmetrizeSlots[R, 4, {-1, {3, 4}}1 // Sinplify
Decl ar eBasel ndi ces [ol di ndi ces]
DP e , axe ax?
+ Ropg & — —— = zero?
dudu du du
D&t dx2 , dx?! . dx?2 D?&2 dx?t , dx? . dx2
{ +R,, — |-¢€ +& — | =0, +R2112— -& + & —— ::0}
dudu du du du dud du du du
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3.5 EINSTEIN's field equations p. 112 - 114
3.6 Einstein's equation compared with Poisson's equation p. 115 - 116

Needs ["TGeneral Rel ativityl Ceneral Relativity "]
$PrePrint =.
| abs = {X, 6, g, T'};
Decl ar eBasel ndi ces[{0, 1, 2, 3}]
Def i neTensor Shortcuts|[
{{x, y, & u}, 1},
{{6, 9, G R T, n, h}, 2},
{{r}, 3},
{{R 1, g}, 4}]
Decl areTensor Synmetries[g, 2, {1, {1, 2}}]
Decl areTensor Synmetries[R, 2, {1, {1, 2}}]
Decl areTensor Synmetries[T, 2, {1, {1, 2}}]
Decl areTensor Synmetries[g, 3, {1, {1, 2}}]
Decl areTensor Synmetries[g, 4, {{1, {1, 2}}, {1, {3, 4}}}]
Ri emannToChri stoffel Rul e =
LHSSynbol sToPatterns[{a, b, ¢, d}]e (Ruddd[d, a, b, ¢c] » -Tudd [d, ¢, e] Tudd [e, a, b] +
rudd [d, b, e] rudd[e, a, c] -Partial D[rudd [d, a, b], c] +Partial D[rudd [d, a, c], b])
Ri emannRul e [[2]] = %[[2]] // ExpandParti al D[l abs]
Christoffel UpToMetri cRul e = LHSSynbol sToPatterns[{a, b, c}]e(rudd[a, b, c] »
1/2guufa, d] (Partial D[gdd[d, c], b] +Partial D[gdd[b, d], c] -Partial D[gdd[b, c], d]))
Christoffel DownRul e[[2]] == gdd[a, e] (%[[2]] /. a—»e) // MetricSinplify[g] //
Sinplify
rtRul e =
(Tensor [T, List[a , , 1, List[_, b, c ]]Tensor([r, List[d, , ], List[_,e ,f 1]~
(Christoffel UpToMetricRule[[2]] /. d>T)
(Christoffel UpToMetricRule[[2]] /. {d>»s, a»d, bse, c>f}))
PDChri st of f el UpToMetri cRul e = LHSSynbol sToPatterns[{c}]e@
(Partial D[#, ] &/@Christoffel UpToMetri cRul e)
Set Attributes[c, Constant]

d_ d e d e d d
R abc 2 T cel ap+T el ac T ab,c +1 ac,b

True

a 1 ad
T‘b_c_%gg (*gbc,dJrgbd,c*gdc,b)

True

o (*gbc,r +Qbr, ¢ +grc,b) (*gef,s +0es, f +gsf,e)

L (*gbc,d +0Ond, ¢ +9dc,b> +gad (*gbc,d, . *Ood,c, ¢ +gdC,b,L)>

m Classical Poisson's equation

("As s the case with the vector products discussed above, the common differential operations in three dimensions are defined in
terms of Cartesian coordinates. If you are working in another coordinate system and you wish to compute these quantities, you
must, in principle, first transform into the Cartesian system and then do the calculation. When you specify the coordinate system
in functionslike Laplacian, Grad, and so on, thistransformation is done automatically.", Mathematica)
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<< Cal cul us™ Vect or Anal ysi s~
Print ["Laplacian A: a) definition (in Cartesian and spherical coordinates)"]
Lapl aci an[V[x, y, z], Cartesian[x, vy, z]]
L = Lapl aci an[V[r, 6, ¢], Spherical [r, 6, ¢1] // Sinplify
Print ["b) linearity"]
Expand /e (Lapl aci an[af [r, 6, ¢] +bg[r, 6, ¢]1, Spherical [r, 6, ¢]] ==
aLapl acian[f [r, 6, ¢], Spherical [r, 6, #]] +bLaplacian[g[r, &, ¢#], Spherical [r, 6, ¢1])
Print ["c) special case: spherical symetric V']
(L7, Ve™0r, e, ¢]:>0/; (m>0]|n>0)) //Sinplify

Lapl acian A: a) definition (in Cartesian and spherical coordinates)
VOO2 [, y, 2] +VO20 x, y, 2] VOO [x, y, 7]

rlz (Csc[e12 V@02 [r, 6, ¢] +Cot [6] VOO [r, 6, ¢] +
V20 r e, 9] +2r VRO r 6, ¢ +r2 V001 6, ¢])

b) linearity

True

c) special case: spherical symetric V

2VL00r 5 ¢
+VEO0Tr 6, ¢

r

Print ["Exanple: gravitational potential and field for a honbgenous sphere (Newton)"]
Print ["gravitational potential V(r) (a.u.)"]

VIr_1=(r? (1-UnitStep[r -1]) + (3-2r~') UnitStep[r -1]) /6-1/2
Sinplify[V[ri]

% // Ful | Form

Print ["V(r-co)=", Limt[V[r], r >Infinity]]

Print ["Laplacian AV (r)~p(r)"]

LV[r ] = Lapl acian[V[r], Spherical [r, 6, ¢]1]1 // Sinplify

% // Ful | Form

Print ["gravitational field g(r)"]

GIr_1=-Gad[V[r], Spherical [r, e, #]] 7/ Sinplify

Exanpl e: gravitational potential and field for a honmogenous sphere (New on)

gravitational potential V(r) (a.u.)

1 1 2
—— 4+ —|r2(1-UnitStep[-1+r])+|3-—|UnitStep[-1+r]
2 6 r
- r =1
3r
3(73+r2) True
6

Pi ecewi se[Li st [List [Ti mes[Rational [-1, 3], Power [r, -1]], GreaterEqual [r, 1]]],
Tinmes[Rational [1, 6], Plus[-3, Power [r, 2]]]]

V(r »o) =0

Lapl aci an AV (r)~p(r)
{1 r<1

Pi ecewi se[List [List[1, Less[r, 1]]], O]

gravitational field g(r)
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Pl ot [Eval uate[{2 V[r], LV[r], 3&[r]1[[1]11}1.
{r, 0, 5}, PlotStyle » {Hue[0], Hue[l /3], Hue[2/ 3]},
AxesLabel - {"r", "V(r), p(r) and g(r) (a.u.)"}, ImageSize » 72 x5]7;

V(r), po(r) and g(r) (a.u.)
1

* Plot of gravitational potential V(r) (red), density p(r) (green) and gravitational field &r) (blue) for a homogenous sphere
(Newton).

m |) Einstein's equation (Einsteinsche Gleichung, Albert Einstein, 25. November 1915, Preul3ischen Akademie
der Wissenschaft, Berlin)

(eqn[3, 38] = Ruufy, vl -1/2Tensor [R] guufy, v] =xTuulp, v]) // FrameBox // Di spl ayForm
Print ["where ", eqn[3, 38][[1]] == GQuu [y, v]]

1
- Rg" +R" = x T

1
where -— Rg" + RY == QY
2

1) G®issym., G*P. , = 0 and G® is function of max. 2nd order derivativesof g’

An dternative form of Einstein'sequationis
(eqn[3, 39] = Ruu[y, v] =x (Tuu[y, vl -1/2Tensor [T] guulu, v])) // FrameBox // Di spl ayForm

Print ["where"]

Tensor [T] == Tud [k, u]

Print ["Special case: Enpty spacetinme (T*Y =0) field equations"]
(eqn[3, 40] = Ruu[y, v] =0) // FraneBox // Di spl ayForm

1

wher e

T=TY,

Speci al case: Enpty spacetinme (T""=0) field equations

RY =

General_relativity.nb 117



Thestructure of Einstein's equation (Die Struktur der Einsteinschen Gleichung)

John Baez: "In 4 dimensions, it takes 20 numbers to specify the curvature at each point. 10 of these numbers are captured by the
Ricci tensor, while the remaining 10 are captured by the Weyl tensor."

Ted Bunn: "There's extrainformation in the [electric and magnetic] fields beyond just what the sources of the fields can tell you.
After all, you could have an electromagnetic wave passing by. It needn't have any source, but it still aters the fields. So in
electromagnetism, knowing all about the sources isn't enough to specify the fields. In general relativity, knowing all about the
sources (the stress-energy tensor T) isn't enough to tell you all about the curvature. In both cases, you can supplement the source
information with some extrainitial conditions to get a unique solution."

Print [" (General ) Einstein's equation:"]
Guulu, vl ==eqn[3, 38]1[[2]]

eqn[3, 38]

EFERi cci =
% /. {Tensor [R] » guu[a, b] Rdd[a, b], Ruu[u, v] ->guu[a, u] guu[b, v] Rdd[a, b]} // Sinplify

EFERi emann = (% // Sinmplify) /. Rdd[a_, b_] - Ruddd[c, a, b, c]
EFEr = % /. Ri emannToChri stoffel Rul e
% /. TIRul e /. PDChri stoffel UpToMetricRule // SymmetrizeSlots[];
MapAt [Si npl i fyTensor Sum %, 11;
EFEMetric = (MapAt [Full Sinmplify, %, 1] /. r »f // SymetrizeSlots[])

(General ) Einstein's equation:

R

1
E (2 gau gbv gab QW) Rab . KTW
1 au _bv ab uv LV
5(29 9" -9 9") Rgpe =xT
1 au _bv ab uv c e c e c c LV
5(29 g -9°9 )(*FceFab+FbeFac*Fab,c+Fac,b) =xT
1 au _bv ab uv cd cd
g(Zg 9" -9%9"") (29° ¢ (Qab,d ~ Yad,b - Ibd,a) + 29" b (~Yac,d + Gad, c + cd,a) +
g% (QEf (- (Gac,e ~ Yae,c ~Yce,a) (Obd, 1 ~ Ior,d + Yar,b) + (Jab, e ~ Jae,b ~ Ive,a) (Jed,t ~ et d + Jar, c) ) +

2 (gab,c,d ~0ac,b,d = 9bd, a, ¢ +gcd,a,b>)> =x TV

ol di ndi ces = Basel ndi ces;

Decl ar eBasel ndi ces[{1, 2, 3}]

Print [NDim " -di nensional Einstein's equation:"]

Guulu, vl ==eqn[3, 38]1[[2]]

eqn[3, 38]

% // EinsteinSum[] // EinsteinArray[] // SymmetrizeSlots[] // Flatten // Union // Col utmmForm
EFERi cci

% // EinsteinSum[] // EinsteinArray[] // SymretrizeSlots[] // Flatten;

MapAt [Sinmplify, #, 1] &/@% // Uni on // Col umForm

Decl ar eBasel ndi ces [ol di ndi ces]

3-di nensi onal Einstein's equation:

G = kT

1
- RV ARY = kT
2
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-2 RgH + R = TR

1

-2 RG24 RIZ = T2

—%Rgl3+Rl3 T8

- 1RQ? R = kT2

2 Rg? + R - x T23

;R933+R33 - T8
1 au _bv ab uv LV
5(29 9" -9" 9" ) Ryp = xT
%( gllgzaR1 +zglsgzzR1 +2gt? (gl3R +g R1 ) *922923%2*2922933 R23+gzsgss R33) -T2
> (9™ (9P Ry +29%2 R, +2 0% Ryg) +29" (022 Ryg + 9% Ryg) + 92 (022 Ry, - 9% Ryg) ) = x T2

2

% (gll) Ry + (912> Ry, +2 9 g% Ryg + (913> Rys + g™ (912 Ry, + 9% R13*%922 Ry, - 9%° R23*%933 R33) =K
3 (0% (0P Ry +20 R, +20% Ryy) +20%2 (0% Ry, + 0% Ryg) + 0™ (~0%2 Ry + 0 Ryy) ) = x T

2

)" Ry + 0% (02 Ry <207 Ryg) < 5 [0 02 Ry 207 0% Ry - (0] Ry + 20 07 Ry 2 (07) R -

1
2
2 2
(913> R, + g% (2 9= Ry, + g% Rys) +% (_911 ¥R, -292¢g¥R,+2 <923> R, 02 g®R, 292 ¢g® Ry, +

—_— N

(Quite complicate! And the Ricci tensor isnot yet fully written out as a function of the metric tensor...)

m ||) Support for Einstein's equation by comparing the equation of geodesic deviation with its Newtonian
counterpart (empty spacetime)

GR: eguation of geodesic deviation with proper time r as affine parameter:

Absol uteD[&u [u], {t, t}] = -Ruddd [y, o, v, p] &u[v] Total D[xu[o], =] Total D[xu[p], t]
Print ["GR tidal tensor of differential acceleration Kg:"]

Coefficient [%%[[2]], -&u[v]];

Ker = MapAt [I ndexChange[{{v, o}, {po, v}}, -11, %, 1]

CR tidal tensor of differential acceleration Kg:

dx*® dx°

dr drt

- R opv

Newton: we consider two particles moving under gravity on nearby paths given by coordinates x and y in space. Here np =
diag(1,1,1).

ol di ndi ces = Basel ndi ces;

Decl ar eBasel ndi ces[{1, 2, 3}]

Defi neTensor Shortcuts[n, 2]

Set Tensor Val ueRul es[nuu [i, j 1, Diagonal Matrix[{1, 1, 1}1]

{Neqnl = Total D[yu[i ], {t, t}] == -nuu[i, k] Partial D[{y, & n, T}][Tensor [V], yu[k]],
Negn2 = Total D[xu[i ], {t, t}] == -nuul[i, k] Partial D[{x, &, n, T'}][Tensor [V], xu[k]]1}

I nner [Subtract, Negnl, Negn2, Equal ]

% /. Hol dPattern[Total D[a_, d ] -Total D[b_, d 1] -» Total D[NestedTensor [a-b], d] //
Sinmplify

stepl =% /. yul[i]-Xxu[i] - &[i] // UnnestTensor

Print ["For the derivative on the y curve

we expand about the corresponding point on the x curve"]
derivativerule =
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Partial D[{y, 6, n, T'}][Tensor [V], yu[k 1] » Partial D[{x, &, n, T}][Tensor [V], xu[k]] +
Partial D[{x, 6, n, T}][Tensor [V], {xu[j]1, xu[k]l}] éulj]
stepl /. derivativerule
Print ["Newtonian tidal tensor of differential acceleration Ky "]
Coefficient [%%[[2]], -&u[j]1]
Print["Its trace is the Laplacian of the gravitational potential AV (n=diag(1,1,1)):"]
%% /. 1 -] //Ei nsteinSum[] // ToArrayVal ues[]
Cl ear TensorVal ues[nuu [i, j 11
Decl ar eBasel ndi ces [ol di ndi ces]

dlzyi ) dlzxi .

dt dt dt dt

?2x APyl _ _
_ + n'kaxkvfn'kaykv

dtdt dtdt
d? (-xl +y")

ik _
dt dt = (axkv aykv)

dlZgi

M = r)ik (@kaféka)

For the derivative on the y curve we expand about the correspondi ng point on the x curve

aykfv—> g O V0V

2 ci
TE L indg

dt dt Y

Newt oni an tidal tensor of differential acceleration Ky

nika \Y

x), xk
Its trace is the Laplacian of the gravitational potential AV (n=diag(1,1,1)):

6X1’X1V+ @Xzy X2V+ 6X3, >(3V

Now the empty space field equation of Newtonian gravitationis AV = 0, or equivalently Trace(Ky) = 0.
This suggeststhat in empty spacetime we should have Trace(Kgr) = O...

(K /. v »u) =
% /. Ruddd[a_, b_, c_, a_] »Rdd[b, c] 7/ Sinplify

Print ["Since this should hold for arbitrary tangent vectors to geodesics"]
r =Table[ali, j1, {i, 1, 4}, {. 1, 4}1;

vl =Table[vali], {i, 1, 4}1;

v2 =Table[vb[i], {i, 1, 4}1;

r /. Flatten[Sol veAl ways[vl.r.v2 =0, Union[vl, v2]]]

Rdd[o, p] ==

dx? dx°

opu ==
dr dt

dx” dx°©

Since this should hold for arbitrary tangent vectors to geodesics

{{o0, o, o, 0}, {0, 0, O, O}, {O, O, O, O}, {0, O, O, 0}}
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This accords with Einstein's empty spacetime field equations.

m ||l) Einstein's equation compared with Poisson's Equation (with matter)

The object here is to show that the Einstein field equations agree with the weak gravity Newtonian equations when matter is
present.
Asin Section 2.7, we will use a nearly Cartesian coordinate systemwith g, = 1, + h,., whereh,, and h, , are small, and the

extended (!?) quasi-static condition should hold: h,, o < h,,; and 6,0 T' o; small.

Print ["Stress tensor for a perfect fluid"]
Tuu[y, v] = (Tensor [p] + Tensor [P] /c?) uu[u] uu[v] - Tensor [P] guu [y, v]
Print [ Stress tensor approxinmation for

a | ow speed (v<<c), |low pressure (P/c?<<p) perfect fluid. ]
Tdd [g, v] =pud[u] ud[v];
Tddappr ox = LHSSynbol sToPatterns[{u, v}][Rul e @@ %]
Print ["Rai sing index and contracting"]
guufv, pu]l # &/@%%%
% // MetricSinplify[g]
% /. {Tud[a_, a_] » Tensor [T], uufa_]ud[a_] »c?};
Tapprox = Rul e e@ %

Stress tensor for a perfect fluid

T = -Pg" + u“uY

P
—+p0
C2

Stress tensor approximation for a | ow speed (v<<c), |ow pressure (P/c’<<p) perfect fluid.

T.v »>pugu,

Rai si ng i ndex and contracting

9" Tww=09" usu,

T, =pu,u”
T-c2p

Print ["Einstein's equation eq. (3.39) in covariant forni]
Rdd [y, v] == x (Tdd[u, v] -1/2Tensor [T] gdd [u, v])

Print ["Using the stress tensor approxination"]

%% /. Tddapprox /. Tappr ox

Print ["Taking the 00 Ri cci tensor conponent"”]

%% /. {u->0, v-0}

{ud[0] » c, gdd[0, 0] » 1};

Print ["Using ", %]

(eqn[3, 47] = %%% /. %%)

Ei nstein's equation eqg. (3.39) in covariant form

1
Ruv =K [—E Tguv +Tqu

Using the stress tensor approxinmation

1
Ry = x [—Ecngqufpuuuv

Taking the 00 Ricci tensor conponent
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1 2
0 = K *Ecngooer (uo)

Using {up-c, goo—1}

1 5
= —C°kp
Roo >

Print ["R emann tensor"]

Equal @eeRi emannRul e

Print ["Contracting to obtain the 00 Ricci tensor conponent"]
%% /. Thread[{a, b, ¢, d, e} » {0, 0, u, u, v}]

% /. Ruddd[a , b , c_, a ] »Rdd[b, c]

Print ["Wth small h,, ,, the r-r are small"]

%% /. rudd[a_, _, _]JTudd[b_, _, _1-0

Print ["Expand into tenporal and spatial parts and sinplify"]
%% // Partial Sum[0, {i}]

%%% // Ei nstei nSum[]

Print ["Using the extended quasi -static approxi mation:"]

%%% /. Partial D[l abs][_, xu[0]] » O

Print ["We use (following eq. (2.78), sec. 2.7):"]

Trule[j ] =rudd[i_, 0, O] »-1/2nuuli, j]Partial D[l abs][hdd[0, O], xu[j]]
%%% /. Trulefj]

Print ["M nkowsky netric n is constant"]

eqnl = %% // Nondependent Parti al D[{n, X}]

Ri emann tensor
d e d e d d
Rdabc = -Tce I"ap + I'pe I"ac =~ Oxe T ab"’axbF ac

Contracting to obtain the 00 Ricci tensor conponent

u v u v u u
Ruoou =T v oo+ T gy T gy = Ogu Tgg + Oga T g,
o v u v L "
Roo = =T v T + g, T g, = Ox T gg + G0 I,
Wth small h,, ,, the r.T are snall
u u

Ryo = =04 T go + 00 T,

Expand into tenporal and spatial parts and sinplify

i i
Roo = =0k T oo + Oxo I g

1 1 2 2 3 3
Roo = =041 T700 + Oxo Tg1 = Oy2 Tg + Oy0 Tgp = 43 T7gg + Og0 o3
Using the extended quasi -static approxi mati on:

Roo = ~ 04 T 0o

We use (following eq. (2.78), sec. 2.7):

i ij
F_OO%—ET]J Oxj hOO

1 . .
) )
ROO == E n 6Xi,Xj hOO +@Xj hOO @Xi n

M nkowsky metric n is constant
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We combine now the two results for Ryg.

-eqnl[[2]] = -eqn[3, 47][[2]]
hdd [0, 0] » 2 Tensor [V] /c?;

Print ["Using ", %]
%%% /. %%,

c’n &/e%
K—>—87rG/C4;

Print["Wth ", %, "

%%% /. %%

1 ..
__r]”@
2

xi, x!

2V
Using hgg > —
c?

_nij e}

xi

8 Gt
Wth x- - ..

c4

—77”6 iV=4Grnp

x', x

...we obtain the Poisson equation for Newtonian gravity.

h ! 2
=-—c?xp
00 2

1 4
vXjV::_EC K p

+ 3.7 The Schwarzschild solution p. 116 - 119

Needs["TGeneral Rel ativityl General Relativity "

$PrePrint =.
labs = {x, 6, g, T};

Decl ar eBasel ndi ces[{0, 1, 2, 3}]
Def i neTensor Shortcuts|[

{{x, dx}, 1},
{{6, 9, n, h}, 2},
{{T}, 3}1]

Set Tensor Val ues[éud [i, j], IdentityMatrix[ND m]]
Set Attributes[c, Constant]
varnanes = {Ct, r, 6, ¢};

dvar nanes = Dt [%];

useSchwar zschi | d = Conposi ti on[UseCoordi nat es[%, dx], UseCoordi nat es [%%, X]];
Note: In deriving the Schwarzschild metric I'm using alittle different path than FN and David Park.

Schwarzschild's (exact) solution (1916) of Einstein's equation considers the case
(a) That thefield is static. (But: (b) and (c) = (@), Birkhoff, 1923!)
(b) That the field is spherically symmetric.
(c) That spacetimeis empty outside a (spherically symmetric) body of mass M.
(d) That spacetimeis asymptotically flat.

DANGER: Suggestive labels for coordinates ahead!

1

(€) That spacetimeis coordinatized by {x°, x'} Z{ct, r, 6, ¢},wherec t isatimelikecoordinate (Schwarzschild coordi-

nates).
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Print ["Schwarzschild's ansatz for conditions (a)-(e) (proof of uniqueness?):

cnetric = Diagonal Matrix[{A[r], -B[r], -r?, -r2sin[el?}];
gdd [u, v] = (% // NMatri xForm)

nmetric =cmetric // Coordi natesToTensor s [var nanes];

Set Metri cVal ueRul es[g, netric]

gdd [u, v] == (gdd [y, v] // ToArrayVal ues[] // Matri xForm)
Print ["Line elenment with assuned formof netric"]

ds? == gdd [u, v] dxu[u] dxu[v]

% // TOArrayVal ues[]

(eqn[3, 51] =% // useSchwar zschil d) // Tradi ti onal Form
Print ["A surface with constant ¢ t and r has |ine el ement

do® and area el ement dS and so has the geometry of a sphere S:"]

"1

(eqn[3, 52] = (do® = -eqn[3, 51]1[[2]] /. {Dt[t] >0, Dt[r] ->0})) // Traditional Form

dS = (eqn[3, 521, /- Plus > Times // Sqrt // Power Expand) // Tradi ti onal Form

Print [ Lds:“, J J;%[m] / (Dt [e] DX [¢]) de d1¢]

Schwar zschild's ansatz for conditions (a)-(e) (proof of uniqgueness?):

Alr] 0 0 0
0 -Birj] o 0
9o =10 0 12 0
0 0 0 -r2sinfe)?
Alxt] 0
0 -B[xt] 0
9= 1o 0 -(x1)? o
0 0 0 -sin[x2]?® (xt)®

Line el enent with assunmed formof netric
ds? == dx" dx¥ g,
ds? = A[xl} (de)Z—B[xl] (dxl)z— (dx2)2 (xl)z—Si n[xz}2 (dx3)2 (x1)2

ds® = —B(r) (d1)? + & AN) (d1)? = 12 (d6)? = r? (d $)* Sin(0)

A surface with constant ¢ t and r has line
el ement do® and area el ement dS and so has the geonetry of a sphere S

do? =12 (d6)? + r2 (d $)* Sin%(6)
dS=r2d0d¢sin®)

~
dS=4 nr?
JS

Comments:
(a): Thetrial solution is static because none of the metric components depend uponc t.

(b): The trial solution is spherically symmetric. The area of the sphere Sis4 rrr?, but if B[ r] #1, then r is not the radius (=

distance from center), but a"radial" coordinate.
(c): For empty spacetime we must set the Ricci tensor equal to zero.

(d): Asymptotic flatness requires that asr — o, A[r ] - 1 and B[r ] » 1. Then Schwarzschild metric converges to the flat

space metric (in spherical coordinates).

Print ["Cal cul ate the Christoffel synbols in

preparation for calculating the covariant Ri enann tensor."]
Set Chri stoffel Val ueRul es[xul[i], netric, r]
Sel ectedTensorRul es [T, Tudd[_, a , b ] /; OderedQ[{a, b}]]
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% // UseCoor di nat es [var nanes] // Tabl eForm
Print ["Cal cul ate the covariant Ri emann

tensor in preparation for calculating the Ricci tensor."]
ri emanndown = Cal cul at eRi enannd [l abs, lIdentity, Sinplify];
Short [%, 7]
Print [*Cal cul ate the Ricci tensor R,."]

{ri emannup, ricci, scal arcurve, einstein} = Cal cul at eRRRG[g, riemanndown];
ricci // MatrixForm

Cal culate the Christoffel symbols in preparation for calculating the covariant R emann tensor.

. A [xt] . A [xt] ) B [x!] . x1 L Sin [xz]2 x1

{Tm%i' oo —— I'u> ——— IMp>-— I'gg > -,
2 A[x!] 2B[x!] 2B[x!] B[x!] B[x?]

1

T2, > (xl)_l, r? - -Cos [x2] Sin[x2], T°; - (x}) 7, 1%, > Cot [XZH

0 Alr)
o1 = 2A[r]

1277
I35 » -Cos [6] Sin[o]
I‘lsef

r,, - Cot [6]

Cal cul ate the covariant Riemann tensor in preparation for calculating the Ricci tensor.

{{{{o, 0, 0, 0}, {0, 0, 0, 0}, {0, 0, 0, 0}, {0, 0, 0, 0}}, <<1>,

x1 A [xt x1 A [xt
{{0, 0, -J, 0}, {0, 0, 0, 0}, { [ }, 0, 0, o}, (0, 0, 0, 0}},

2B[x!] 2B[x!]

sin[x2]?xt A [xt Sin[x2]?x A [x?
{{o, 0, 0, - <) [ }}, {0, 0, 0, 0}, {0, 0, 0, 0}, { <] [ ], 0, 0, o}}},
2 B[x!] 2 B[x!]
{<1>73, {{<1l>]}, {<l>}, {<l>}, {<1l>}}, <<l>>}
Cal culate the Ricci tensor R,,.
O i i 0 0 0
B[x1]xt 4B[x!]
K M
B [x!] Al B[x!]
0 B[x] x? 4 A[x1] 0 0
0 0 -1+B[x!] - xt A [x1] . x1 B [x1] 0
B[x1] 2A[x']B[x']  2B[x!]?

0 0 0 (71+B[x81[

Only the diagonal terms of R, are nonzero. We set R,, = 0 (empty space), use coordinate symbols, extract the diagonal terms
as equations and solvethemfor Al r] and B[ r] .
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{eqn[3, 541, egn[3, 551, eqn[3, 56], eqgn[3, 571},
(Tr [Sinplify([ricci // UseCoordinates[varnanes]], List] =={0, 0, O, 0} // Thread //
Sinplify);
{%%, %},
Transpose[%] // Tabl eForm
MapThread[Set, %%];
Print ["Note: egn[3,57] is the sane as Sin(e)eqn[3,56]. No new info!"]
Sin[e] (eqn[3, 56]1[[1]] -eqn[3, 56]1[[2]]1) == (eqn[3, 571[[1]1] -eqn[3, 571[[21])
Print ["If we take eqn[3,54]-eqn[3,55] we obtain..."]
I nner [Subtract, eqn[3, 541, eqn[3, 55], Equal ] // Sinplify;
#B[rjr &/@%
%[[1]1] == Hol dForm[&, (A[r]B[r])]
% // Rel easeHol d
Print ["We get, taking into account the asynptotic values of A and B..."]
A[r] B[r] = const
A[r]1B[r] =1
Brul e = LHSSynbol sToPatterns[{r}]@Sol ve[%, B[r1]lp iy
Print["Elimnate B' [r] and A"' [r] fromeqn[3, 54-55-56], substitute for
B[r] from above and solve the ODE (Rs is an integration constant)..."]
Eli mi nate[{eqn[3, 54], eqgn[3, 55], eqn[3, 561}, {B' [r]1, A"' [r1}]
First[%] /. Brule // Sinplify
Arul e = LHSSynbol sToPatterns [{r}]@eDSol ve[{%}, A[r]l, 1y 15 /- C[11 » -Rs
Print ["Check the solutions A[r] and B[r] in egn[3,54-55-56]:"]
Arule /. Rule - Set; Brule /. Rule -» Set;
{eqn[3, 5471, egn[3, 551, eqn[3, 561} // Sinplify
netric /. Brule /. Arul e;
Set Metri cVal ueRul es[g, %]
Print ["Schwarzschild line element with paraneter Rs:"]
ds? == gdd [u, v] dxu[u] dxu[v] // ToArrayVal ues[] // useSchwar zschild // Traditi onal Form

, 4  A[r] By ,
eqn(3, 54]  A[r] (’F* L ) = 2Arr
eqn[3, 55} A’[r]2+4A[r]B’[r] +A’[r]B’[r] ::2A”[I’]

Alr] r B[r] Blr]

rer] r Afr]
eqn[3, 56] 2B[r] + G =2+ AT

. r A(r] rB[r] o
eqn[3, 57] Sin[e] (-2+2BJ[r] - AL} +7B[r] ==

Note: eqn[3,57] is the sane as Sin(o)eqn(3,56]. No new info!
True

If we take eqn[3,54]-egqn[3,55] we obtain...

Bir1 A[r] +A[r]B[r] =0

Bir]A[r]+A[r] B[r] =25 (A[r]B[r])

True

We get, taking into account the asymptotic values of A and B...

A[r] B[r] = const

Elimnate B [r] and A" [r] fromeqgn[3,54-55-56], substitute
for B[r] from above and solve the ODE (Rs is an integration constant)...
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Alr] = &&r + 0&&A[r] + 0&&B[r] #0
r
1-A[r]
Alr] =
r
Rs
Alr _1-1-—

r

Check the solutions A[r] and B[r] in eqgn[3,54-55-56]:
{True, True, True}

Schwar zschild line element with paraneter Rs:

(dr)?
ds? = —

R
— 12 (d6)? - 12 (d )2 SnP(0) + P (d1)> [1 - —S]
1-5% r

r

2v[r]_ 2

The last task is to determine the value of Rs. This is done comparing hgg to

o2 CZGrM in the approximation for small

h,,=9,,-1., and smal M. (See sec. 2.7 and 2.8 for more details.)

Print ["g, in Schwarzschild coordinates:"]

gdd [, v] // ToArrayVal ues[]

Print ["some guessed n, in Schwarzschild coordinates: "]

Et a = Di agonal Mat ri x[{l, -1, -r2, -r2g n[e]z}];

Set Metri cVal ueRul es[n, % // Coordi nat esToTensor s [var nanes]]

ndd [u, v] // ToArrayVal ues[]

Print ["h, =0, -nu, iNn Schwarzschild coordinates: "]

H= ToArrayVal ues[][gdd [y, v] -ndd [y, v]] // Sinmplify

(
Unpr ot ect [D];
Difun_, ct]:=ctD[fun, t1;
Prot ect [D1;

)

"transformati on from Schwarzschild coordi nates to new coordi nates" ==
{ct, r Sin[e] Cos[¢], r Sin[e] Sin[¢], r Cos[e]}

A =CQuter [D, %[[2y;, varnanes] // Sinplify;

Inva =l nverse[a] // Simplify;

Print ["h,, in new coordinates:"]

Transpose[l nval.H Inva // Sinplify;

Set Tensor Val ues [hdd [y, v], %]

%% // UseCoor di nat es [varnanes] // Matri xForm

Print[*h, - O for large r"]

Limt[%% r>Infinity]

Print ["n, in new coordinates:"]

Transpose[lnval.Eta.lnva // Sinplify

Print ["This inplies that the new coordinates are nearly Cartesian for large r.\n",
"Small M neans that r behaves as radial distance.\n",

"So we are allowed to identify hgy as the Newtonian gravitational potential:"]
(hdd [0, 0] // UseCoor di nat es [varnames]) = 2V[r] /c? /. V[r] - -GM/r

Print ["Sol ve for Rs"]

RSrul e = Sol ve [%%, Rslp 1g

g,, in Schwarzschild coordinates:

R ! 1)2 _sin[x2]? (x)?
([ 300 o) fo g o 0) {o 0 - e o fou oo el )]
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Finaly...

Thisis the standard form of the Schwarzschild metric (- Schwarzschild geometry).

sone guessed 7,

in Schwarzschil d coordi nates:

{11, 0,0, 05, (0, -1, 0, 03, {0, 0, - (x*}* 0}, {0, 0, 0, -sin[x]* (x})°}}

, 0, 0}, (0, 0, 0, 0}, {0, 0, O, 0}}

h,v=9,,-n, in Schwarzschild coordinates:
Rs RS

[{-=. 0,0 0}, {o,
x1 Rs - x1

transformati on from Schwarzschild coordi nates to new coordi nates ==
{ct, rCos[¢] Sin[e], r Sin[e] Sin[¢], r Cos[O]}

h,, in new coordi nates:

7$ 0 0 0
0 Cos [$]2Sin[6]2 R Cos[¢] Sin[e]2Sin[¢] Rs Cos[e] Cos[p] Sine] Rg
-r +Rg -1 +Rs -T+Rs
0 Cos[¢] Sin[e]2Sin[é¢] Rs Sin[6]12Sin[¢]?Rs Cos [6] Sin[6] Sin[¢] Rs
-r +Rg - +Rg - +Rs
0 Cos [6] Cos [¢] Sin[e] Rs Cos[©] Sin[e] Sin[¢] Rs Cos[6]2 Rg
-r+Rg -r+Rs -r +Rg
h, - 0 for large r
{{o0, o, o, 0}, {0, 0, O, O}, {0, O, O, O}, {0, O, O, 0}}
1., i n new coordinates:
{{1, o, 0, 03, (0, -1, O, O}, {O, O, -1, O}, {0, O, O, -1}

This inplies that the new coordinates are nearly Cartesian for large r.

Smal |

2GM

r c?r
Solve for Rs

2GM
Rs -

CZ

gdd[u, v] // ToArrayVal ues[];

% /. RSrul e;

M neans that r behaves as radial
So we are allowed to identify hgy as the Newtonian gravitational

Set Metri cVal ueRul es[g, %];
gdd[u, v] = (%% // UseCoor di nat es [var nanes] // Matri xFor m)
(eqn[3, 59] = ds? == gdd [u, v] dxu[u] dxu[v] // ToArrayVal ues[] // useSchwar zschi | d) 7/

Tradi ti onal Form// FrameBox // Di spl ayForm

di st ance.

potenti al :

2GM
- 0 0
1
0 0 0
O = 122‘3“”
0 0 -r2 0
0 0 0 -r2Sin[o]?
(dr )2 2GM
ds? = - +c?|1- (dt)2-r2 (de)2-r2? (d¢)?sin? (o)
72;5M C2I’
cer

2G
c2

M _ Rs is the Schwarzschild radius of the
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mass M.

Rs[M._ ] =RSrule[[2]] /. {G~»6.674x107", c »299792458};

data:{

1
{"— sol ar mass neutron star", mgyn / 2, 104},
2

"white dwarf (~Sirius B)", s, 5.75010°},
{"sun", my, =1.989 10% , 6.960 10° b

{"Earth", 5.97610%, 6.371010°}, {"me (october 2011)", mw =77, §/3m: 103/ (4m) },

{"proton", 1.67x10°27, /0. 74 10-15}};

Rs[#] &/@ (#2;; &/@data);

Rs[#] &/@ (#[2;; &/@data);

%/ (#[3;; &/@data);

Prepend [Transpose[{ (#[1;; &/@data), %%, %}],
{"Object", "Rs (M", "Rs/rsurface" }1 // Tabl eForm

bj ect Rs (m) Rs/I surface

% sol ar mass neutron star 1477. 0.1477

white dwarf (~Sirius B) 2953. 99 0. 000513738
Sun 2953. 99 4.24424 %1078
Earth 0. 00887535 1.39309 x10°°
me (october 2011) 1.14358 x 1025 4.33309 x 10725
pr ot on 2.48023 x 1054 2.8832x10°%°

Chapter 4: Physics in the vicinity of a massive object

+ 4.0 Introduction p. 123

FN: "Turning M up introduces curvature, so that spacetimeis no longer flat, and there is no reason to assume that the coordinates
have the simple physical meaningsthey had in flat spacetime.”

Rangesof the Schwar zschild coor dinates:
te (—oo, +00)
60, n], p €0, 27) withe¢ +integer27=¢
X(rg, Rs), +00) whererg istheboundary of the object

In the next subsections we investigate the relationship between coordinates and physically observable quantities in the framework
of the static spacetime given by the Schwarzschild solution.

+ 4.1 Length and time p. 124

"Chuck Norris doesn’t wear a watch, HE decides what time it is."

Needs [" Tensor Cal cul us3™ Tensorial " "]
$PrePrint =.

| abs = {X, 6, g, T'};

Decl ar eBasel ndi ces[{0, 1, 2, 3}]
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Def i neTensor Shortcuts[
{{x, dx}, 1},
{{s, 9}, 2},
{{T}, 3}1
Set Attributes[c, Constant]
varnanmes = {ct, r, 6, ¢};
dvar nanes = Dt [%];
useSchwar zschi | d = Conposi ti on ee MapThr ead [UseCoor di nat es [#1, #2] & {{%, %%}, {dX, X}}1;
box = Conposi ti on[Di spl ayForm FranmeBox, Traditi onal Form];

Di agonal Matrix[{l-ZGM/ (czr), -(1-ZGM/ (czr))_l, -r2, -rZSin[e]z}] /. (M- mcz/G);

Set Metri cVal ueRul es[g, % // Coordi nat esToTensor s [var nanes]];

1) We rewrite the spacetime line element in the Schwarzschild metric as function of observable quantities.

Print ["Spacetine |line elenment in Schwarzschild nmetric eq. (4.1), p. 124" ]

ds? == c?dz? = gdd[u, v] dxu[u] dxu[v]

(eqn[4, 11 =%[[{1, 3}]1]1 // ToArrayVal ues[] // useSchwar zschi | d) // box

Print ["- Space line elenment at fixed time (sign change!) eq. (4.2),p.124"]

dl 2 = (-gdd[u, v]dxu[u]dxu[v] // ToArrayVal ues[{1, 2, 3}] // useSchwar zschil d) ==
Hol dFor m[dR? + dL?]

Print ["-- tangential |ine elenment eq. (4.4),p. 125"]

dL? = -gdd[u, v] dxu[u] dxu[v] // ToArrayVal ues[{2, 3}]1 // Sinplify // useSchwarzschil d
(eqn[4, 4] =Sart /e% // Power Expand) // box

Print ["-- radial line elenent eq. (4.5), p.125"]

dR? = -gdd[u, v] dxu[u] dxu[v] // ToArrayVal ues[{1}] // useSchwar zschil d

%((1;; == Hol dFor m[Eval uate[Series[% ;2;; /Dt [112, {r, o, 3}]]] Hol dFor m[Dt [r]?] //
Tradi ti onal Form

(eqn[4, 5] =Sqrt /@%% // Power Expand) // box

Print ["- Proper time line element at fixed point in space eq. (4.6),p.127"]

c?dT? = gdd[u, v] dxu[u] dxu[v] // ToArrayVal ues[{0}] // useSchwar zschild

%((1;; == Hol dFor m[Eval uat e[Seri es[% ;2;; /Dt [t 1%, {r, o, 3}]]] Hol dFor m[Dt [t 1] //
Tradi ti onal Form

(eqn[4, 6] =Sart [# /c?] &/@%% // Power Expand) // box

Print ["Hence the spacetine line elenent in the Schwarzschild nmetric is:"]

ds? = Hol dFor m[c? dT? - (dR® +dL?)]

% /. ({eqn[4, 1], eqn[4, 41, eqn[4, 5], eqn[4, 61} /. Equal » Rule) // Rel easeHold // Sinplify

Spacetinme line element in Schwarzschild netric eq. (4.1), p. 124

ds? = c?2dc? = dx" dx” g,

2m
1- ] (dt)?-r? (de)2-r? (d¢)?sin? ()
r

Dt [r)?
dl ? = +r2Dt[0]12+12Dt [¢]2Sin[6]2 = dR? + dL?
1_2m
r
-- tangential line element eq. (4.4),p. 125

dL? = r? (Dt [6]% + DX [¢]?Sin[6]?)
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dL =r \/ (de)? + (d¢)? sin? (o)

-- radial line element eq. (4.5),p. 125

2m 1\? 1\°
dR? = (dr)? 1+—+4mZ[—] +8m3[—] +0

r r r

)

dr
dR =

1_2m

r

- Proper time line element at fixed point in space eq. (4.6),p. 127
2
c?2dT? == c? {1_ _) Dt [t ]2

ol

2(cm)

r

+ O]

2 dT? = (dt)? [c2 -

2m
dT = 1-— dt
r

Hence the spacetine line elenment in the Schwarzschild nmetric is:

|

ds? == c2dT? - (dR? + dL?)

True
Coordinate distance of concentric spheres. surface S(r) < S(r+Ar), AS = S(r+Ar)-S(r). Ar+/R !

Reduce[{aS =4 x (r +ar )2 -4 xr?&nr >08&&r >08&&AS >0}, N][[sn

4712 +2S
2

Coordinate distance of concentric circles: circumference C(r) < C(r+4Ar), AC = C(r+Ar)-C(r). Ar+AR ! We can infer coordinate
distances Ar from circumference differences AC.

Reduce[{AC == 27w (r +Ar) =2 7wr}, A ]

AC
A == ——
275

s Examples4.1.2 p. 128; Exercise 4.1 p. 129.

(a) Short stick (differential approximation AR ~ (1-2m/r)"Y2 Ar). If a stick of length 1 m lies radially in the field of a star
wherem/ r is10°2, what coordinate distance does it take up?
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eqnl4, 5]
Solve[% /. {m/r »10% dR-1}] //N
res =%[[1, 1, 2]1;

Dt [r
L

1. 2™

r

{{Dt [r] > 0.989949})

(b) Long stick (exact integral for AR). A long stick islying radialy in the field of a spherical object of Schwarzschild radius 2m
If ther coordinatesof itsendsareatr 1 andr2 (2 m < r1 < r2), whatisitslength AR?

® SAssunptions ={0<m O<rl, r1>2mrl<r2, rl<r};

2
I—bIdForm['r1 1/'\/1-2m/r dlr];
r

Print["aR =", % " = "]
Rel easeHol d[%%]

r2 1
AR = J —dr
ri

rl r2

-rl (-2m+rl) +r2 (-2m+r2) 72mArcTanh[

+2 mAr cTanh {

-2m+rl 72m+r2}

We must apply arather tricky transformation to obtain the result in the same form as FN. Different Mathematica versions
evaluate the integral to different forms, so the following code is system-dependent. The final result should be

AR=-rl (-2m+rl) +vVr2 (-2m+r2) +2mLog[(\/ﬁ+\/—2m+r2 )/(ﬂ+\/—2m+rl H

% // Tri gToExp;

expr =% //. {mLog[a_] -mLog[b_] » mLog[a/b], mLog[a_] + mLog[b_] » mLog[ab]}
(M+W/m) (\/ﬁ+w/-2 m+r 2 ) AV (-2m+rl) (-2m+r2) /m;
Nuner at or [expr [[3, 2, 11]11% // Full Sinplify;
%[[4]11Sinplify[%[[{1, 2, 3}111;

Denomi nat or [expr [[3, 2, 1111 %%% // Full Sinplify;

%[[21] Sinplify[%s[[{1, 3, 4}111;

AR =expr /. Log[_] » Log[%%% /%] // Full Sinplify

Print ["Wth m= G Mc? we get eq. (4.7),p.128:"]

%% /. m> GM/c?

Print ["Flat space limt for M-s0"]

Limt [%% M-0]

rl r2
1- -2mrl [1+ 2m+r2}
-Ar1(-2m+rl) +Vr2 (-2m+r2) +mLog{ }
rl r2
1+ -2mrl [1_ 2m+r2}
VIr2 +v/-2m+r2
-Vrl (-2m+rl) +Vr2 (-2m+r2) +2mLog[
Vrl +v-2m+rl

Wth m= G Mc? we get eq. (4.7),p. 128:
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2GM

Flat space limt for Ms0

-rl+r2

Check differential approximation in example 4.1.2(a) with the exact formulafor AR calculated in example 4.1.2(b):

AR /. {m>1072, r1>1-res/2, r2-1+res/2}
1+ {-res, +res} /2
Fi ndRoot [ (aR /. {m- 1072, r1>%[[1]1}) =1, {r2, 1}]

1. 001
(0. 505025, 1.49497)
(r2 - 1.49398)

Extra space ES between the orbits of Earth and Venus in the gravitationa field of the Sun. (Extra Raum ES zwischen den
Bahnen von Erde und Venusim Sonnenschwerefeld.):

data = {m- GM/c? G- 6.674*"-11, ¢ » 299792458,
M- 1.989*730, r1 - 108.2*79, r2 > 149.6*"9};
ES= (AR-(r2-r1)) Meter //. data
ES/ (aR Meter) //. data
ES/ (c Meter / Second) /. data

478. 523 Met er

1.15585 x 108

1.59618 x 107 Second

+ 4.2 Radar sounding (Shapiro-Effekt) p. 129

Needs [" Tensor Cal cul us3™ Tensorial "]
$PrePrint =.
| abs = {X, &6, g, T'};
Decl ar eBasel ndi ces[{0, 1, 2, 3}]
Defi neTensor Shortcuts[
{{x, dx}, 1},
{{6, g}, 2},
{{T}, 3}1
Set Attributes[c, Constant]
varnanmes = {ct, r, 6, ¢};
dvar nanes = Dt [%];
useSchwar zschi | d = Conposi ti on[UseCoordi nat es[%, dx], UseCoordi nates[%%, X]];

Di agonal I\/E\trix[{l-ZGM/ (c?r), -(1-2G6Mm/ (czr))_l, -r2?, -rZSin[e]z}] /. (M>mc?/G);

Set Metri cVal ueRul es[g, % // Coordi nat esToTensor s [var nanes]];

When Venus and Earth are line up with the sun a radar pulse is bounced off Venus from Earth. The proper time lapse At for the
wholetrip as measured by the observer on Earth is compared with the expected value At from classical theory. (Irwin |. Shapiro,
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December 1964, "Fourth Test of General Relativity", Physical Review Letters 13: 789—-791; first detection in 1968.)
A) General relativity: two-way travel time At

Print ["Spacetine line elenent in Schwarzschild metric"]

Dt [s]2 ==c? Dt [t]? = gdd [g, v] dxu[u] dxu[v]

(% // ToArrayVal ues[] // useSchwar zschil d) // Rest

Print [

"For fixed e and ¢ (inferior conjunction) and using dt == 0 for a radar pulse we get"]
(%% /. {Dt [t] -0, Dt [e] -0, Dt [¢] »0})

Print [

"Solve for the coordinate speed of light in the radial direction c[r](Note: 2m < r)"]
Map[# /Dt [t] & Solve[%%, Dt[r]] //Flatten, {2}]

(CIr1 =%g1,217) = =%r2,217 // Simplify

Print ["The two-way travel tinme fromEarth (rl) to

Venus (r2) and back again as neasured by the t coordinate is..."]
2 1
At == Hol dForm[f —c[r1tdr + f c[r]‘ldlr]
rl r2
Print[
"The observer on Earth will neasure the el apsed proper tinme At by his clock at rl so

we have to use tinme warping (eq. (4.6),p.127) and get finally eq. (4.9),p.130..."]
AT == mﬂ
% /. A - %%%[[2]]
eqn[4, 9] = (Assuning[0<2m<r2<rl, %// ReleaseHold] // Sinmplify) /.
(2mLog[a_] -2mLog[b_] »2mLog[a/b])
Print["...and to first order in m (eq. (4.10a), p. 130): "]
eqn[4, 10a] = Series[eqn([4, 9]y, {M 0, 1}] // Nornal ;
At = Hol dForm[2 /c] Col lect [Simplify[%/ (2/c)], m]

Spacetinme line element in Schwarzschild netric
Dt [s]2 =c?Dt [t]? = dx" dx” g,

2m
1——] Dt[t]2-r2Dx[6]2-r2Dt [¢]2Sin[o]?
r

r]
2Dt [t]? = - +c2

For fixed e and ¢ (inferior conjunction) and using dc == O for a radar pul se we get

2m
1]Dt[t]2
r

= - +C2

Sol ve for the coordinate speed of light in the radial direction c[r](Note: 2m < r)

Dt [r] 2m Dt [r] c (2m-r)
{ 90[1——], - }
Dt [t] r Dt [t ] r
True

The two-way travel tine fromEarth (rl) to
Venus (r2) and back again as neasured by the t coordinate is...

2 1 ri 1
S ::f - d1r+J dr
ri Cl[r] r2 C[r]

The observer on Earth will neasure the el apsed proper time At by his clock at rl
so we have to use time warping (eq. (4.6),p.127) and get finally eq. (4.9), p.130...

2m
AT = [1-— At
rl
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2m 2 1 ri 1
AT = [1- — [f d1r+J dlr]
rl r1 C[r] r2 C[r]

—Zwrl])
-2 mkr2

2 [1-27 (rl_r2+2m|_og{

c

.and to first order in m (eq. (4.10a), p. 130):

2 r2 rl
AT~ — |rl-r2+m _1+_+2Log[—}
c rl r2

B) Classical theory: two-way travel time A T
| depart here from FN. In the flat spacetime of the classical theory there is no warping, hence r1-r2 is the true distances between
Earth and Venus as given by Euclidean geometry and t measures the absolute time.

Print ["Round-trip tinme ag"]
AT = (eqn[4, 10b] =2 (r1-r2) /c)

Round-trip tinme At

2 (rl-r2)
AT = —

c

C) Hence the GR-induced delay At — A T isto first order in m:;

2m/c;
At -AT = %Sinplify[Expand[egn[4, 10a] -eqn[4, 10b]] / %]
At-AT= (eqn[4, 11] =%[[2]] /. m> GM/c?) // Traditional Form// FranmeBox // Di spl ayForm
r2 ri
) 2m(—1+z+2Log{a])
AT -AT =
c
r2 rl
) 2GM(H+2I09(5)71)
AT -AT =
CS

Let's calculate how large an effect thiswould be for a measurement with Earth and Venusin inferior conjunction.

data =
{m->GM/c? G-6.674*"-11, c » 299792458, M- 1.989*"30, r1 - 149.6*"9, r2 - 108. 2*"9};
Print ["GR pul se tinme delay At fromeq. (4.10a)"]
Nunber For mfeqn[4, 10 a] Second, 10] //. data
% / (60 Second / M nut e)
Print ["Classical pulse time delay at"]
Nunmber For mfeqn[4, 10 b] Second, 10] //. data
% / (60 Second / M nut e)
Print ["ac-A% and c(AT-AE)" ]
eqn[4, 11] Second /. data
% C Meter /Second //. data

Print ["An estimate of the required nmeasurenment precision on At is..."]
AT -AT eqn[4, 11]
== //. data
AT eqn[4, 10 a]

GR pulse time delay At fromeq. (4.10a)

276. 1910745 Second
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4.60318 M nut e

Cl assical pulse time delay At

276. 1910708 Second
4.60318 M nut e
AT-AT and C (AT-AT)
3.6579 x10°° Second
1096. 61 Met er

An estimate of the required measurement precision on At is...

AT -AT
= 1.32441x10°8
AT

+ 4.3 Spectral Shift p. 131

Needs [" Tensor Cal cul us3™ Tensorial " "]
$PrePrint =.
| abs = {x, 6, g, T};
Decl ar eBasel ndi ces[{0, 1, 2, 3}]
Def i neTensor Shortcuts|[
{{x, dx}, 1},
{{s, g}, 2},
{{r}, 3}
Set Attributes[c, Constant]

® 1) General case: Suppose that in a static spacetime a signal is sent from an emitter E at a fixed point, that it travels along a
null geodesic and isreceived by areceiver R at afixed point.

Print ["Line elenment in spacetinme:"]

ds? = gdd [p, v] dxu[u] dxu[v]

Print ["Line element along a null geodesic:"]

%% /. ds » 0

Print [ Nul | geodesic with affine paranetrization x*(u), u € [Ug Ug]. Divide by du?. ]

%% /. dxu[i ] = Total D[xu[i], ul

Print ["Expand into tenporal and spatial parts."]

MapAt [Partial Sum[0, {i, j}], %%, 2]

Print ["In a suitably defined coordinate systemthe m xed netric conponents
0o of a static spacetine are zero (Landau,vol.ll,chap. 10, par.88)."]

%% /. {gdd[i, 0] - 0, gdd[O, j]1 - 0}

Pri nt [ Sol ve for the coordinate time conponent. (A: '\/ a? )"]

Reverse[%%];

#-Part [% 1, 2] &/@%

# /9dd[0, 0] &/@%

Vi &/e%

MapAt [Power Expand, %, 1]

Print ["Substitute variable x°(u)=c t (u) and sinplify."]
%% /. Tensor [x, List[0], List[Void]] > ct [u]

#H/Cc&/@%

Print ["Integrate. W& get the coordinate tinme of travel:"]
Integrate[#, {uU, U-g, UR}] &/@%%

General_relativity.nb 136



Li ne el ement in spacetine:

ds? = dx" dx" g

Li ne el ement along a null geodesic:

0 = dx" dx” g,

Nul | geodesic with affine paranmetrization x“(u), u e [ug ug]. Divide by du?.

ax" ax-

du du

0 = Ouv

Expand into tenporal and spatial parts.

, ' . o
dx® ax°® axi ax° dx’ axi ax’

0==g — | +0y— —+0y — — +0;:
01 qu Cau au Y au gu Y

du du
In a suitably defined coordinate systemthe nmixed netric
conponents gjo of a static spacetinme are zero (Landau,vol.Il,chap. 10, par. 88).
2 . i
ax® axi dx!

0==g9 — +g, — —
%1 qu " au au

Sol ve for the coordinate time conponent. (A: +/a?)

) ,
ax® axi dx!
goo _ == — g o
du Yoau qu
02 ot X
dx 'l qu  au
du gOO

Integrate. W get the coordinate time of travel:
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axi ax

9 @ aw

900

R
-t [UE] +1 [URl == Ju f

The coordinate time delay tr — te between emission and reception depends only on the chosen spatial path between the two
spatia points. (We don't actually care about the time of travel so we don't have to evaluate the integral.) For two signals 1 and 2

travelling on the samepathwehavet gy ~t g1 =t o - t g2, henceweget dwaysAt = tpp ~tri =t -t = At E

Print [ Proper tinme delays between two signals in R and E:\n{Atg, Atg}=",

{A‘CR =c!

—\/gdd[O, Olg At R,

du

At = ¢l 4[gdd[0, 0], A E}]

Print ["Gavitational spectral

shift

in a static spacetinme:"]
vR/ vog = (dummy = Hol dForm[ n / Atr] / Hol dForm[ n / At ]) ==
(dummy // Rel easeHol d) /. At r» At - // FraneBox // Di spl ayForm

Proper tinme delays between two signals in R and E:

{ATR, ATE}:{

Gravitation

MR+ Goor At e Gooe }
c ' c

al spectral shift in a static spacetine:

n

VR ATR

n

Atg

+/ Yoog
~[ 900g

® 2) Special case: Schwarzschild spacetime

Print ["Spectral shift in Schwarzschild spacetine:\nvg/vg ="]

(Spectral Shift = (VR='\/1—ZGM/ (c2roe) )/ (v--E- =f1-2GM/ (c2 1) ))

(Spectral Shift /. M»>mc®/G) =~ Sinplify[Series[Spectral Shift, {M 0, 1}]]
Print ["Fractional frequency shift in Schwarzschild spacetine:\n(vg-vg)/ve
(Fractional FrequencyShi ft = vg/ vig = 1) == (Fr acti onal FrequencyShift /. M- mcz/G)

Ful | Sinplify[Series[Fractional FrequencyShift, {M 0, 2}1]

Spectral shift in Schwarzschild spacetine:

\/R/\/E =

Fracti onal
(VrR-VE) /VE

frequency shift in Schwarzschild spacetine:

2GM 2m
1

c2rg re

S|

1

-+

e

1
'r

)M GZ(rE—rR) (3I‘E+FR)|\/12
+

+ =~
[1_2m
'R

c2

Note: If you measure very carefully (to O (I\/?)or higher), the gravitational redshift is more then a test of the equivalence

principle!
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3) Some examples of spectral shiftsin a Schwarzschild spacetime

Print ["Dati approssimativi sulle nane bianche da (approxi mate white dwarf
data from: Vittorio Castellani, Astrofisica stellare, p. 270-271."]
const = {G-6.674 107", c » 299792458},

Msun = 1. 989 10%°; Rsun = 6. 960 108;
Print [
"Fromfig. 6.21, p.271, we get {log(M/M,), log(R/R,))} for Sirius B and 40 Eri B:"]
{{0.8-1.4 /749 x28 // Chop,
-3.5 +2/69.5 50. 5},
{0.8-1.4/49 x40,
-3.5 +2/69.5 5933}
Print ["{M/M,, R/Rj}:"]
{WhiteDwarfSiriusB=10"%%[1;7,
Wi t eDwar f 40Eri B = 10" %% 277}
Print ["{M R}:"]
{Msun kil ogram Rsun /1000Kkil oneter} # &/@%%
Print ["Check: velocity v for the equival ent Doppler shift."]
G M Msun

c2 R Rsun
{%[[2]] /. Thread[{M, Rr} » Wi teDwarfSiriusB],
%[[2]] /. Thread[{M, Rr} - Wi teDwarf40Eri B]}

Print ["This agrees only roughly (?) with the results given by Castellani."]
%% / {91 ki | oneter /second, 22Kkil oneter /second } 100 " %"

V == c /1000 ki | oneter /second /. const

Dati approssimativi sulle nane bianche da (approxi mate white
dwarf data from): Vittorio Castellani, Astrofisica stellare, p. 270-271.

Fromfig. 6.21, p.271, we get {Iog(M/l\/!_:), Iog(R/R{_l)} for Sirius B and 40 Eri B:

{{0, -2.04676}, {-0.342857, -1.80216}}

(MM, R/R}:

{{1, 0.0089792}, {0.454091, 0.0157704}}

{M R}:

{{1.989x10% ki | ogram 6249.52 ki | ometer }, {9.03187 x10%° ki | ogram 10976. 2 ki | oneter }}
Check: velocity v for the equival ent Doppler shift.

0. 636196 ki | oneter M

Rr second
{70. 8522 kil oneter 18. 3186 ki | onet er }
second ' second

This agrees only roughly (?) with the results given by Castellani.

{77.8596 %, 83.2663 %}

Tabl eFor m[ {

{"object", "vr/ve", " (vr-vE) /VE" },

{"o (1962)",

Spectral shift /. (data = const J {M- Msun, r«g - Rsun, rr - »}),

Fracti onal Frequencyshift /. data},
{"Wiite dwarf 40 Eri B",

Spectral Shift /. (data =

const Y {M- Wi teDwarf40Eri B[[1]] Msun, r-g - WhiteDwarf40Eri B[[2]] Rsun, rr - «}),

Fracti onal FrequencyShift /. data},
{"Wiite dwarf Sirius B (Adanms, 1925)",
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Spectral Shift /. (data = const U
{M-> WhiteDwarfSiriusB[[1]] Msun, r-g > WhiteDwarfSiriusB[[2]] Rsun, rgr- «}),
Fracti onal FrequencyShift /. data}, {"69 Pound-Rebka experi nent, 1960",
Spectral Shift /.
(data = const U {M-5.976 102, rg > (Rearth = 6.3710 106), rr - Rearth+22.5}),
Fracti onal Frequencyshift /. data},
{"?: Exerci se 4.3, p.131",
Spectral shift /. (data=const U{M-10%, r.g »10°% rg- »}),
Fracti onal Frequencyshift /. data}}]

obj ect VR/ VE (VR-VE) /VE

o (1962) 0. 999998 -2.12212 x10°®

White dwarf 40 Eri B 0. 999939 -0. 0000611061

VWiite dwarf Sirius B (Adans, 1925) 0. 999764 -0. 000236366

® Pound-Rebka experinment, 1960 1. -2.44249 x 10715
?. Exercise 4.3, p.131 0. 999257 -0. 000742859

"Although the Global Positioning System (GPS) is not designed as a test of fundamental physics, it must account for the gravita-
tional redshift in its timing system, and physicists have analyzed timing data from the GPS to confirm other tests. When the first
satellite was launched, some engineers resisted the prediction that a noticeable gravitational time dilation would occur, so the
first satellite was launched without the clock adjustment that was later built into subsequent satellites. It showed the predicted
shift of 38 microseconds per day. This rate of discrepancy is sufficient to substantially impair function of GPS within hoursif not
accounted for." (Wikipedia, 'Tests of general relativity', 2009)

Addendum: The Hafele-Keating experiment (Heuristische ex post Machbarkeitsstudie
des Hafele-Keating-Experiments)

Hafele, J.; Keating, R. (July 14, 1972). "Around the world atomic clocks: observed relativistic time gains'. Science 177 (4044):
168-170.

Abstract. Four cesium beam clocks flown around the world on commercial jet flights during October 1971, once eastward and
once westward, recorded directionally dependent time differences which are in good agreement with predictions of conventional
relativity theory. Relative to the atomic time scale of the U.S. Naval Observatory, the flying clocks lost 59 + 10 nanoseconds
during the eastward trip and gained 273 + 7 nanoseconds during the westward trip, where the errors are the corresponding
standard deviations. These results provide an unambiguous empirical resolution of the famous clock "paradox" with macro-
scopic clocks.

A very simple model in the framework of the Schwarzschild metric (neglecting the Earth spin effects implied by the Kerr metric)
can account for the experimental data given in the abstract. We assume that two airplanes travel in opposite directions along the
equator with constant height h and velocity v. (The Earth is a crazy planet, but not a black hole after all, so we will neglect the
difference between coordinate distances and actual distances.)

M = Earth mass, R = Earth radius

A: reference point at ground on the equator corotating with the Earth (playsthe role of the U.S. Naval Observatory)
B: common round trip start and stop point at height h above A (corotating with the Earth)

D: reference point at ground on the equator fixed in space

C: reference point at height h above D fixed in space

O: east-flying airplane

W: west-flying airplane

« angular velocity of the Earth rotation measured by D

VA: velocity of A measured by D

vB: velocity of B measured by C
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vO - VB + v, VW SVB-v: velocity of the east(O)-/west(W)-flying airplane measured by C (definitions). If vB and v are small,
then v is nearly exactly the speed of the airplanesrelative to B.
tA, tC, tD, tO, tW: round trip time as measured by the various observers

AtO = tO-tA, AW = tW - tA: differences of measured round trip time (definitions)
data = {G- 6.674 107", ¢ » 299792458, Rs»2GM/c?, M-5.976x10%*, R~ 6.3710 10°,

w-7.292107°, atOexp » -59107%, atVexp » +273107°};
nps2knph = 60 x 60 / 1000 ki | onet er / hour;

o[h_1 =+/1-Rs/ (R+h) /\/1—R5/R;

YV ] =l/w/1—v2/cz;

vB=w/o[h] (R+h);
vO=VB+v;
vW=VvB-v;

tC=2x (R+h) /v;
tO0O=tC/y[VvO];
tW=1tC/y[VW;

Print["tD =", tD=tC/o[h]]

Print ["VA =", (VA=wR) {neter /second, nps2knph} /. data]
Print["tA =", tA=tD/y[VA]]

Print ["atO[h,v] =", atO[h , v.]1 =t0O-tA]

Print ["at W[h,v] =", atW[h_, v_] =tW-tA]

27 (h+R) /17%s

tD =
v [1-Fs
h+R
464.573 neter 1672. 46 ki | onet er
- | , }
second hour
27T(h+R)\/1—R2;2 \/1,§
c R
tA =
v [1-5
h+R
R 2
. (h=R) o l—FS
1,Ri
27r(h+R)\/1—R2M Jlf‘s 27 (h+R) 4|1~ 1 hR
c2 c2
A O[h,v] = - n
v
v [1- Rs
h+R
2
R ey s
R2 ? Rs \LliiR
2n(h+R) [1- 1-= 27 (h+R)+|[1-
c2 R c2
AWh,v] = - +
v
v [1- T8
h+R
hh = 10000;
NSol ve[at O[hh, v] == At Cexp //. data];
Print["h =", hhneter, ", v =", %[[2, 1, 2]] nps2knph]

{at O[hh, v], atW[hh, v]}10”"9ns /. %%[[2]] //. data;
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Print ["Qur nodel: ", %]

{at Cexp, atWexp} 10”79 ns //. data;
Print ["Real data: ", %]

%%%% / %% 100 " %"

793. 909 ki | onet er
h = 10000 neter, v =

hour

Qur nodel : {-59.0226 ns, 356.114 ns}
Real data: {-59ns, 273 ns}
{100. 038 %, 130. 445 %}

The chosen cruising height (10000 m) and speed (ca. 800 km/h) are well within the capabilities of an airliner of the '70s, so the
experimental datais reproduced with arather good approximation by our crude model.

+ 4.4 General particle motion (Including photons) p. 136

Needs [" Tensor Cal cul us3" Tensorial "]
$PrePrint =.
| abs = {x, &6, g, T'};
Decl ar eBasel ndi ces[{0, 1, 2, 3}]
Def i neTensor Shortcuts|[
{{X, zero, dx}, 1},
{{s, g}, 2},
{{T}, 3}
Decl ar eZer oTensor [zer 0]
Set Attributes[c, Constant ]
varnanes = {ct, r, 6, ¢};
useSchwar zschi |l d = UseCoor di nat es[%, X];

In the sections 4.5 and 4.6 we need the orbital equations for massive and massless particles in the Schwarzschild metric (SSM).
These equations are here deduced in four steps (without using variational methods as do FN).

1) We set up the geodetic equations in the SSM.

Print ["Schwarzschild metric (SSM) with m=G M/c?: ", gdd[i, j1]
Di agonal Mat r i x[{l -2GMc2r-1, - (1 -2 GMc2 r‘l)'l, -r2, -r2sj n[e]z}] /. (M—> ch/G);
SSM= % // Coor di nat esToTensor s [var nanes];
Set Metri cVal ueRul es[g, SSM];
Sel ect edTensor Rul es[g, gdd[a_, b_]1] // useSchwar zschild
Print ["Coordinates (i=0,1,2,3) ", xulil]
xuli] // ToArrayVal ues[] // useSchwar zschi |l d
Print [

“"Christoffel symbols in the SSM (nonzero, nonduplicate up synbols) ", rudd[i, j, K] ]
Set Chri stoffel Val ueRul es[xu[i], SSM T, Sinplify[#] &]
Sel ectedTensorRul es[T, rudd[_, a_, b_] /; OrderedQ[{a, b}]] // useSchwarzschild
Print ["Affinely paranetrized geodesic equation

inthe SSM wis any affine parameter along the geodesic."]

Total D{xu[i], {w, w}] +Tudd[i, j, k] Total D[xu[j ], w] Total D[xu[k], w] == zeroul[i ]
arule = {t st [W], r -r[w], 6->6[W], ¢ - d[W]};
Geodesi cEqn = %% // ToArrayVal ues[] // useSchwar zschild /. arul e;
Print ["Explicitely:"]
%% // Tabl eForm// Traditional Form

Schwar zschild nmetric (SSM with m=G Mc?: 9i
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2m 1
{900%1*71 911 = -
r 1

, Opp > —T2, Qg3 > -12Si n[e}z}

Coordinates (i =0,1,2,3) x!
{ct, r, 6, ¢}

Christoffel symbols in the SSM (nonzero, nonduplicate up synbols) Fijk

o m 1 m(-2m+r) m N
{Tolﬁ_izfTooﬁigvrllﬁizlrzzﬁzm_r'
2mr -r r 2mr -r
1 1 1

rt, > (2m-r)Sin[el? 12, > -, 1%, > _ESi n[2e], %, - —, 13, > Cot [e]}
r r

Affinely paranetrized geodesic equation in the SSM wis any affine paraneter along the geodesic.

d2x! o ax dxk .

+T' ) — — =zero
Awdw aw  dw
Explicitely:
Ct”(W) _ 2cmr’/(w) t’(w) -0

2mrw—rw)?
w2 2 _om (w2 .
mrew’__ S 2mrer L 2m-rw) 6'w)? + (2m— rw) SinZ(6w)) ¢’ (W) + r'(w) = 0

2mr(w)—r(w) T (W)
—% SN2 0(w)) &' (W) + z“rv(“;wf(“’) +0’W) =0

2r'(w) ¢" (W)
r(w)

+ 2 cot(B(w)) & (w) ¢’ (W) + ¢”’(w) =0

2) Note that (abc)' = dbc + ab'c + abc', so multiplication of the first and the forth geodesic equation with a guessed integration
factor and integration in the variable w leads to two useful constant of motions. (Eyebrow raised? Then resort to variational
methods and guess £...) The third geodesic equation showsthat in the SSM too all orbits will be in flat planes through the origin.

Print ["a) Constant of notion fromthe first geodesic equation."]

(Geodesi cEqn[[1, 111 c™t (1-2m/r[w]) // Sinplify) =0

Integrate[%[[1]], W];

Print ["eq. (4.22), p. 136" ]

Col | ect [%% // Expand, t’[w]] == "const" =

trule =Solve[%[[1]] ==%[[3]1, t" [W]1[[1, 1]]

Print ["b) Constant of notion fromthe forth geodesic equation."]

(Geodesi cEqn[[4, 1111 [w]® Sin[e[w]]? // Expand) =0

Print ["conpare with eq. (4.23), p. 136" ]

Simplify[Integrate[%%[[1]], W]] == "const" ==

¢rule = Solve[%[[1]] ==%[[31], ¢'[WII[[L, 1]]

Print ["c) Spherical symretry allows us to choose a coordinate systemw th e[0]=x/2
and e' [0]=0 as our initial condition. Then the third geodesic equation
inmplies that e[w]=n/2=const, hence the orbit lays in the equatorial plane."]

Ceodesi cEQN[[3]] /. w= 0

% /. {6[0] »n/2, 6 [0] » 0}

a) Constant of motion fromthe first geodesic equation.

2mr/ (W]t (W] +r [W] (=2m+r1 [w]) t”7[w]

r[w)?

eq. (4.22),p. 136

2m
[1 - ] t’[w] = const =
r[w]
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Kr[w]
t'[w » - —
2m-r [w]

b) Constant of notion fromthe forth geodesic equation.

2r[w] Sinfe[w]]2r [w] ¢'[w] +2Cos[O[wW]] T [W]2Sin[e[w]] & [w] ¢ [w] +r[w]?Sin[e[w]]?¢”[w] =0

conpare with eq. (4.23),p. 136
rw2sSinfe[w]]? ¢ [w] =const = h

h Csc[o[w] ]2
w > —
r[w)?

c) Spherical symetry allows us to choose a coordinate systemw th
©[0]=n/2 and ©' [0]=0 as our initial condition. Then the third geodesic equation
inplies that o[w]=n/2=const, hence the orbit lays in the equatorial plane.
2r’[0] e [0] 1 5
— - —Sin[260[0]]1¢'[0]°+©7[0] =
r[0] 2

o7 [0] =0

3) From the definition of the spacetime line element ds we obtain:

Print [

"Spacetinme line elenment; ds=c dt for nassive particles, ds=0 for nassless particles"]
ds? == gdd[i, j]dxu[i]dxu[j]

Print ["Li ne elenment in derivative form

K= (ds/dw)?=const #0 for nassive particles, K=0 for massless particl es"]
ds ds o ) )
Hol dForm[— —] == K==gdd[i, j] Total D[xu[i ], w] Total D[xu[j ], w]
dw dw

Print ["Expandi ng and substituting variables for SSM (conpare with eq. (4.24),p.136)"]
eqn[4, 24] = Reverse[Rest [%%]] // ToArrayVal ues[] // useSchwarzschild /. arul e

Spacetinme line element; ds=c dc for nassive particles, ds=0 for massless particles
2 __ dyi j
ds® = dx' dx’ g;;

Line elenent in derivative form
K= (ds/dw)?=const +0 for massive particles, K=0 for massless particles

ds ds axi dax’
) g,

dw dw

dwdw

Expandi ng and substituting variables for SSM (conpare with eq. (4.24),p. 136)

~rw?2sin[e[w]]?¢ [w]? =

General_relativity.nb 144



4) Some manipulation of the above equation and using the properties derived in 2) leads finally to the orbital equations for
massive and massless particlesin the SSM.

Print ["Divide by ¢ [w]”"]
Expand[# /¢ [W]’] &/@eqn[4, 24]
Print ["Substitute r' [w]?/ ¢ [w]® by r'[¢]%"]
%% /. /(W% / ¢ [W]? > Dt [ [¢], ¢]°
Print ["Replacing t' [w] and ¢' [w] using the constant of notions derived above"]
%% /. {trule, ¢rule}
Print ["Choose a coordinate systemw th the
orbit laying in the equatorial plane: e[w]=xn/2=const; sinplify"]
%% /. 6> (w/28&);
Simplify[(1-2m/r[w]) #] &/@%;
Expand /@ %
Print ["Substitute with reparanetrization r [w]-1/u[¢] and sinplify"]
%% /. 1 [W] »1/u[é] /. D[r[eé], ¢] »Dt[1/u[e], ¢];
Expand[-u[¢]* =] &/@%;
stepl =# -%[[2]] &/@%
Print ["a) Orbital equation for massive particles in SSM. Using
proper tinme t=w as affine paraneter inplies K=c?. eq. (4.25),p.137: ]
stepl /. K- c?;
c? (1-k?) /h? 5 -En
%% /. (Expand /e %)
(eqn[4, 25] =% /. m> GM/c?) // FrameBox // Di spl ayForm
Print ["b) Orbital equation for massless particles in SSM. K=0. eq. (4.39),p. 142:"]
c? k2/h2 -»F
stepl /. K»0/. %
(eqn[4, 39] =% /. m> GM/c?) // FrameBox // Di spl ayForm

Di vide by ¢ [w]?

-rwj2Sinfo[w]]?- + - -

) ) r'ie]2  c2t’/(wj®> 2cZmt’ [(wj? r[wj2e [w]? K
-r[(wj“Sinfe[w]]- - + - - ==
1- z[va"] ¢ (W) T (w] ¢ [w]? ¢’ [w)? ¢ [w]?

Replacing t' [w] and ¢' [w] using the constant of notions derived above

) o , 2c2kZmr [(w]®Sin[o[w]]*
-r[wjcSin[e[w]j]° - +
h2 (2m-r [w])?2

c2k2rwi®Sin[ow]]* r’[#]® r[wéSin[ow e [w? Kr[w4*Sine[w]*

h2 (2m-r[w])? 1 2m h2 h2

Choose a coordinate systemwith the orbit laying in the equatorial plane: e[w]=r/2=const; sinplify

c2k2r [(w)? 2Kmr (w]®  Kr[w]?
2mr (W] -1 (W% + ————— -1/ [¢]% = - N
h? h2 h2

Substitute with reparanetrization r [wj-1/uf¢] and sinplify

c?k? K 2Kmu[¢] 2
b ————+u[¢]?-2mul¢])® + U [¢]% = 0
h2 h? h?
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a) Obital equation for massive particles in SSM
Using proper time t=w as affine paraneter inplies K=c?. eq. (4.25),p.137:

c? (1-k2)
—— > -En
h2
2¢2mufo]
—En—42+u[¢12—2mu[¢]3+u’[¢]2::0
h
2GMu[¢] 2GMu[¢)®
~En - ru[e]? - +U ]2 =0
h2 c?

b) Orbital equation for nassless particles in SSM. K=0. eq. (4.39), p. 142:

c? k2

"Make things as simple as possible, but not simpler.”

+ 4.5 Perihelion advance p. 144

We follow the Mgller argument to derive the advance of the perihelion and consider here only planetary motion, this means
bound nearly dliptical orbits around the Sun.

Wegen des zusitzlichen r -3-Terms ist die Gravitation in der ART starker anziehend al's die klassische Newtonsche Gravitation.
Die Bahnkurven der Planeten um die Sonne sind nur noch néherungsweise geschlossene Ellipsen mit gro3er Halbachse A und
Exzentrizitét e, auf denen r periodisch zwischen dem Aphel rl = Al+e) = Lul und dem Perihel r2 = Al-e) = 1/u2 hin und her
pendelt. Es wird ein etwas gréfderer Winkel als 2z von Perihel zu Perihel durchlaufen; das Perihel verschiebt sich in Umlaufrich-
tung nach vorne.
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1) We derive an expression for u'(¢). (Note: inverseradial coordinateu=1/r.)

Print ["Orbi tal equation for nassive particles
in the Schwarzschild netric, eq. (4.25) with m=G I\/I/cz"]

ZCZmU[d’] 2 3 2
_En_—2+u[¢] -2muf¢]® +u [¢]° =0
h

Print ["Rearrange and put e=2 m but only in the u® term (the ' GR correction' term):"]
(# - Most [%%[[1]1]] &/@%%) /. (2mu[¢]® > eu[s]®)
Pri nt [ Sol ving the cubic equation for u at turning

points (where u'=0) yields three solutions ul (aphelion) < u2

1
(peri helion) and u3 (= 2— in our context). Vieta states:"]
m

ul+u2+u3 = -Coefficient [%%[[2]], u[¢]?]/Coefficient [%%[[2]1], u[é]®]

Print["Differential equation in terns of degree three u polynomal and its roots"]

U [¢]% == e (U-ul) (u-u2) (u-u3d)

Sol ve [%%%, u3] // Sinplify // Flatten;

Print ["Substituting ", %[[1]1]]

%%% /. %%

Print ["Taki ng the square root of both sides; u' >0 on (¢[ul]l, ¢[u2])"]

Sgrt [#] & /7@ %%;

stepl = MapAt [Power Expand, %, {1}]

Obital equation for massive particles in the Schwarzschild metric, eq. (4.25) with m=G M/c?
2c2mulo]

-En-h—2+u[m2—2mu[¢>]3+u'[¢>]2:0

Rearrange and put =2 m but only in the u® term (the 'GR correction' term:

5 2cZmulo] ) s
ufel®=En+ ———— -uf[o]°+euld]
h2
Sol ving the cubic equation for u at turning points (where u' =0) yields three
1
solutions ul (aphelion) < u2 (perihelion) and u3 (= — in our context). Vieta states:
2m

ul +u2 +u3 = —
€

Differential equation in terns of degree three u polynomal and its roots

U [¢]°= (u-ul) (Uu-u2) (u-u3) e

1
Substituting u3 - -ul-u2+ —
€

1
u+ul +u2- —
€

U [¢]% = (u-ul) (u-u2) e

Taki ng the square root of both sides; u' >0 on (¢[ul], ¢[u2])

1
u+ul+u2-—
€

u'f[¢] = (u-ul) (u-u2) €
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2) From u'(¢) we derive now a suitable approximate expression for ¢'(u) in the case of weak relativistic perturbation.

1/# &/estepl

Print [

"Power series expansion for 1/u’'[¢] about the point e€=0 to first order in e sinplify"]

Series[Part [%%, 2], {€, 0, 1}]

1/u' [¢] = (% // Normal // Toget her)

Print ["We have 1/u' [¢]1=¢' [u], sO on (ul,u2)"]

@' [u] = %%[[2]]

Print ["Change of variabl es"]

{a=1/2 (ul +u2), =1/2 (U2-ul)}

ulu2rul es = Sol ve[%, {ul, u2}] // Flatten

step2 = MapAt [Expand, %%%% /. %, {2, 2, 1}] // Sinplify
1 1

€

u'[¢] .

(U-ul) (U-u2) (U+ul+u2-=|e

Power series expansion for 1/u’[¢] about the point €=0 to first order in ¢; sinplify
1 ((U-ul) (U+ul+u2)) e

- +0[e]?
vV (-u+ul) (u-u2) 2 [(-u+ul)+ (-u+ul) (u-u2) )

1 2+Ue+ule+u2e

u el 2+ (-u+ul) (u-u2)
We have 1/u' [¢]=¢" [U], SO on (ul,u2)

2+Uc+ule+u2c
@' [u]

2+ (~u+ul) (u-u2)

Change of vari abl es

fo=

{ul->a-p3, u2 - a+p}

ul +u2

1
y B= — (7u1+u2)}
2

2+Uue+2ae

¢'[u] =

2\/—u2+2ua—a2+52

3) Finally, to calculate A¢ from the above equation we integrate the rhs from aphelion ul to perihelion u2. (We substitute ul and
u2intermsof o and§.)

2=a+B
Hol dForm[f ¢ [u] dlu] =
ul=a-pB

Integrate[Part [step2, 2], {u, ul, u2} /. ulu2rul es, Assunptions -» 0 < ]

Print ["Multiplying by 2 for a conplete orbit"]

2%%[27; // Distribute

Print ["The advance of the perihelion in one orbit is"]

Ap == %% -2 7w

Print ["Substituting for a and €, u=1l/r, we get eq. (4.45)"]

(eqn[4, 451 =%% //. {a>» (Ul +u2) /2, e->2m ul->1/rl, u2-1/r2}) // FraneBox //
Di spl ayForm

Print ["Substituing n']

eqn[4, 45] /. m» GM/c?

2=0+8 3nae
f ¢ [u] du = 7+
ul=a-3 2
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Mul tiplying by 2 for a conplete orbit
2n+3rnae

The advance of the perihelion in one orbit is
AP =3 moe

Substituting for o and €, u=1/r, we get eq. (4.45)

-+ —

ri r2

AP = 3 mr

N

Substituing m

3 GMr (%+%)

AD ==

c2

4) We can express M, rl and r2 in terms of classica elliptical orbit parameters getting Einstein's approximate formula for the
perihelion advance.

Print["If & is the seminmajor axis, e is the eccentricity and applying
Kepler's third lawwith T nmeaning the sidereal orbit period, we get"]
{ris-a(l+e), r2->a(1-e), Ma>4n*5/(GT?)}
(eqn[4, 45a] = ((%%% /. % // Sinplify) /. (-1+€*) > -Hol d[1-¢”]) // Rel easeHol d) //
FraneBox // Di spl ayForm

If #is the senmingjor axis, eis the eccentricity and
applying Kepler's third lawwith T neaning the sidereal orbit period, we get

4 72 73
{rl»ﬂ (l+e), r2-A(1l-¢), M-
GT?
24 78 72
A == ————
c2 T2 (1-&)

Diesist genau die Formel (113) auf Seite 95 in Albert Einsteins Grundziige der Relativitatstheorie.

Print ["Perihelion advance of Mercury - theory (orbital data: NASA 2010)"]

eqn[4, 45a]l[[2]1] /. {c > 299792458, A »5.791x10%°, ¢ 0.2056, T > 87.969 x 24 x 60 x 60};
% 100 / (87.969 / 365. 256);

% 360 / (2 ) x 60 x 60 ArcSeconds / Century

Peri hel i on advance of Mercury - theory (orbital data: NASA 2010)

42.9823 ArcSeconds

Century

"Dieser Ausdruck liefert die Erklarung fir die seit hundert Jahren (seit Le Verrier) bekannte Perihelbewegung des Planeten
Merkur von etwa 42" in hundert Jahren, welche die theoretische Astronomie bisher nicht in befriedigender Weise zu deuten
vermochte." Albert Einstein
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+ 4.6 Bending of light p. 146

We consider a photon originating from infinity in the direction ¢ = 0, travelling in the equatorial plane (6 = n/2), passing a
massive object (mass M, lying on the origin) and going off to infinity in the direction ¢ = n + @, where « is a deflection angle to
be determined (o = 0 in flat spacetimewhereM = 0). Let ber o the radial coordinate of the point on the path nearest to the origin
and u=1/r theinverseradia coordinate.

Print ["Obital equation for massless particles in the Schwarzschild netric, eq. (4.39)"]

2GMul¢]®

eqn[4, 39] = [-F+u[¢]?- —2+u’[¢]2 =0
c
Print["Put e = 2GWc?. W consider e u®
a relativistic correction to the flat spacetine equation."]

eqn[4, 39, bl =%%/. Moec®/ (2G)
Print ["If uO0=1/ry is the point of closest approach then u' [u0]=0."]
%% /. {u' [¢] » 0, u[¢] » u0}
Print ["Solve for F and substitute into the general equation"]
Frul e = Sol ve[%%, F1[[1, 11]
(eqn[4, 49] =eqn[4, 39, b] /. Frule)
Set Attributes[{e, u0}, Constant]

O bital equation for massless particles in the Schwarzschild metric, eq. (4.39)

2GMu[¢]3 ,

-F+u[¢)? +U[9]% =

c2
Put € = 2GWc?2. W consider € u® a relativistic correction to the flat spacetinme equation.

-Frul¢)?-eule)®+u(e)? =

If u0O=1/rp is the point of closest approach then u' [u0]=0.

~-F+u0? -u0®¢ ==

Solve for F and substitute into the general equation
F->u0?-u0de
—u02+ul®e+ufgpl?-culpl®+u[p]? =

We will solve this equation by a perturbation method. The equation should have a solution close to the flat spacetime solution:
ul¢p] =u0Sinf¢p] +eVv[p]. Wesubstituteinto the equation and work to first order in €.

Print ["Substituting perturbed sol ution"]

U[¢] »u0Sin[¢] +eVI[d]

eqn[4, 491 /. (%, Dt [#, ¢] &/@%}

Print ["Wrking to first order in €"]

Series[#, {e, 0, 1}] &/@%% // Nor mal

Print [

"Solve the differential equation for v[¢] (integration constant A) and sinplify."]

DSol ve[%%, V[¢], ¢]

%[[1, 1, 211 /. C[1] » A // Expand

stepl = %[[2]] +Factor [%[[{1, 3, 4}11]

Print ["We fix A by requiring that the photon originates frominfinity in the
direction ¢=0, so u[0]=0. Hence inpose v[0]=0, solve for A and substitute"]

stepl=0/. >0

Sol ve[%, Alp. 1y
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stepl =stepl /. %
Print ["Substitute the above into the perturbed u[¢#] solution"]
stepl =u0Sin[¢] +estepl

Substituting perturbed solution

Ul¢p] »u0Sin[¢p] +evo]

—u0?+u0® e+ (UOSIiN[Pp] +eVv[p])2-€ (UOSIiN[¢p] +eVvp])3+ (UOCos[¢p] +eV [¢])2 =
Working to first order in e

e (u0®*-u0®Sin(¢]®+2u0Sin(¢] V[p]+2u0Cos[d] V' [¢]) =

Solve the differential equation for v[¢] (integration constant A) and sinplify.
1 1 1
Hv [@] > C[1] Cos [¢] + oS [0] | u0? Cos [¢] + 5 u0? Sec [¢] - 5 u0? Tan [¢] ] }}

u0?

1 1
+ACos [¢] + Euo2 Cos [¢]? - 5uo2 Sin[¢]

1
ACos [¢] + 5uo2 (1+Cos[¢]?-Sin[¢])

We fix A by requiring that the photon originates frominfinity in
the direction ¢=0, so u[0]=0. Hence inpose v[0]=0, solve for A and substitute

A+u0? =

A > —u0?
1
-u0? Cos [¢] + 5uo2 (1+Cos[¢]%-Sin[¢])

Substitute the above into the perturbed u[¢] solution

1
e |-u0? Cos [¢] +EUO2 (1+Cos[¢)?-Sin(¢])|+u0Sin[¢]

If M % 0 the photon will no longer depart at the angle 7t asin flat spacetime but rather at the angle v + o. We evaluate this under
the assumptionsthat o and € are small.

Print ["Put ¢=n+a in the expression for u[¢]"]

stepl /. ¢»mm+a

Print["Since a is small, expand to first order in a"]
Series[%%, {a, 0, 1}]1 // Nornal

Print ["Set u to zero when the photon approaches infinity and solve for a"]
%% ==

Sol ve[%, alp

Print ["Expand to first order in €"]

(Equal ee MapAt [Nornal [Series[#, {e, 0, 1}1] & %%, 2])

Print ["Subsitute e and u0. W get finally eq. (4.51), p.149."]
%% /. e»>2m/. uUO->1/rg

(eqn[4, 51] =% /. m> GM/c?) // FrameBox // Di spl ayForm

Put ¢=m+a in the expression for uf¢]
. l .
~u0Sinfa] +¢€ uOZOos[oq+Eu02 (1+Cos[a)?+Sin(a])

Since oo is small, expand to first order in o
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uo? e

2

2u0%ec+a |-ul+

Set u to zero when the photon approaches infinity and solve for «

uo? ¢
2u0?e+a |-ul+
4u0 e
a4 - —
-2+ul0e

Expand to first order in e

a=2u0e

Subsitute € and u0. We get finally eq. (4.51), p.149.
4m

o == ——
Mo

4 GM

o ==
c?r,

Soinitsflight past a massive object (mass M) with impact parameter r o the photon is deflected through the angle «.

Print ["Defl ection of |ight passing the Sun at grazing incidence - theory"]
eqn[4, 511[[2]] /. {G-6.67384x 107", c » 299792458, M~ 1.9891x10%, ry »6.9599 x 10° };
% 360 / (2 ) x 60 x 60 Ar cSecond

Defl ection of light passing the Sun at grazing incidence - theory

1. 75095 Ar cSecond

"Der bisher provisorisch ermittelte Wert liegt zwischen 0,9 und 1,8 Bogensekunden. Die Theorie fordert 1,7."
Albert Einstein, Priifung der allgemeinen Relativitétstheorie, Die Naturwissenschaften, 7, 1919, S. 776.

+ 4.7 Geodesic effect p. 149

coming soon...

+ 4.8 Black holes p. 152

coming soon...

+ 4.9 Other coordinate systems p. 157

coming soon...

+ 4.10 Rotating objects; the Kerr solution p. 167

coming soon...
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Chapter 5: Gravitational radiation

Tech note: This chapter was written with Mathematica 12.

In[~]= Print["This system is:"]
{"ProductIDName", "ProductVersion"} /. $ProductInformation
ReadList["!ver", String] [[1]]

{$MachineType, $ProcessorType, $ByteOrdering, $SystemCharacterEncoding}

This system is:
Out[-]= {Mathematica, 12.1.0 for Microsoft Windows (64-bit) (March 14, 2020)}
Out[+]= Microsoft Windows [Versione 10.0.18363.1016]

Out[-]= {PC, x86-64, -1, WindowsANSI}

5.0 Introduction p. 169-170

FN: "We shall see in Section 5.3 that it is the second time derivative of the second moment of the mass distribution of the source

that produces the radiation, showing that it is predominantly quadrupole."

5.1 What wiggles? p. 170-173

In[~]:= Needs["Notation "]
Notation[ h & hb]

(* Grafikhinweis: h ist Overscript[h,"-\ [NegativeMediumSpace]-"] *)

Needs["TGeneralRelativityl "GeneralRelativity "]
$PrePrint=.
DeclareBaseIndices[{0, 1, 2, 3}]
MyRed = StyleForm[Superscript[#, "/"], FontColor » RGBColor[1l, 0, 0]] &;
DeclareIndexFlavor|[{red, MyRed}]
labs = {x, 6§, g, T};
DefineTensorShortcuts|
{{x, €}, 1},
{{g, n, 6, R, T, h,hb, x, §, X}, 2},
{{r, h}, 3},
{{R, h}, 4}]1;
SetTensorValueRules[ndd[i, j], DiagonalMatrix[{1l, -1, -1, -1}1]]
SetTensorValueRules[nuu[i, j], DiagonalMatrix[{1, -1, -1, -1}1]]
SetTensorValues[dud[i, j], IdentityMatrix[NDim]]

(* One more little adjustment...¥*)

(

Unprotect[PartialD];

PartialD[1 ]J[T , {ct, ct}] := HoldForm[c 2] ~ PartialD[1] [T, {t, t}];
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Protect[PartialD];
)

Get: Cannot open Graphics'Colors'.

Needs: Context Graphics Colors’ was not created when Needs was evaluated.
SetDelayed: Tag Symmetric in Symmetric[args__ /; Length[{args}] > 1][term_] is Protected.
SetDelayed: Tag Symmetric in Symmetric[ind_][term_] is Protected.

Tech note:

e Mathematica 12 complains of some problems when loading the Tensorial package (see previous error messages) which are
not disturbing here, but which should be easy to fix anyway.

e The colored tensor indices are unambiguous and very useful to prevent mistakes, but I add primes nonetheless (see the MyRed

code), so that the notation survives a black and white printout or similar incidents...

Utilization note: David Park: "Since we are working with Cartesian coordinates we can freely raise and lower indices with
partial derivatives. But Tensorial doesn't allow that because in general it is incorrect. To overcome this limitation we use the
following functions [ToNonDifTensor, ToDifTensor]| from the GeneralRelativity subpackage that convert [ordinary] Dif
indices into [plain] indices and vice versa. Then partial differentiations are understood for all slot numbers beyond a fixed slot.

This gives us the freedom to raise and lower indices on those slots."

Example

ordinary notation: T,z 9 «— plain notation: T By 9 and partial differentiations understood
In[]:= ? ToNonDifTensor

Symbol

v ToNonDifTensor[label][expr] will convert all partial differentiation indices
u =

in tensors with the specified label to ordinary indices. i.e., Dif[x] = x

In[~]:= ? ToDifTensor

Symbol

ToDifTensor[label, firstdifslot][expr] will convert all tensors in expr with
outfJ= the given label so that all indices from the firstdifslot number on will

be partial differentiation indices. i.e., non Void indices x go to Dif[x].

A 1) A wave equation for gravitational radiation

We will assume that over extensive regions of spacetime there exist nearly Cartesian coordinate systems in which the metric

g, is

In[~]= gdd[u, v] ==ndd[u, v] +hdd[u, v];
RowBox [{%[[1]], "=", %[[2, 2]]1, "+", %[[2, 1]11}] // FrameBox // DisplayForm
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Out[ = J//DisplayForm=

Iuv = Nuv + hpv

where the flat space metric in Cartesian coordinates 1), is given by

In[-]= ndd[u, v] == (ToArrayValues[] [ndd[u, v]] // MatrixForm)

out[+]=

10 0 0

0 -10 o0
M=y g -1 o
00 0 -1

and where h , is the perturbation. All quantities (including the relevant derivatives) having the kernel letter h are small; prod-

ucts of them are ignored. Suffixes (including indices with partial derivatives) are raised and lowered using n* and 7, rather

than g** and g .. So, in the following "equality" means "exact equality" or "equality up to the first order in small quantities".

We validate first an approximation for the up metric g#* (see also FN solution to Exercise 2.7.1, p.265):

Inf[«]=

Print["With the ansatz"]

guuluy, v] =nuulu, vl —huuly, v];

RowBox[{%[[1]], "=", %[[2, 2]1, "-", %[[2, 1, 2]1}] // FrameBox // DisplayForm

Print["we get"]

gdd[u, v] xguulo, u]

(ndd[u, v] +hdd[u, v]) (nuulo, u] -huulo, ul)

% // Expand

Print["Simplify metric and neglect h products:"]
%% // MetricSimplify|[n]

% /. HoldPattern[Tensor[h, _ ] «Tensor[h, _]] >0
Print["But this is the Kronecker delta:"]

ndd[u, v] xnuul[o, u] == éudlo, v]

% // MetricSimplify[n]

ToArrayValues[] [$%[[1]]] == ToArrayValues|[] [$%[[2]]]

With the ansatz

Out[ = J//DisplayForm=

Out[~]=

Out[~]=

out[+]=

out[+]=

Out[~]=

Out[~]=

Out[~]=

out[+]=

glﬂ/ = nlﬂ/ — h#v

we get
v g*
(hpv + qu) (_hcw + 770“)

_huv hot - hoH My + hw/ 770“ + Ny nou

Simplify metric and neglect h products:
~h,, ho* +no,

n

But this is the Kronecker delta:

Ny N = &9,

noy = &%

True
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Our ansatz for g#¥ works up to the first order!

We will need the (approximated) Christoffel symbols of the second kind T'*,,; associated with the metric g, :

Infe]:=

Out[=]=

out[+]=

Out[=]=

out[+]=

out[+]=

Out[=]=

out[+]=

Out[=]=

Print["Definition"]

Tudd[u, v, o] =

1/2guulp, B] (PartialD[gdd[o, B], v] + PartialD[gdd[v, B], o] - PartialD[gdd[v, o], B])

Print["Substituting and expanding"]
$%[[2]11 /. {
guu[a , b ] » nuu[a, b] -~huu[a, b],
PartialD[gdd[a , b ], c_] » PartialD[ndd[a, b] +hdd[a, b], c]}
% // Expand
Print["We neglect h products and n derivatives are zero:"]
%% /. HoldPattern[Tensor[h, __1xTensor[h, _]]1-0
% /. Tensor[n, _, List[__, Dif[_]11-0
Print["Switch to plain notation and simplify metric"]
%% // ToNonDifTensor[h]
% // MetricSimplify[n] // Simplify
Print["Switching back to ordinary notation gets eq. (5.2),p.171"]
Tudd[u, v, o] = (%% // ToDifTensor[h, 3])
Print["Turn into a rule"]

eqn[5, 2] = Rule @Q %% // LHSSymbolsToPatterns[{u, v, o}]

Definition

1
THyG = g guﬁ (gv/j,a ~9vo,B + goﬁ,v)

Substituting and expanding
! B B
5 (=" + ") (hyg, 0 = Dyo, s+ hop,v + vs,0 = Nve, s + Nop, v)

! HuB ! HB ! uB ! uB ! uB ! uB
_Eh hvB,o+Eh hvo,B_Eh hoB,v+5hv[3,on _Ehvo,/jn +Ehoﬁ,vn -

1 1 1 1 1 1

E hu[j r]v/i,o + E nﬂfj r]v/i,o + E hu[j r]vo,/} - 5 U“B r]vo,/j - 5 hUB 770/3,\/ + ; UUB 770/3,\/

We neglect h products and n derivatives are zero:

1 1 1 1
E hv@,o 77“/3 - E hvo,B 77“/3 + E hoB,v 77“[3 - E hu/j vE, o +

1 1 1 1 1
5 UHB g, o + 5 hP Nyve, 3~ E UHB Nyve, 3~ E h+f Nop,v + g U“ﬁ Nop,v

1 1 1
E hv@,o 77“/3 - E hvo,ﬁ 77“/3 + E hoB,v 77“[3

Switch to plain notation and simplify metric
1 1 1
5 hvBo n“ﬁ - 5 hvo/3 n“ﬁ + 5 hoBv n“ﬁ

1
E (- hvou + hvuo + houv)

Switching back to ordinary notation gets eq.(5.2),p.171

TH,G == (-hyo# +hvu,o+hou,v)

N |-

Turn into a rule
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1
Out[+]= TV~ o = 5 (=hyo " +hH o +het )

Note: The expression

In[e]:= Tensor[h, {a, Void, Dif[c], Void}, {Void, b, Void, Dif[d]}] // TraditionalForm

Out[# J//TraditionalForm=

R 4
means
In[#]:= PartialD[labs] [hud[a, b], {xd[c], xu[d]}] // TraditionalForm
Out[#J//TraditionalForm=
82 hab
9x? dx,

Hence the first two slots of h3,-< 4 are symmetric because h ,, is symmetric, the last two slots are symmetric because the partial

derivatives are supposed to be commutative. Tensor Atk is called symmetric if Atk == Aki; in this case we have A1, = A i = A} .
Y k K

Exercise. Prove that (J + 9 = Y, but sometimes not!

Einstein's field equations in covariant form (see FN eq.(3.38), p.113) are...

1
In[-]= (eqn[3, 38, cov] =Rdd[u, v] - — Tensor[R] xgdd[u, v] = x Tdd[u, v]) // FrameBox // DisplayForm
2

Out[«J//DisplayForm=

1
—ERg“vﬁ-Ruv ::KTuv

...s0 on the left hand side we need the curvature scalar r and the Ricci tensor R ,,,.
We calculate first the Ricci tensor R ...

In[-]:= Print["We start from the Riemann tensor"]

Equal Q@ RiemannRule;

Fold[IndexChange[#2] [#1] &, %, {{a, 1}, {b, v}, {c, a}, {d, B}}]

Print["Contracting the Riemann tensor to form the Ricci tensor Ry,"]

%% /. B> a

%$ /. Ruddd[a, u, v, a] » Rdd[u, v]

Print["Substituting R,, with eqn[5,2] and throwing out h products"]

%%[[2]1]1 //. eqn[5, 2] // Expand

% /. HoldPattern[Tensor[h, __ ] x Tensor[h, _ ]] - 0;

% // Factor

Print["Converting the partial derivatives to plain notation"]

%% // ToNonDifTensor[h]

% /. {PartialD[labs] [hddu[a , b , ¢ ], xu[d ]] -» hddud[a, b, ¢, d],
PartialD[labs] [hdud[a , b , ¢ ], xu[d_]] » hdudd[a, b, c, d]}

Print["Symmetrizing on last two slots"]

%% // SymmetrizeSlots[h, 4, {1, {3, 4}}]

Print["Symmetrizing on first two slots"]

%% // SymmetrizeSlots[h, 4, {1, {1, 2}}]
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Out[«]=

out[+]=

out[]=

out[+]=

out[+]=

out[+]=

out[+]=

out[+]=

out[+]=

out[+]=

Print["Swap indices in the first and third term"]
MapAt [UpDownSwap[a], %%, {{2, 1}, {2, 3}}]

Print["Switch back to ordinary notation"]

(Ricci =Rdd[u, v] = (%% // ToDifTensor[h, 3])) // FrameBox // DisplayForm

Print["Turn into a rule"]

eqn[5, 3] = (Rule @@ Ricci) // LHSSymbolsToPatterns[{u, v}]

We start from the Riemann tensor

RE, = -T2, TP

uvo

ge F T80 TP + 0x TP = 04a TP,

Contracting the Riemann tensor to form the Ricci tensor R,
ROy == =T€,y T%e + TCq T% e + Oxv T — Oxa T,y

Ruv =7 Peuv T%e + I‘eucx T%e + Oxv Fauo{ - Oxa Fauv

Substituting R,, with eqn[5,2] and throwing out h products

1 1
- hue,v hpe'® + Z hve,p hpe'® — — hpv'e hpe'® - — hae,u hye® -

1
- hua'e hye @ - — hue,v hea,a - hve,u hea,a + Z huv'e hea,a + =

1 1 1

1
- hua'e hea,v - hue,v haa,e - hve,u ho(a,e + = huv'e haa,e +
4 4 4 4

1 1 1 1 1
o Do S B =~ O B+ Oy b bt

1

E (_ ax‘/ hua'a + axo‘ huv'a + OXV haa,u + axv hua,a - axo‘ hua, v~ axo‘ hva,u)
Converting the partial derivatives to plain notation

1

5 (= O0xv hyo® + Oxah,* + Oxv ¥, + Oxv h %y = Oxa h %, = Oxah, %))

1
E (= huaav + huvaot + haauv + huaav - huavot - hvaua)

Symmetrizing on last two slots

5 (_huaav + hpvaa + haauv - hvaau)
Symmetrizing on first two slots

E (= hcxuav + huvaa + haauv - havcxu)

Swap indices in the first and third term
1

E (huvaa + haauv - hauo{v - havau)

Switch back to ordinary notation

Out[«J//DisplayForm=

out[+]=

1
Ryv = — (hyy' % a0+ h%, 4,y =% a,v —h% o, )

Turn into a rule

1
R,v = E; (hpv %, o+ 0%, 0,y = 0% 0,y = 0% 0, 0)

...and then we calculate the curvature scalar R

Inf[*]=

Print["We start from the Ricci tensor Ry,"]

a —
[N T

1

Z hue,a hve'a +
he®,phe®, v + —
— hae,u hv()(,e + —
4 4

1
5 Oxa huo‘, v =

e o

hu s he ;v
a

hue,ahv e

1
E Oxa hva,u
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out[+]=

out[+]=

out[]=

out[+]=

out[]=

out[+]=

out[+]=

Out[~]=

Out[=]=

Print["Contracting on both indices to produce the curvature scalar R"]
guulu, v] # &/Q %%

Print["Substituting the curvature scalar and using 7n instead of g"]
%% /. guulu, v] «Rdd[u, v] -» Tensor[R] /. guulu, v] » nuuly, vl
Print["Switch to plain notation and contracting"]

%% // ToNonDifTensor[h]

% // MapLevelParts|[ (# // Expand // MetricSimplify[n]) &, {2, {2, 3}}]
Print["Performing dummy swap on first term"]

MapAt [UpDownSwap[v], %%, {{2, 2, 1}}]

Print["Performing index change on third term and simplification"]
MapAt[IndexChange[{{v, a}, {a, v}}], %%, {{2, 2, 3}}]

Expand /@ %

Print["Index renaming"]

%% // IndexChange[{v, }]

Print["Switch back to ordinary notation"]

%% // ToDifTensor[h, 3];

% // FrameBox // DisplayForm

Print["Compare with eq. (5.4),p.171."]

Print["Turn into a rule"]

eqn[5, 4] = Rule QQ %$%%%

We start from the Ricci tensor R,

R;,zv == E (huv'a,a + haa,u,v - hau,cx,v - hav,a,u)

Contracting on both indices to produce the curvature scalar R
glJV R/_zv == E guv (huv'a,a + haa,u,v - hau,oz,v - hav,a,/_z)

Substituting the curvature scalar and using n instead of g

o a —_ o —_ o v
(huv' ,a+h o, U,V h L, 0, v h v,a,u) n*

Switch to plain notation and contracting

(huvaa + haauv - haucxv - havau) r]u‘/

1
1
N | =

(=h%s" +h%Y, = h%, +hY,%)

N |-

Performing dummy swap on first term
1

R = — (h%Y, =2 h%*,, +hv,%,)
2

Performing index change on third term and simplification
1

R = E; (2 h%Y, =2 h*,,)

R = h%Y, —h%y,
Index renaming
== haaﬁ/j - haﬁa/j

Switch back to ordinary notation
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Out[ = J//DisplayForm=

R = 0oy P 5 =ho o g

Compare with eq. (5.4),p.171.

Turn into a rule

Out[-]= R > h%B s —hoE .

v

Note: I put indices in standard order and in up-down configuration, I don't simplify h#, == h. This explains (hopefully) slight
differences between my results and FN.

Substituting our expressions for the Ricci tensor and curvature scalar into Einstein's field equations in covariant form and using
n for g we obtain:

In[-]= ean[3, 38, cov]
% /. eqn[5, 3] /. eqn[5, 4] /. gdd[u, v] » ndd[u, v]
Distribute[2 #] & /@ %;
eqn[A] = (%[[1]] // FullSimplify) == $[[2]];
% // FrameBox // DisplayForm
Print["I will call this result eq. (A).\nCompare
with the equation immediately after eq. (5.4),p.171."]
1
Out[«]= - > Rguy ¥Ry = K Tyy

1 1
Outf-]= z; (hyy'® 6+ %, v = 0% a,v —h% 6,0) = E; (hga'B,B - haﬁ,a,ﬁ) M = K Ty

Out[«J//DisplayForm=

hwﬂﬂ+h%wN_h%ﬂﬂ_h%ﬂM+(_Wdeﬁ+h%ﬂﬁ)nW::ZKTW

I will call this result eq. (A).
Compare with the equation immediately after eq. (5.4),p.171.

B We can simplify eq.(A) using the following substitution eq.(5.6), p.171, which leads to eq.(5.5), p.171:

In[+]= Print["Simplifying substitution eq. (5.6) ,p.171:"]
eqn[5, 6] = Hold[hbdd[u, v]] = hdd[u, vl -1/2hud[o, o] xndd[u, v];
% // ReleaseHold // FrameBox // DisplayForm
Print["Trace-reversed perturbation\nTurn into a rule"]
eqn[5, 6, r] = (Rule@Reqn[5, 6] // LHSSymbolsToPatterns[{u, v}])

Simplifying substitution eq. (5.6),p.171:

Out[«J//DisplayForm=

1
huv == huv - ; ho; My

Trace-reversed perturbation
Turn into a rule

1
Out[ ]: HOld[hbdd[u_, V_] ] > huv - E hoo My

We show now that eq.(5.5), p.171, transforms into eq.(A) when the substitution eq.(5.6), p.171, is applied.

In[-]:= Print["We start from eq. (5.5),p.171:"]

eqn[5, 5] = Tensor[hb, {Void, Void, Void, Dif[a]}, {u, v, Dif[a], Void}] + (
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ndd[u, v] « PartialD[hbuu[a, B], {a, B}] -
PartialD[hbud[a, v], {a, u}] - PartialD[hbud[a, 1], {a, v}]) =2 xTdd[u, v];
% // FrameBox // DisplayForm
Print["For convenience, all indices are lowered using n"]
nuula, a] « PartialD[Hold[hbdd[u, v]], {a, a}] +
(ndd[u, v] »nuu[b, a] “nuul[c, B] « PartialD[Hold[hbdd[b, c]], {a, B}] -

nuul[d, a] < PartialD[Hold[hbdd[d, v]], {u, a}] -

nuu[f, a] < PartialD[Hold[hbdd[£f, u]l], {v, a}]) =2 xTdd[u, v];
ReleaseHold[%]
Print["Now we apply the substitution eq.(5.6), p.171, ",

eqn[5, 6, r] // ReleaseHold, ":"]

%%% /. ean[5, 6, r]
Print["n derivatives are zero"]
%% /. Tensor([n, _, List[__, Dif[_]1] -» 0 // Expand
Print["Switch to plain notation and contracting"]
%% // ToNonDifTensor[h]
% // MetricSimplify[n]
Print["Symmetrizing on last two slots"]
%% // SymmetrizeSlots[h, 4, {1, {3, 4}}]
Print["Performing dummy swap on first and sixth term"]
MapAt [UpDownSwap[a], %%, {{1, 1}, {1, 6}}]
Print["Index changing in forth and seventh term"]
MapAt[IndexChange[{o, a}l, %%, {{1, 4}, {1, 7}}]1;
MapAt[IndexChange[{{a, B}, {o, a}}], %, {1, 7}]1;
MapAt[FullSimplify, %, {1}]
Print["Switch back to ordinary notation"]
%% // ToDifTensor[h, 3]
Print["Is this result identical to eq. (A)?"]
%% == eqn[A]

We start from eq. (5.5),p.171:

Out[«J//DisplayForm=

Nyuyv,or® = 0%, a,v = h%,0,u T h% o g0y = 2K Ty

For convenience, all indices are lowered using n
- E aot_ﬁ dO(_E fa+ﬂ ba »cfB = 2xkT
Out[“]= Buv,a,a dv,u,a !l fu,v,a Tl be,o,8 11 NF Nuy = Ly

_ 1
Now we apply the substitution eq.(5.6), p.171, h,, —-h,, - —h%n,:
- 2

Out[=]= r]ba nc/i Nuv (hbc,a,[j + E (_hoo,o(,/j MNoc ~ hoo,/j Noc,a ~ hoo,or Moe,p ~ ho r]bc,a,/i) ) -
Uda (hdv,u,a +

(_hoo,u,a Mav — hoo,u MNav,a ~ hoo,ot Nav,u ~ hoo Udv,u,a) ) -

Ufa (hfu,v,o( + (_hoo,v,a nfu - hgo,v nfu,cx - hoG,O{ nfu,v - hco nfu,v,cx) ) +

N[N =N

nas (huv,a,a + (-h%,q,a Nuv — h9%, « Nuv,a = h%, a Nuv,oa = he; nuv,a,a) ) =2K Ty

n derivatives are zero

1
Out[ ]= huv,a,a Waa - hdv,u,a Wda - hfu,v,a Wfa + ; hoo,u,a Uda Nay + E hco,v,o{ nfa Neu —
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Out[~]=

Out[~]=

out[+]=

out[+]=

out[+]=

out[+]=

out[+]=

1 1
o P02 %% My + P, g, 5 17 N Nuy - > P05 1% N Npe Nuy = 2K Ty

Switch to plain notation and contracting

1
huvaa nas - hdvua r]da - hfuva r)fa + 5 hoouor nda Nav t
1 1 1
E hoova Wfa Ney — E hgoota flaa My + hbcaB r]ba WCB Muv — 5 hoga/} Uba UCB Moc Nuv == 2K Tuv

1 1 1 1
huvaa - hauva - havua + 5 hoopv + g hocvu + haBaB Nuv ~ 5 h9%* Nuv — 5 hoaﬁfj Nuv == 2 K Tuv

Symmetrizing on last two slots
1
huvaa - hauotv - ho{vau + hoom/ + haﬁaﬁ MNuv — 5 hOge* MNuv — E hogﬁ[j Nuv == 2 K Tuv
Performing dummy swap on first and sixth term
1 1
huvaoz - hauav - havau + haouv + haBaB Nuv ~ E h9:%, Nuv ~ E hOoBB Nuv == 2x Tuv
Index changing in forth and seventh term

huvaot + haotuv - hauav - havau + (_hag/jg + haﬁaﬁ) Nuv == 2 K Tuv

Switch back to ordinary notation

huV'a,a + haa,u,v - hau,a,v - hav,a,u + ("haa'ﬁ,ﬁ +'haB,a,B) Nuy == 2K Ty

Is this result identical to eq. (A)?

True

Since we can also reverse the order of the derivation, we have proven that eq.(A) and eq.(5.5) are equivalent via the substitution

eq.(5.6).

For future use, we invert eq.(5.6) to get the backward transformation (see Exercise 5.1.2, p.173).

Inf[+]=

eq=-eqn[5, 6] // ReleaseHold
Print["Multiply with n#*¥ and metric simplify"]
Distribute[nuulu, v] #] &/Q %%
% // MetricSimplify[n]
Print["Sum 7, factor and simplify"]
%%%[[2, 2, {3, 4}1];
% == (% // MetricSimplify[n]) == (% // EinsteinSum[]) /. TensorValueRules[n]
%$%%% /. Rule @R %[[{2, 3}]1]
MapAt[SimplifyTensorSum, %, 2]
Print["Invert and turn into a rule"]
hr =-%%[[2]] » -%%[[1]] // LHSSymbolsToPatterns[{V}];
% // FrameBox // DisplayForm
Print[
"Substituting this result in eq. (5.6) leads finally to the backward transformation."]
eq
% // Reverse;
(#-%[[1, 21]) &/@%
% /. hr // FrameBox // DisplayForm
Print["See Solution to Exercise 5.1.2,p.273"]
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1
OUt[ ]= huv == h‘uv - ; hco Ny

Multiply with n*Y and metric simplify

_ 1
Out[~]= huv n#Y = huv n# - E h° MNuv nHy

out[-]= hY, = hY, - é ho, n,”
Sum 1,” factor and simplify
Outf]J= My TH¥ = 1Y = 4
Out[-]= hY, = hY, - 2 h9,
Out[-]= hY, = -hY,

Invert and turn into a rule

Out[#J//DisplayForm=

h'-, - -h’

Substituting this result in eq. (5.6) leads finally to the backward transformation.

1
Out[«]= hyuy = hyy - 5 h% Ny

— 1
Out[#]= hyy = h,, + 5 h9% Ny

Out[»J//DisplayForm=

h,y == hy, -

N |

n% Ny

See Solution to Exercise 5.1.2,p.273

B We can in turn simplify eq.(5.5) by means of a gauge transformation. A gauge transformation is a small change of coordi-
nates defined by

In[~]:= xu[red@u] == xul[u] +&ulu];
% // FrameBox // DisplayForm
Print["Gauge transformation\nTurn into a rule"]
egn[5, 7] = Rule Q@ %%%
Print["Inverse transformation as rule"]

eqn[5, 7, inv] = Solve[%$%%%%, xu[u]][[1, 1]]

Out[ = J//DisplayForm=

xH == xH + EH

Gauge transformation
Turn into a rule

Out[-]= =" — =i+ &¥

Inverse transformation as rule
Outf+]= xH —»x - &

where the gauge function &% = &# (x%)is of the same order of smallness as the h . The gauge transformation takes a nearly

Cartesian coordinate system into another nearly Cartesian coordinate system.
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The transformation matrix elements x*',, in expanded form are given by eq.(5.8), p.171:

In[~]:= Print["Definition"]
Xud[red@u, v] == PartialD[labs] [xu[red@u], xu[v]]
Print["Using the substitution ", eqn[5, 7]]

%% /. eqn[5, 7]

% /. PartialD[labs] [Eu[u], xu[v]] » fud[u, Dif[v]];
Print["Unexpanded form:"]

%% // FrameBox // DisplayForm

Print["Turn into a rule"]

eqn[5, 8] = Rule @Q $%%% // LHSSymbolsToPatterns[{u, v}]
Definition
Out[«]= X;Nv = Oxv xH
Using the substitution x* — xH + &
Out[<]= X;Nv = 61, + Oxv &V
Unexpanded form:

Out[ = J//DisplayForm=

X‘u,v = oK, + &M,

Turn into a rule
Out[ ]= X‘U*,vi - 6“\/ + §“,v

We show now that under a wisely chosen gauge transformation each of the last three terms on the left of eq.(5.5) is separately

zero and the equation reduces in the resulting new coordinate system to the well-known wave equation.
For the following calculations 1) - 4) see also FN Solution to Exercise 5.1.3, p .273.

1) We will need an approximation for the inverse transformation matrix elements x“, between black&unprimed and

red&primed tensors.

In[~]:= Print["Definition"]
Xud[u, red@v] == PartialD[labs] [xu[u], xu[red@v]]
Print["Proposed ansatz:"]
Xud[u, red@v] == éud[u, v] - §ud[u, Dif[v]];
% // FrameBox // DisplayForm
Print["Turn into a rule"]
egn[5, 8, inv] = Rule Q@ %$%% // LHSSymbolsToPatterns[{u, v}]
Print["We start with"]
Xud[a, red@B] «Xud[red@f, Y]
Print["Substitiution"]
%% /. {eqn[5, 8], eqn[5, 8, inv]}
% // Expand
Print["Switch to plain notation and contracting"]
%% // ToNonDifTensor[§£]
% // KroneckerAbsorb[5]
Print["Throw out second order terms"]

%% /. HoldPattern[Tensor[¢§, __ ]« Tensor[&, __11-0

Definition
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Out[=]=

-
X, =0, xH

Proposed ansatz:

Out[«J//DisplayForm=

out[+]=

out[+]=

out[+]=

out[+]=

out[+]=

out[+]=

out[+]=

Xuy’ == 5“\/ - gu,v

Turn into a rule

Xu*vi’ e 6”\/ - gu,v
We start with

o B
X%y, XP'

Substitiution

(6% = €%,5) (8P, + &P )

5% 68, = 0F, %5 + 6% £, — €%,5 EF
Switch to plain notation and contracting
5% 6, = 6F, £ + 6% £F, - €% &P,

6% - &% §BY

Throw out second order terms

&%

We got the Kronecker delta: our ansatz for X*,, works up to the first order!

2) Starting with eq.(5.9), FN actually transform g~ and then simplify.

Infe]:=

out[+]=

Print["Transformation equation for " guu[red@u, red@v]]
guu[red@u, red@v] == Xud[red@u, a] «Xud[red@v, B] “guula, B]
% /.guula , 51 -»nuula, B] -huula, B]

Print["Making the substitution ", eqn[5, 8]]

%% /. eqn[5, 8]

Print["Expanding and applying the Kronecker deltas"]

%% // ExpandAll;

% // KroneckerAbsorb[§]

Print["Switch to plain notation and metric simplification"]
%% // ToNonDifTensor[£]

% // MetricSimplify[n] // StandardForm

Print["Dropping higher order terms"]

%% /. HoldPattern[Tensor [_]~Tensor[__1]1-0

Print["Switch back to ordinary notation"]

%% // ToDifTensor[§&, 2]

Print["n is the same in both coordinate systems"]

%% /. nuulredQu, red@v] -» nuuly, vl;

(egqn[5, 9] = -#+nuufu, vl &/@%) // FrameBox // DisplayForm
Print["See eq. (5.9) ,p.171."]

Transformation equation for gtV

g’v"V' - gO!B Xu’a XV’B
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Out[=]=

Out[=]=

Out[=]=

out[+]=

_h;ﬂv’ + nu’v’ - X,u’a Xv'/j (_haB + not/3)

Making the substitution X‘-, -8, +&"

“Y Y s (2RO ) (SHg + EHG) (875 €Y, p)

Expanding and applying the Kronecker deltas

“hEY Y s —hEY 4 pRY - hav EH LY EH - hHB é‘v'/j + 77“/3 gv,B — haB EH o &Y g+ nos EH g gv,B
Switch to plain notation and metric simplification

R4 e BV - RO g % G~ £ 4 P £ — BB gy £+ 08 £y £

Out[»J//StandardForm=

out[+]=

out[+]=

—hY 4 Y = —heY nHY = hoY EHy + EXY = hHB &V - hob gu, 5\/5 + é—uﬁ ng + e
Dropping higher order terms

-h*Y + nu’v’ = —hH¥Y + nv + EHY 4 EVH

Switch back to ordinary notation

-h*Y + nu’v’ = —hH¥Y + nv + EHrY 4 EViH

n is the same in both coordinate systems

Out[«J//DisplayForm=

hH'Y = hev - EHIV = gVl

See eq. (5.9),p.171.

3) For eq.(5.10) we lower an index and contract on eq.(5.9).

Infe]:=

out[+]=

out[+]=

out[+]=

out[+]=

out[+]=

eqn[5, 9]

Inner[Times, %, ndd[red@u, red@v] = ndd[u, v], Equal]
% // ExpandAll

Print["Switch to plain notation and metric simplification"]
%% // ToNonDifTensor[£]

% // MetricSimplify[n]

Print["Switch back to ordinary notation"]

%% // ToDifTensor[§&, 2]

Print["Performing dummies swap"]

MapAt [UpDownSwap[red@Vv], %%, 1];
MapAt[UpDownSwap[v], %, {{2, 1}, {2, 2}}]
Print["Index renaming"]

(egqn[5, 10] =%% /. v » u) // FrameBox // DisplayForm
Print["See eq. (5.10) ,p.171."]

h#Y == hHY — SHiV = EViH

R M == e (R - SR = V)

B Ny == DRV 1, = 1y €0 = 1y, £V

Switch to plain notation and metric simplification
B N = RV T = Ty ERY - 1, £V

B, = hY =&Y - £

Switch back to ordinary notation
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Out[«]= h," =hy¥ =&Y =&,
Performing dummies swap
Out[«]= hv{v’ =hY, -2 §v,v
Index renaming

Out[ = J//DisplayForm=

h“lﬂ =hH, -2&" ,

See eq. (5.10),p.171.

4) For eq.(5.11), we start with h#v and apply the eq.(5.9) and eq.(5.10):

In[~]:= Print["Definition"]
hbuu[y, v] = huuly, vl -1/ 2hud[a, a] <nuulu, v] // ToFlavor[red]
Print["Apply eq. (5.9) and eq. (5,10)"]
%% /. Rule @R eqn[5, 9]
% /. (Rule@@eqgn[5, 10] /. u > a)
Print["n is invariant and expand"]
%% /. nuulredQu, red@v] -» nuulu, v]
% // ExpandAll
Print["The first two terms are the definition of ", hbuulu, v]]
(egqn[5, 11] = %% // MapLevelParts[hbuu[u, v] &, {2, {1, 2}}]) // FrameBox // DisplayForm
Print["See eq. (5.11) ,p.171."]

Definition
Ty v 1 a4
Out[-]= h*""Y = h"" - 5 h%,, n*"
Apply eq. (5.9) and eq. (5,10)
-, 1 , o
Out[-]= h*"Y" = hHY - 5 he, nt'Y = EHiY = EviH
Ty 1 v
Ouff J= B =i = Y (B =2 £%,0) - ghY - £V
n is invariant and expand

_ 1
Outf[+]= h¥Y" == h#v - S (N m 2 80 5) - gy - gl

— 1
OutfJ= DAY == 1Y = — iy 7 e €%, = g = £

The first two terms are the definition of h*Y

Out[#J//DisplayForm=

hu’v’ —— Huv + 77;1\/ é‘O( _ é‘ur\/ — é"\/r#

See eq. (5.11),p.171.

We need the following derived relation...

In[~]= ean[5, 11]
$/.a-B/.v-a
PartialD[#, a] &/@%

Print["n derivatives are zero"]
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out[+]=

out[+]=

out[+]=

out[+]=

out[+]=

%% /. Tensor([n, _, List[__, Dif[_]11]1->0
Print["Symmetrizing on first two slots of ", hb]
egn[5, 11, der] = %% // SymmetrizeSlots[hb, 3, {1, {1, 2}}]

Y - hEY o+ nHY % = MY = EVilt

' == HX = Qi 4 o éﬁ,B - EHra

M o = R o ke 8B g = EOH o B g — gl
n derivatives are zero

R == RO o = EXH o EP g o = EHO
Symmetrizing on first two slots of h

hamﬂya = hOH = E%H  + nHo §B,B,a - &wa

5) For eq.(5.12), p.172

Infe]:=

out[+]=

out[+]=

out[+]=

out[+]=

out[+]=

out[+]=

PartialD[hbuu[a, u] // ToFlavor[red], red@a] ==
PartialD[hbuu[a, u] // ToFlavor[red], B] »Xud[B, redRa]
Print["Substituting for X, expanding and throwing away second order terms"]
%% /. eqn[5, 8, inv]
% // ExpandAll
% /. HoldPattern[Tensor[hb, __ 1< Tensor[E, __ 110
Print["Applying the Kronecker delta"]
%% // Expand // KroneckerAbsorb[§]
Print["Applying the rule derived from eq. (5.11)"]
%% /. Rule @@ eqn[5, 11, der]
Print["Switch partially to plain notation and metric simplification"]
%% // ToNonDifTensor[£]
% // MetricSimplify[n]
B-oa;
Print["Switch back to ordinary notation and index renaming ", %]
%%% // ToDifTensor[&, 2]
% /. $%%
Print["Symmetrizing on last two slots of £ and simplifying”]
eqn[5, 12] = %% // SymmetrizeSlots[&, 3, {1, {2, 3}}]
Print["Compare with eq. (5.12) ,p.172."]

Ha’u"a, == H""“',B xR,

Substituting for X, expanding and throwing away second order terms
B = B (6, - £P )
poH Ea’u’,ﬁ 5/3[)( — Ea’u’,ﬁ §/3'a
- Ha'“/,/j 58,

Applying the Kronecker delta

RO R

Faes

Applying the rule derived from eq. (5.11)

hoH how = ExH [+ nHe 5/3'5,0( - g,

Switch partially to plain notation and metric simplification
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Out[«]= h™¥ o = ho o = My + N &g, — E1%
Outf-]= M o = DO o = &y + EPH - g,

Switch back to ordinary notation and index renaming 8- o
Out[~]= ha,‘“,,a’ == hau,oz - §O!,Li,a + éB,B'“ - gu’aya

Out[~]= ha’g"a, == HOW,D( + ga,a'u - §O('M,cx - §H,O('a

Symmetrizing on last two slots of § and simplifying

Out[ ]= ha,‘u,,oﬂ == Hau,o{ - g,u,a,a

Compare with eq. (5.12),p.172.
If we therefore choose £ to be the solution of...

In[~]= (eqn[5, 12][[2]] == 0) // FrameBox // DisplayForm
Print["See eq. (5.13) ,p.172."]

Out[ = J//DisplayForm=

no _ a
no o = EHa == 0

See eq. (5.13),p.172.

...then, using the corresponding gauge transformation, the right hand side of eq.(5.12) is zero:

In[-]:= (ean[5, 15, red] =eqn[5, 12][[1]] == 0) // FrameBox // DisplayForm
Print|[" (Harmonic) gauge condition.\nCompare with eq. (5.15) ,p.172."]

Out[ = J//DisplayForm=

e =0

(Harmonic) gauge condition.
Compare with eqg. (5.15),p.172.

With the harmonic gauge condition, any term of the following form will be zero because the derivative of a constant is zero:

In[]:= Print["Differentiating the gauge condition"]
PartialD[#, {red@B}] & /Reqn[5, 15, red]
Print["Turn into a rule"]

rl=Rule@@%% /. u | B » Blank][]

Differentiating the gauge condition
Outf«J= h*¥ , 5 =0
Turn into a rule
Out[«]= W%~ o, . >0
The new coordinate system x“ in which the harmonic gauge condition holds is sometimes called harmonic coordinate system
or harmonic gauge.

We can lower the free index in ha/“/, . getting a similar relation:

In[~]:= Print["Lower free index"]
ndd[red@a, redQu] (eqn[5, 15, red] [[1]] /. u > a);
ToDifTensor[hb, 3] [MetricSimplify[n] [ToNonDifTensor[hb] [$]]1];
% = %%
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Print["Differentiating"]

PartialD[#, {red@B}] &/Q@%%[[{1, 2}]]

Print["n derivatives are zero"]

%% /. Tensor([n, _, List[__, Dif[_]1]1 -0

Print["The gauge condition implies the relation"]
%% /. rl

Print["Turn into a rule"]

r2=Rule@@%% /. u | B > Blank[]

Lower free index

Out[+]= h® o = ho'a Mo
Differentiating

— a’ __ para’ ora’
OUt[ ]_ h wyo, BT h s, B na’u’ +h P 775’;4’,6’

n derivatives are zero

OUt[ ]: ha,g’,a’,,B/ == ha/a/,a’,ﬁ’ na’,u’
The gauge condition implies the relation
- R -
OUt[ ]_ h w3 T 0

OutfJ= b* /.o, =0

In[]:= Print["So eq. (5.5) in the redé&primed coordinate system"]
eqn[5, 5] // ToFlavor[red]
{rl, r2};
Print["with ", %, " simplyfies to"]
eq=%%% /. %%

So eqg. (5.5) in the redé&primed coordinate system
Out[«]= h,u’v’,ou'o{ -h" Wy, v h* vi,or et ha,B/,u/,B’ Ny == 2k T;uv’

with {H“ﬁxau , >0, h" o, =0} simplyfies to

out[*]= By o' = 2K Ty,
By simplifying the notation dropping primes (and color) we get finally

In[-]:= SequenceForm[eqn[5, 14] = eq // ToFlavor[Identity, red],
" ", gc = SequenceForm["if the gauge condition ",
eqn[5, 15, red] // ToFlavor[Identity, red], " holds."]] // FrameBox // DisplayForm
Print["Compare with eq. (5.14) and eq. (5.15),p.172."]

Out[#J//DisplayForm=

HW,Q")‘ = 2x T, if the gauge condition EO‘“,a = 0 holds.

Compare with eq. (5.14) and eq. (5.15),p.172.

We lower the dummy index and expand to make eq.(5.14) more intelligible:

In[-]= -nuula, B] x LowerIndex[a, B] [eqn[5, 14][[1]1]1];
ToDifTensor[hb, 3] [MetricSimplify[n] [ToNonDifTensor[hb] [%]]] /. B> a //
UpDownSwap [a] ;
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(%% // ExpandPartialD[labs] // EinsteinSum[]) /. TensorValueRules[n] //

UseCoordinates|[{ct, x, y, z}];

GridBox[{{%% == $%% == $ == -eqn[5, 14][[2]]1}, {gc}}] // FrameBox // DisplayForm

Print["Compare with eq. (5.19) ,p.172."]

Out[#J//DisplayForm=

_hu\/,Dl

o o=

-h

L _ _ _ _
g N8 = - Ot,thyy +Ox,xhyy + 0y, vy + 02,20y = =2 KTy

uv, a,

if the gauge condition Ea“,a =0 holds.

Compare with eq. (5.19),p.172.

Finally we got our good old, well-trusted wave equation!

If You like to simplify the notation, at this point You can introduce the d’Alembertian 0? defined by

In[~]:= Tensor[T];

-DAlembertian[a, B][%];
% // ExpandPartialD[labs];

% // ToArrayValues|[] // UseCoordinates[{c t, x, y, z}];
("O2" %$%%% == SF[%%] == %% == $%% = & == First[%] + "V2" $%%% // TraditionalForm) /.
SF[a_ ] » StandardForm[a]

Print["Compare with eq. (5.17) and eq. (5.18) ,p.172."]

Out[»J//TraditionalForm=

P2 T= -nok Opa yo T= _r]wﬁ

FT I #T 8T &PT  &OT
=" (-Tap) = Y + + + =
Ax? 9" c¢* 0tdt 9dx0x Oydy 0zoz

Compare with eq. (5.17) and eq.(5.18),p.172.

Warning: There are other conventions for the sign and the symbol! I use here those of FN.

V2T

Pons asinorum: O is the 4-gradient operator (4 corners) and V is the usual 3D gradient operator (3 corners); we have 0° =0 - O

and V2 =V -V. If all this is too edgy for you or you simply prefer it curvy, then multiply everything by 0...

5.2 Two polarizations p. 173-178

In[]:= Needs["Notation "]

Notation[ h > hb]

Needs["TGeneralRelativityl "GeneralRelativity "]

$PrePrint=.

DeclareBaselIndices[{0, 1, 2, 3}]

MyRed = StyleForm[Superscript[#, "/"], FontColor -» RGBColor[1l, O, 0]] &;

DeclarelIndexFlavor|[{red, MyRed}]

DeclareZeroTensor[zero]

labs = {x, 5, g, T};

DefineTensorShortcuts]|
{{x, k, zero, §, €, u, &}, 1},
{{g, n,h,hb, A, s, § X, el, e2}, 2},
{{r, h}, 3},

{{R}, 4}1;
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SetTensorValues[éud[i, j], IdentityMatrix[NDim]]
SetTensorValueRules[ndd[i, j], DiagonalMatrix[{1, -1, -1, -1}1]]
SetTensorValueRules[nuu[i, j], DiagonalMatrix[{1l, -1, -1, -1}1]]

.= Get: Cannot open Graphics'Colors'.
== Needs: Context Graphics'Colors’ was not created when Needs was evaluated.
-« SetDelayed: Tag Symmetric in Symmetric[args__/; Length[{args}] > 1][term_] is Protected.

.-« SetDelayed: Tag Symmetric in Symmetric[ind_][term_] is Protected.
A 2) Gravitational radiation in form of a sinusoidal plane wave

The simplest non-trivial solution to the wave equation of empty spacetime is that representing a sinusoidal plane wave. The

amplitude matrix A*¥ is complex, symmetric and all elements are small, but at least one element has to be non-null.

In[~]:= hbuul[u, v];
eqn[5, 19, empty] = -DAlembertian[labs, a, B] [%] ==
Auu[u, v] Exp[i kd[o] «xul[o]l];
%%% == Re[%] // FrameBox // DisplayForm
eqn[5, 22, complex] = $%%% > %%

Out[+]= =N Bya, s hH = 0

Out[«J//DisplayForm=

h#¥ == Re [el ko %7 AKY]

Out[ ]: Buv N ei ko x9 AHY

David Park : "I am going to drop the real part function from the FN notation with the understanding that we should apply it to
any final solution."

We check first the FN statement “[4-wave vector] k# is null”:

In[~]= egn[5, 19, empty]
eqn[5, 22, complex]
%% /. %
% // KroneckerAbsorb[6] // NondependentPartialD[{A, x, k}] // MetricSimplify[n]
#/%[[1, {1, 2}]1] &/@%

Oout[«]= -n%# Osa, x5 hH ==
Out[ ]: Huv N ei ko %9 AHY

OUt[ Iz —77015 (‘EjL Ko x7 axa,x/5 A 4] elkox? Oxa A*Y (kg 60/3 +x axﬁ ko) +
i (1 ek X AR (kg 6% + %% Oxa ko) (Ko 6% + %O By ko) +

el ko ®® (95 AHY (ko 8% + X7 Bxa ko) + BHY (%O Oy xi Ko + 6% Oxa Ko + 6% Oy ko) ) ) ) =
Out[-]= etk ™ pv k kB = 0
out[-]= kg kP =0
From the gauge condition we get:

In[-]:= PartialD[labs] [NestedTensor [hbuu[u, v]], xu[v]] == zerou[u]
% /. eqn[5, 22, complex]
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% // UnnestTensor

% // NondependentPartialD[{A, x, k}]

% // MapLevelParts[KroneckerAbsorb[6], {1, {4, 5}}]
#/%001, {1, 2}]1]1 &/@%

eqn[5, 23] =% /. _zerou[u] » zerou[u]

Print["See eq. (5.23) ,p.173."]

Out[#]= Oxv h#Y == zerok

Out[]= Oxvel¥s*” A == zeroH

Out[-]= € XX O AHY + 1 el ko X7 AHY (k, 69, + X7 Oxv ko) = zeroH
Out[-]= 1 el ke *° AWY k69, = zeroH

Out[-]= 1 el¥e*? AW k, == zeroH

Out[-]= A* k, = -1 etk %7 zeroH

Out[-]= AHY k, == zeroH

See eq. (5.23),p.173.

For a sinusoidal plane wave propagating in the z direction we have for k > 0

In[~]= $Assumptions =k >0;
SetTensorValueRules[ku[u], {k, 0, 0, k}]
kulul;

% == ToArrayValues|[] [%]

kd[ul;

ndd[u, v] «~kulv];
ToArrayValues[] [%];
SetTensorValueRules [kd[u], %]
2% = $%% = %%

Out[ ]= kH = {k, OI Ol k}
Ou{[ ]: ku = kY Nuv == {kl Or O/ -k}
Together with the gauge condition we get

In[~]= eqn[5, 23]
% // ToArrayValues|[]
% // Simplify
Print["Symmetrizing the slots"]
%% // SymmetrizeSlots[A, 2, {1, {1, 2}}]
Print["Turn into the gauge condition substitution rules"]

(gcsr = Apply[Rule, #] & /@ Reverse /Q %%)
Out[-]= AHY k, == zeroX
out[-]= {kAP0 -kA% =0, kA0 -kAl3 =0, kA?0-kA23 =0, kA3 -kA3 =0}
Out[-]= {A% == A03, Al0 = Al3, A20 == A23, A30 = p33}
Symmetrizing the slots
Out[-]= {A% == A03, A0l = Al3, A02 == A23, A03 = A33}

Turn into the gauge condition substitution rules
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OUt[ ]: {A03 N AOO, Al3 N AOl, A23 N AO2, A33 N AOB}
If we apply symmetry and the gauge condition substitution rules on the amplitude matrix A"Y, we obtain:

In[~]:= Auul[u, v];
% == ToArrayValues|[] [%];
MatrixForm /Q %
Print["1l) Applying symmetry"]
%$%% /. Auul[a , b ] /; a>b-Auulb, a];
MatrixForm /@ %
Print["2) Applying (repeatedly) the gauge condition substitution rules"]
%%% //. gcsr;
MatrixForm /Q %
Print["See eq. (5.25) ,p.174"]
SetTensorValues[Auu[u, v], $%%[[2]1]1]
A00 a0l p02 203
A10 all pl2 al3
Outf<]= BV = (Azo A2l p22 A23)
A30 231 p32 233

1) Applying symmetry

AO00 a0l A02 A03
v A0l all al2 Aal3
Outf*]= - (Aoz Al2 p22 p23 )

AO03 Al3 a23 33
2) Applying (repeatedly) the gauge condition substitution rules

AO00 01 A02 A00
A0l all al2 A0l
- UV
Outfe]= AT = (Ao2 Al2 p22 Aoz)

A00 01 a02 A00
See eq. (5.25),p.174

B We consider now a transformation to a special gauge, called 77 gauge, which is a subtype of the harmonic gauge and is
generated by the following gauge function:

In[~]:= €ulu] = -i eu[u] Exp[ikd[a] « xula]]
rule[5, 25, a][@_ ] =Rule @@ % // LHSSymbolsToPatterns[{u}]

Out[]= &* = —1 el kax* gk

Out[-]= &'~ > —1 el kax* gk
where e+ is a constant vector with all small elements.
The following calculation shows that the new & satisfies the condition eq.(5.21), preserving the gauge condition.

In[+]= Print["Wave equation for a general gauge function &*"]
-DAlembertian[labs, 3, y] [NestedTensor[§u[u]]] == zerou[u]
Print["Substituting for &+"]
%% /. rule[5, 25, a] [a]
Print["Expanding the partial derivative and simplifying (k¥ and e are constants)"]
%% // UnnestTensor;

% /. a_kd[a] :» KroneckerAbsorb[é§] [akd[a]];
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% // NondependentPartialD[{k, €, x}]

Print["Metric simplify and use the fact that k¥ is a null vector"]
%% // MetricSimplify[n]

% // ToArrayValues|[] // Union

Wave equation for a general gauge function &

Out[+]= =NPY Oup, v & = zeroH
Substituting for &~
Out[-]= =1NPY Oys, v —1 el Xa X el = zeroH
Expanding the partial derivative and simplifying (k" and € are constants)

out[-]= -1 et¥%*" k;ky e¥ nf¥ = zero

Metric simplify and use the fact that k% is a null vector
Out[-]= —1 el k«*® k, k¥ e! = zeroH
Out[-]= {True}

The derivatives £# ,, and £V of the gauge function are:

In[~]= Print["Covariant form:"]
PartialD[&u[u], v] == PartialD[labs] [NestedTensor[Su[u]l]l, xul[v]]
% /. rule[5, 25, a][a]
% // UnnestTensor
% // NondependentPartialD[{k, €, x}]
Print["Applying the Kronecker delta"]
eqn[5, 26] = $% // MapLevelParts [KroneckerAbsorb[6], {2, {2, 3}}]
Print["Compare with eq. (5.26) ,p.174."]
Print["Turn into a rule"]
rule[5, 26, cov] =Rule @@ eqn[5, 26] // LHSSymbolsToPatterns[{u, v}]
Print["Contravariant form:"]
nuulv, B] # & /@ean[5, 26]
Print["Switch to plain notation and metric simplification"]
%% // ToNonDifTensor[£]
MetricSimplify[n] /@ %
Print["Switch back to ordinary notation, rename index and turn into a rule"]
%% // ToDifTensor[§&, 2]
% // IndexChange[{f3, v}]
rule[5, 26, contra] = Rule @Q % // LEHSSymbolsToPatterns|[{u, v}]

Covariant form:
Out[-]= &,y == Oxv &X
Out[-]= &H,, = Oxv—1 el kax" gk
Ouif-J= €,y = =i (ie'%a* el (ko 6% + X% Op ko) + @1 Ka ¥ Oy eh)
Out[]= &+, == el kax¥ ¥k 5%, eH
Applying the Kronecker delta

Out[-]= &,y = el k" k, eH

Compare with eq. (5.26),p.174.
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out[+]=

out[+]=

out[+]=

Out[=]=

out[+]=

out[+]=

out[+]=

Turn into a rule

oy = elkax” k  eH

Contravariant form:

UVB &1,y = el kaxt k, et 77\//3

Switch to plain notation and metric simplification
an EHy = el kax* ky e UVB

é‘l«lﬁ = @lkex* kB gH

Switch back to ordinary notation, rename index and turn into a rule

§Hr/3 - el ko %% kB gH
g“rv == ei ko x* kY eH

EH_IV_ el ko x* kv g1

We will need a first order approximation for k,, x* in the TT gauge:

Inf[+]=

out[+]=

out[+]=

out[+]=

out[+]=

out[+]=

out[+]=

out[+]=

out[+]=

kd[red@a] < xu[red@pB] == Xud[a, red@a] «Xud[red@B, b] ~kd[a]
Print["General gauge transformation matrix (see p.171):"]
{Xud[red@uy , v 1 » Sud[u, v] +&ud[u, Dif[v]],
Xud[yg , red@v ] » Sud[u, v] - &ud[u, Dif[v]]}
$%% /. %
% // Expand
% // KroneckerAbsorb[5]
Print["Drop second order terms"]
%% /. HoldPattern[Tensor[¢§, __] «Tensor[E, _ 110
$/.B-a
rekx =Rule @@ % /. rule[5, 26, cov]

ko xP =k, xP X3, XF

General gauge transformation matrix (see p.171):

{x~ ,v - 6Ky + éu,vr Xu_v e §“,v}

ko xP = ka %P (6% - §a,a) (5Bb + fB,b)

ko %P = k, xP 63, 5Bb -k, xP 65b &% ot ka xP 52, §B,b -k, xP IS §B,b
Koo %P = ka %P - ka xPB Sca,a + Ka xb §B,b — ks xP éa,ot §B,b
Drop second order terms

Ko %57 == ko %P —ka %P &2 o+ ko xP EF

Ko X% == ko X% = kg x% £2 5 + kg X E%

ky XY 5 kg X% - el ka X" k_ k, x% €2 + el ka X% k) k, xP €2

Note: The difference k, x* - k, x is a first order quantity.

We recall eq.(5.11), p.171, valid for a general gauge transformation, and substitute for £ , and £#-~ in the TT gauge:

In[~]:= hbuu[red@u, red@v] == hbuu[u, v] +nuulu, vl

% /. {rule[5, 26, cov], rule[5, 26, contra]l}

Print["Substituting both "E”“V expressions and simplifying"]

xu[b]

Sud[a, Dif[a]] - §uu[u, Dif[v]] - §uu[v, Dif[u]]
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%% /. eqn[5, 22, complex] /.

(eqn[5, 22, complex] // ToFlavor[red]) /. o> a
Simplify[#/%[[2, 1, 1]]1] &/@%
Print["The argument of the exponential is small, so we put e?=1+a"]
%% /. Exp[a ] » 1+a// Expand
Print["Substituing for k. x*"'"]
%% /. rekx // Expand
Print["Dropping second order terms on lhs"]
%% /. HoldPattern[Tensor[A, __]1 «Tensor[e, __]]1-»0
Print["In matrix form:"]
MatrixForm /@ (eqnAA = ToArrayValues[] /@ %% // Simplify)
Print[" (See FN,p.174)"]

Ouff<J= DY == MY 4 Y €% g = €1V - YoM
Out[ ]: Hu’\/’ — Huv - e]i ko x& kY et — e]i kg X% kM eV + (Ei kg x& kcx ea T’]“V
Substituting both h*’ expressions and simplifying
Outf+]= el %y xo’ MY oo elka x® pUY _ @i ke X% kV gl = @l ko X% U gV 4 @l kg x° Ky €% NHY
out[+]= e LkaxO+ik, x% ALY Auv _ gV gl - kH gV 4 ky €% NHY
The argument of the exponential is small, so we put e“=1+a
out[-]= A" =1 A" ko x% + 1 A ko k% = AHY — kY el = kH €Y + k, €% nHY
Substituing for k, x%
Out[~]= MY - el ke X AR ko k x¥ €@ + 1 el ka X DAY ky kg %P €% == AHY — kY €M — kH €Y + k, €% nHY
Dropping second order terms on lhs
Out[-]= A" = AW — k¥ el - kH €¥ + k, €% nHY

In matrix form:

A00r a0l p027 p073 A00 — (60 + 63) A0l — kg1 A02 — k g2 A0 — k (60 + 63)
AVO0 pl1lr plr2r plr3 A0l — k €1 All + k (_€O + €3) Al2 A0l — ¥k 61

Out[ ]: ( A2°07 p2'1lr p2r2r p2r3 ) = A02 — kg2 Al2 A22 + k (—60 + 63) A02 — kg2 )
A0 a3l p32r p33 AOO — ko (60 + 63) A0l — k g1 A02 — k g2 A00 — (60 + 63)

(See FN,p.174)

Conveniently choosing our constants e+ (which means specifying the special gauge transformation completely) and noting that

then A*'"" = -A?'?" we see that A" is determined by only two independent variables @ and .

In[-]= {eu[0] » (2Auu[0, 0] +Auu[l, 1] +Auu([2, 2]) / (4k),

eu[l] » Auu[O0, 1] / k,

eu[2] -» Auu[O0, 2] / k,

eu[3] » (2Auu[0, 0] —Auu[l, 1] -Auu[2, 2])/ (4k)}
Simplify[eqgnAA[[2]] /. %];
% /. {Auu[l, 1] » 2 a+Auu[2, 2], Auull, 2] - B};
MatrixForm /@ (eqnBAA[[1]] = %% == %)

2 A00 4 All 4 p22 201 202 , 2 200 — pll _ p22

outf[]= {€ > ——————, el —,€?> —, e’ ——}
4 k k k 4 k
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A00T a0l p0720 p0'3 0 ) 0 0 0 00 0 0
AL0F ALl pli2r pli3 0 7 (A1l - p22) Al2 0 0o B 0
Outf«]= (A2/0/ A2l p22 p2 )= 0 Al2 i (-All +222) 0 )= 0 B —-a 0 )
2
A0 a3l a2 A 0 0 0 0 00 0 O

The values e+ specifying the gauge are determined by the values of the amplitude matrix 2 of the sinusoidal plane wave from

which we started. FN: “This new gauge, which is determined by the wave itself, is known as the transverse traceless gauge, or

TT gauge for short.” We shall work in the TT gauge for the remainder of this section and drop primes (and color) for simplicity.
We can introduce two linear polarization matrices [e1*¥] and [e2V] defined by...

In[-]:= SetTensorValueRules[eluu[u, v], DiagonalMatrix[{0, 1, -1, 0}]1]
SetTensorValueRules[e2uu[u, v], Reverse[DiagonalMatrix[{0, 1, 1, 0}1]]
eq[5, 28] = (# == MatrixForm[ToArrayValues[] [#]] & /@ {eluu[u, v], e2uu[yu, v]})
Print["See eq. (5.28) ,p.175."]

00 0 O 0000
01 0 0 0010

— A A
Outf«]= {el™ = (g5 o 3 O),e2 =0y 19 0!
00 0 O 0000

See eq. (5.28),p.175.

The general amplitude matrix in TT gauge is then given by the following linear combination, where a and 3 are complex

constants:

In[~]= eqn[5, 29] =Auu[u, v] = aeluulu, v] +B e2uulu, vl
Print["See eq. (5.29),p.175."]

Out[-]= A¥ = a el + B e2"

See eqg. (5.29),p.175.

We can show that in TT gauge hH” is traceless with the following calculation...

In[~]= Print["Recall eq. (5.22)"]
Equal QR egn[5, 22, complex]
Print["Calculating the trace"]
nddu, v] # & /@ %%
MetricSimplify[n] /@ %
UpDownSwap[v] /@ %
Print["Substituting the with contravariant expression A*'"]
%% /. Aud[v, v] » Auulv, a] «ndd[v, a]
Print["Expanding the rhs"]
%% // MaplLevelParts[ToArrayValues[], {2, {2, 3}}]
Auu[l, 1] == -Auu[2, 2];
Print["In TT gauge ", %]
%%% /. Rule QQ %%

Recall eq. (5.22)
Out[+]= D = eikox® puv

Calculating the trace
Ou[-]= h* n,y = e' ¥ A p,,

Outf-]= h,” = etk ay
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out[]= hY, = el ko x9 A,

Substituting the with contravariant expression AM”

Out[-]= hY, = el % ¥ nvan,,

Expanding the rhs

out[]= hY, = el ko x9 (_All _AZZ)

In TT gauge Al == -p%?
Out[#]= hY, =10

Furthermore, from  Exercise 5.1.2, p.173, solution p.273, we have h,, =h,, -

Dy = Dy = Nay Moy @57 270 in TT gauge.

In[~]:= ndd[a, u] xndd[b, v] « Tensor[T, {a, b}, {Void, Void}];
% // MetricSimplify[n];
%% // ToArrayValues[] // MatrixForm;
Print["Note: ", %$%% == %% = %]

T00 7Ol —q02 703

-Ti0 il piz i3

_T20 21 22 q23
30 31 p32 33

Note: T n,, Ny, = Ty = (

A 3) Manifestation of a gravitational sinusoidal plane wave

We derive here a faithful representation of actual spatial separation between free massive particles during a passing gravita-

tional wave.

Let’s show first that in the TT gauge associated with a plane wave we have Ty, = 0 and T";,, == % h", o (see Exercise 5.2.2,

p.178, solution p.273). This relations will be used soon.

In[-]:= Print["Christoffel symbols as given by eq.(5.2),p.171:"]
CS =Tudd[u, v, o] =
1/2nuulu, B] (PartialD[hdd[o, B], v] + PartialD[hdd[v, 8], o] - PartialD[hdd[v, o], B])
{v>0, 0-0};
Print["Substituting the index values ", %, ":"]
$%% /. %%
Print["In TT gauge we have h,, = h uv and therefore its border elements are all zero."]
%% /. hddd[0, _, ] - zerod[p]
(eqnA = (% // MetricSimplify([n]) /. _zeroul[a ] - zerou[a]) // FrameBox // DisplayForm
%$[[1]] // ToArrayValues|[]

Christoffel symbols as given by eq. (5.2),p.171:

1
Oout[«]= TH,s = ; (hyg, 0~ hyo, 5t hog,y) U“B

Substituting the index values {v->0, 0-0}:

1
Out[+]= THyp == g (=hgo, 5+ 2 hgg, o) nHB
In TT gauge we have hw,:?h, and therefore its border elements are all zero.
1

Outf+]= T#y = - zerop 1
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Out[ = J//DisplayForm=

out[]=

Infe]=

Out[~]=

out[+]=

out[+]=

Out[~]=

THyo = zero#

{10, == 0, Tryy = 0, T?0 =0, T3;5 == 0}

Print["Christoffel symbols again:"]

Cs

{v>0, o> v};

Print["Substituting the index values ", %, ":"]

$%% /. %%

Print["In TT gauge, h,,= h ,, and hence its border elements are all zero."]

%% /. hddd[0, , 10

Print["Switch to plain notation and metric simplify:"]

%% // ToNonDifTensor[h] // MetricSimplify[n]

Print["Switch back to ordinary notation and symmetrize first two slots:"]
(egqnB = %% // ToDifTensor[h, 3]) // SymmetrizeSlots[h, 3, {1, {1, 2}}] // FrameBox //
DisplayForm

Christoffel symbols again:

T, = (hv/S,o - hvo,/j + th,v) T7“B

N |-

Substituting the index values {v->0, o->Vv}:

1
T, = > (hog,y —hoy, g +hys0) 07

In TT gauge, hﬁvziim and hence its border elements are all zero.
u ! up
oy = EhVB’O n

Switch to plain notation and metric simplify:

b o
%oy = —h/%

Switch back to ordinary notation and symmetrize first two slots:

Out[ = J//DisplayForm=

1

I\HO\/ == 5 huv,O

We transform this two results into a rule:

Inf[*]=

out[+]=

Gammar = Rule @QQ@ (LHSSymbolsToPatterns[{u, v}] /@ {eqnA, eqnB})

{T"—yy - zeroH, F“—Ot - g hv“,o}

The motion of free falling particles is determined by the geodesic equation.

In[+]=

Print["4-position of a particle: ",

xu[u] ==xul[u][t], " parametrized by the proper time t."]
Print["4-velocity: ", uu[u] == TotalD[xu[u], t]]
Print["4-acceleration: ", TotalD[uu[u], t]]
Print[

"Geodesic equation with proper time as affine parameter in terms of 4-velocity u*:"]

(ge = PartialD[{u, 6, g, T'}] [uu[u], ] +Tudd[u, v, o] xuulo] vuu[v] = zerou[u]) // FrameBox //
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DisplayForm
Print["Fully written out:"]
Print[ge // EinsteinSum[], " with u=0,1,2,3"]

4-position of a particle: x¥ ==xM[t] parametrized by the proper time .

dxH
4-velocity: ut =

dt

du#
4-acceleration:

dt

Geodesic equation with proper time as affine parameter in terms of 4-velocity u”:

Out[#J//DisplayForm=

uv¥ u It + 0 uH == zerot

Fully written out:

(u%) 2 THyp +u® ul T +u® u? THy, +u® ud THys +ul ul TH o + (ul) 2 TH, +ul u? TH, +ut ud T 5 +ul u? Ty +ut u? T4, +
(u?)2 Ty, +u? u Ty + ul ud Ty + ul ud Ty +u? u® Ty, + (u’) 2 THy5 + 0. uH = zero*  with p=0,1,2,3

The geodesic equation in the TT gauge admits a constant spatial coordinates solution; the 4-velocity for this solution is

ut = (c, 0, 0, 0) =cé&".

Infe]:=

out[+]=

out[+]=

out[+]=

out[+]=

out[+]=
out[+]=

out[+]=

sol =uul[g ] » céud[u, 0];

Print["Substitute 4-velocity of the constant spatial coordinates solution ", sol]

ge
% /. sol

Print["Absorb the Kronecker delta, put I'#;;=0 and simplify"]

%% // KroneckerAbsorb[5]

% /. Gammar /. _zeroul[a ] - zerou[a]

Print["Check: 4-velocities should have square length equal c2?."]
uul[v] ©ud[v] = c?

gdd [y, v] xuul[u] xuulv] = c?

% /.qgdd[u, vl » ndd[u, v] +hdd[u, v]

% /. sol

% // ExpandAll

% // KroneckerAbsorb[§]

Print["In TT gauge the border elements of h,, are all zero and ny=1."]

%% /. hdd[0, _] » 0 /. TensorValueRules[n]

Substitute 4-velocity of the constant spatial coordinates solution ut- - c d¥,
u¥ u?Ir#,5 + 90 uH = zerot

c? TH, 5 &Yy 6% == zeroH

Absorb the Kronecker delta, put I";;=0 and simplify

c? TH,, = zerok

True

Check: 4-velocities should have square length equal c?.
u, u¥ = c?

guy b uY = c?

utu” (hyy + 1) = c?
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Out[]= c? &5 8% (hyy +Nyy) = c?
Out[-]= c? hyy, &%y &Y +c? &y &Y Ny = c?

Out[-]= c®hgg +c? ngp = c?

In TT gauge the border elements of h,, are all zero and 7y =1.
Out[~]= True

FN : "Hence curves having constant spatial coordinates are timelike geodesics, and may be taken as the world lines of a cloud of
test particles. [...] However, this does not mean that their spatial separation d is constant [...]"

We consider two test particles moving on neighboring geodesics separated by a small spatial separation vector .

Notation: £# no longer means the gauge function. dy, d/dx, V, and D/dx denote respectively the partial derivative, the total

derivative, the covariant derivative and the absolute derivative with respect to x. The different types of derivatives must be
distinguished carefully to avoid subtle mistakes! (From the ExpandTotalD help: “Tensors are functions of the coordinates and
any variation of the tensor is due to the variation of the coordinates over the parameter of differentiation used. Tensors are not

allowed to depend on the parameters directly but only through the coordinates!”)

We show now that in the TT gauge associated with a plane wave the constant spatial coordinates solution (with u# = ¢ &)

implies that the equation of geodesic deviation has §# = constant as a solution, which means that that the spatial separation

vector between two nearby particles is constant (see Problem 5.1, p.182, solution p.274).

In[-]:= Print["Equation of geodesic deviation with
proper time t = x°/c as affine parameter,eq.(3.41),p.113:"]
AbsoluteD[&u[u]l, {t, t}] +Ruddd[u, o, v, p] < ulv] ©~uul[o] “uu[p] ==
Print[
"Substitute 4-velocity of the constant spatial coordinates solution and contract"]
%% /. sol
temp = $ // KroneckerAbsorb[§]
Print["Apply the Riemann rule"]
%% /. (RiemannRule // LHSSymbolsToPatterns[{a, b, ¢, d}]) // IndexChange[{e, p}]
Gammar;
Print["Apply the rules from Exercise 5.2.2 ", %]
$%% /. %%
% /. zerou[a ] -0
Print["Rearrange"]
stepl = (%%[[1, 1]] == Minus /@ %%[[1, 2]]) // Expand
Print["This is the equation of geodesic deviation specialized

for TT gauge and for the constant spatial coordinates solution."]

Equation of geodesic deviation with proper time t xY/c as affine parameter,eq. (3.41),p.113:

D2 &H
drdt

Outf+]= + Ry uPu” &Y = 0

Substitute 4-velocity of the constant spatial coordinates solution and contract

D2 EH
dtdt

Out[ ]: +c? Ruovp CSDO 500 §\/ =0

D2 &H
dtdt

Outf~]= +C? R, &Y =0

Apply the Riemann rule
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D2 Eu

Out[+]= drdr +c? &Y (THyp T®g0 = 1“HO/J TPoy + Oxv I‘MOO =00 I‘MO\/) =0
1
Apply the rules from Exercise 5.2.2 {I*— - zero”, I'¥—, - —ht o}
-2
D2&H 1 1
Out[]= +c? & (-—ht g hpP g+tzero? TH,, - — O0,0h} + 0y zerot) =0
dtdrt 4 2
D2¢r 2 L u L u
Outf]= dtdt+c & (_th,ohvo,o_zaxohv,o) =0
Rearrange
prEw 1 . 1 Y
Out[~]= = —c“h h V4 —c?2&VD,0h
[] drdr 4 p ,0 v ,0 2 xV iy, 0

This is the equation of geodesic deviation specialized
for TT gauge and for the constant spatial coordinates solution.

In[+]= Print["Generic expression for a second order absolute derivative of a vector:"]
AbsoluteD[&u[u]l, {t, t}l;
% == (% // ExpandAbsoluteD[labs, {{A, v}, {0, p}}])
{TotalD[&u[_], z] » 0, TotalD[&u[_], {t, t}] » 0};
Print["Assuming constant &* implies: ", %]
$%% /. %%
Print[
"Substitute 4-velocity of the constant spatial coordinates solution and simplify"]
%% /. {TotalD [®xu[x 1, t] »uu[u], TotalD[xu[x 1, {t, t}] » TotalD[uu[u], ]}
% /. TotalD[uu[_], t]1 >0 /. sol
% // KroneckerAbsorb[5]
Print["Apply the rules from Exercise 5.2.2"]
%% /. Gammar
%$[[2, 2, 4]] » c PartialD[labs] [hdud[v, i, Dif[0]], xu[O0]];
Print["Applying the chain rule to the total derivative: ", %]
$%% /. %%
Print["Is this equal to the result from the
specialized equation of geodesic deviation previously obtained?"]
%% =
stepl

Generic expression for a second order absolute derivative of a vector:

D2 EH dxr dT*,,  d2&w dzxr dx* dgY dx° dx*  dége
Outf+]= = & + +TH,, (&Y - ) +THey —— (TP, &Y —— + —)
drdt dt dt drdt drdt dr drt dt dt dt
dé- dce-
Assuming constant &Y implies: {———> 0, -0}
dt drdt
D2&H - dzx? c dx* dx© dx* dr,,
Out[«]= =T v +THG, T0,, & — Vo— —
[] dtdt w dcdt oo dc dt dt dt

Substitute 4-velocity of the constant spatial coordinates solution and simplify

D2 &x N du? N dr+,,
Outf«]= = utu® T, TP, &Y + T4, &Y +ut &y
[] dtdt w Y dt dt
D?&H dr+;,
out[«]= = C? TH,, TP, 6% 6% & +c 8%y &
dtdt dt
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D2 &H dr+

Ov

outf[]= = c2TH TPy, E¥ +cC &Y
dtdt ° v dt
Apply the rules from Exercise 5.2.2
D2 EH 1, 1 dh,* o

Out[#]= =—c hf ohr &+ _-cg&
drdt 4 oo 2 dc

dh.*, o
Applying the chain rule to the total derivative: - cO,ht g
dt

D2§M L 2 H L 2 M

Outf=]= = —c*‘h hpPo&V+ —c2&Oh

[ ] drdr 4 o ,0 v, 2 X v ,0

Is this equal to the result from the
specialized equation of geodesic deviation previously obtained?

Out[-]= True

But since the metric is actually varying with time, a constant spatial separation vector £# doesn’t imply a constant spatial

separation d.

In[+]= Print["A small, constant, spacelike spatial separation vector:"]
gulu] = (&ulu] // ToArrayValues[])
% /. ¢&u[0] >0
Print[
"Expression for small spatial separations. The sum is over the spatial coordinates."]
d? == -gdd[i, j] » gu[i] ~ &ul]]
eqnDD =% /. gdd[i , j ] »ndd[i, j] +hdd[i, j]

A small, constant, spacelike spatial separation vector:
OUt[ ]: §U == {§Or gll §2I 53}

Out[ ]= g“ == {OI §1r 521 "53}

Expression for small spatial separations. The sum is over the spatial coordinates.
Out[]= d? = -g;; &+ &
Out[ ]= d2 = - (hj_j + r]ij) éi §j

In[+]= Print["Definition of a new and hopefully useful variable &, see eq.(5.31),p.176:"]
eqn[5, 31] = gu[i] == §u[i] +1/2hud[i, k] * §u[k];
% // FrameBox // DisplayForm
Print["Squared spatial length of £i. The sum is over the spatial coordinates."]
aa =-ndd[i, J] «fu[i] « Lu[]]
Print["Substituting for £ and expanding"]
%% /. (Rule @R eqn[5, 31] // LHSSymbolsToPatterns[{i}]);
% // ExpandAll
Print["Eliminating the second order term in h and simplifying"]
%% /. HoldPattern[Tensor[h, _ ] xTensor[h, _]]1 -0
$//
MapLevelParts[ (# // SimplifyTensorSum // SymmetrizeSlots[n, 2, {1, {1, 2}}]1) &, {{2, 3}}]
% // MapLevelParts [MetricSimplify[nl, {2, {1, 2, 3}}]
(eqn[5, 32] = % // IndexChange[{k, j}] // Simplify)
Print["Is this equal to the previously obtained d2?"]
%% ==eqnDD[[2]]

Print["Yessa! So we finally have:"]
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Zu[i] « £d[i] == aa == eqnDD[[2]] == eqnDD[[1]] // FrameBox // DisplayForm
Print["Compare with eq. (5.32) ,p.176.\n(See also Exercise 5.2.3,p.178,solution p.273.)"]

Definition of a new and hopefully useful variable (", see eq.(5.31),p.176:

Out[ = J//DisplayForm=

out[+]=

Out[=]=

out[+]=

out[+]=

out[+]=

Out[=]=

out[+]=

‘ o1
gl — §l+5hlk §k

Squared spatial length of £'. The sum is over the spatial coordinates.
-t i
Substituting for £ and expanding
L 1 . ek 1 . Cex 1 . . 2
~ i3 &t &l - 7hjk Mi5 g &F - — h*y Mi5 &) gk - — hty hjk i (&%)
2 2 4
Eliminating the second order term in h and simplifying
L 1 . ex 1 . ek
~Nij §t &l - _h]k Mij &t & - —h*y Mij & ¢
2 2
-155 §i §j _hjk Nis §i £k
—_n. . §i§j—h- £t gk
r]l] ik
- (hij + T’]ij) gi &’
Is this equal to the previously obtained d?»

True

Yessa! So we finally have:

Out[#J//DisplayForm=

ct C; = -t gj Miy ==~ (hij +7’]ij) &t é-j =d?

Compare with eq. (5.32),p.176.
(See also Exercise 5.2.3,p.178,solution p.273.)

FN: “So £* may be regarded as a faithful position vector giving correct spatial separations when contracted with the Euclidean

metric tensor 0 [=-n;4, withi,j =1, 2, 3.”

We can pull this all together and determine the constant spatial separation d by calculating £* under the conditions considered

here.

Infe]=

Print["We start from eq. (5.22)"]

Equal Q@ eqn[5, 22, complex] /. 0> 6

Print["In TT gauge we have "E”“"=h‘”, so"]

%$%/.hb-sh

Print["Substitute A*Y values from eq. (5.29)"]

%% /. Rule @R eqgn[5, 29]

Print["Lower an index"]

ndd[v, o] # & /@ %%

Print[eqnh = MapAt[MetricSimplify[n], %, 1], " with ", eq[5, 28], " and a,B € C"]
Print["Substitute h¥, in £i"]

eqn[5, 31]

(eq€ =% /. (Rule @Q eqnh // LHSSymbolsToPatterns[{u, o}])) // FrameBox // DisplayForm

Print["General case (elliptical polarisation)"]
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out[+]=

out[+]=

out[+]=

out[+]=

out[+]=

We start from eq. (5.22)

HW - el ks x0 puv

In TT gauge we have H“”=kﬁ”, so

hHY == el ks x° puv

Substitute A"Y values from eq. (5.29)
htv = el ks x® (g el + 3 e2H)

Lower an index

h#Y Nve = ei ks x° (O( eltY + B equ) Nvo

00 0 0 0000
ik, % v - 01 0 0 v 0010

h*, = etk ¥ (qel” + Be2Y) n,, with (el = (o O (), e2¥=( 0 )} and a8 € C
00 0 0 0000

Substitute h", in £

1
gi — §i + ;hik gk

Out[ = J//DisplayForm=

g £ v etk (@el B e2t) ny £F

General case (elliptical polarisation)

A) David Park: “The following calculation shows that in the TT gauge there is no change in the z component of £* (i=3). This

shows that the gravitational wave is transverse since we picked k, so the wave was propagating in the z direction.”

Infe]:=

out[+]=

Out[«]=

Print["Recall that we defined"]
kulu];
% == ToArrayValues|[] [%]
Print["Put i=3 (for the z direction)
in the previous general expression for &' and simplify."]
eq€/.i-»3
(% // MapLevelParts[ToArrayValues[], {2, 2, {3, 4, 5}}]);
$[[1]] ==%[[2]] == "constant" // FrameBox // DisplayForm

Recall that we defined
k# = {k, 0, 0, k}

Put i=3 (for the z direction) in the previous general expression for ' and simplify.

1 .
£ =4 etk (@el™ +Be2’) ny £

Out[»J//DisplayForm=

£3 = &3 = constant

B) Let's calculate the x and y components of £ (i=1,2) in the elliptical polarisation case (general case) too.

Infe]:=

Print["General expression for £* with

coordinates (ct,x,y,z) used in the exponential function"]
eqt
% /. Expla ] (Exp[a // ToArrayValues[]]);
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% // UseCoordinates[{ct, x, y, z}]
Print["Expansion to array values"]
ToArrayValues[] /@ %%
Print[" (We got £3=&3 again.) Taking
the x and y components, which are the only ones that vary"]

Take[#, {2, 3}] &/Q@ %%
Print["Take the real part, considering that a,B € C"]
(eqfl2 = MapAt[Re[Assuming[a € Complexes && 3 € Complexes, ComplexExpand[#]]] &, %%, 2] /.

{Cos[a_] :>Cos[Collect[a, k]],

Sin[a ] :» Sin[Collect[a, k]]}) // FrameBox // DisplayForm

Print["General case (elliptical polarisation)"]

General expression for ' with coordinates (ct,x,y,z) used in the exponential function
T . ‘
Out[ ]: gl _ é‘l + 5 el ks x (O(ellv +B 621\/) Nvk fk

. 1 . ‘ .
Out[ ]= §1 —— §1+ ;enckt—nkz (otel”+6e2”) Ny §k
Expansion to array values
Out[=]= {§OI gl, §21 53} ==

{§O, 51_;eickt—ikzagl_%eickt—ikzﬁéﬁl _%eickt—ikzﬁé‘l+§2+%eickt—ikzaé?, 53}

(We got £°=¢&° again.) Taking the x and y components, which are the only ones that vary
1 ) 1 ) 1 ) 1 .
OUf[ J= {gl, 52} _— {gl_fencktfnkzo(é‘l_felcktflszéQ, _7elckt*1kZB§1+§2+7elckt*1kza§2}
2 2 2 2

Take the real part, considering that o,B8 € C

Out[ = J//DisplayForm=

1 1
{gt, g2} = {—Im[-EOtSin[k (ct-2)] 51-5/35in[k (ct-2z)] &1+
1 1
Re[§1—EaCos[k (ct-12)] 51—§BCos[k (ct-2z)] &1,
1 1
—Im[—EBSin[k (ct-2z)] §1+§o¢5in[k (ct-2z)]&2]+

1 1
Re[-—fCoslk (ct-2)] £+ + —acCos[k (ct-2)] &)

General case (elliptical polarisation)

We take advantage of this general relation in the following animation showing what happens to a set of free particles initially at
rest and arranged in a circle (“dust” ring) when it is hit orthogonally by an elliptically polarized gravitational wave. All the
parameters used are fictitious, because we have not yet performed any calculation that can help us estimate their real values. In
any case, it is easy to guess that the real parameters would not produce any notable effects in the visualization, so a “little”
exaggeration is due. By varying the parameters @ and S, the effects of linear and circular polarization, which are the special

cases of the general case given by elliptical polarization, can be explored too.
In[~]= p={a= .3, B»0}; (¥ example of @ linear polarization *)
In[~]= p={a=>0, B> .3}; (¥ example of ® linear polarization *)
Inf¢]= p={a- .3, B> .3}; (* example of general linear polarization ¥*)

In[-]= p={a-> .3, B» .31}; (* example of circular polarization *)
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In[~]= p={a- (.2+.11), B> (.1+.51)}; (* example of elliptical polarization ¥)

In[]= n=10; (* number of particles ¥*)

particle[a , A, € 1[t 1=
eqfl2[[2]]1 /. {c»1,z-50,k->1, Eu[l] » Cos[6], §u[2] » Sin[6]} // FullSimplify;

iniPosition = Graphics|[

{White, Table[Point[particle[0, 0, 6][0]], {6, 0, 2n-2xn/n, 2x/n}]1}]1;
particlePoints[t ] := Graphics[{PointSize[.02],

Table[Point[particle[a, B, 61[t] /.pl, {6, 0, 2n-2n/n, 2x/n}]}]
particleOrbits = Table[ParametricPlot[particle[a, B, 6]1[t] /. p, {t, 0, 27}],

{6,0,2n-2xn/n, 2x/n}];
polarisationEllipse[t ] := ParametricPlot[particlela, B, 6]1[t] /. p,

{e, 0, 2}, PlotStyle » Directive[Red, Thick]];

Animate[Show|[
Graphics[{Circle[{0, O}]}],
particleOrbits,
iniPosition,
polarisationEllipse[t],
Graphics[{PointSize[.02], Gray, Point[{0, 0}11}],
particlePoints|[t],
ImageSize » Medium, PlotRange » 1.2 {{-1, 1}, {-1, 1}}, AspectRatio -» Automatic,

Background -» LightGreen], {t, 0, 2 7}, ControlPlacement -» Bottom, AnimationRunning -» False]

out[+]=

{3 D2 [¥]2]

The free particles (black dots) are initially arranged in a circle (black line) at positions marked with small white dots; their

motion are referred to the particle at the center (gray dot) which is the origin of the coordinate system {C', £?} in a plane
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orthogonal to the propagation direction of the gravitational wave. Under the influence of an elliptical polarized gravitational
wave the free particles move on fixed little ellipses (blue) centered at their initial positions and synchronized to form the polarisa-
tion ellipse (red) which varies over time. For linear or circular polarized gravitational waves the little ellipses degenerate to short

straight segments or little circles respectively.

If we switch on the gravitational wave slowly (applying for example an adapted standard mollifier to the parameters o and f3),

we can see how the particle swings gradually from the initial rest position into the final elliptical orbit.

0 t<0
A -1
In[-]= Mollifier[t ] := y Exp[l+ m] 0<t<1
1 t21

Plot[Mollifier[t], {t, -1.2, 2}, ImageSize -» Tiny,
AxesOrigin -» {-1.2, -.2}, Ticks-» {{-1, 0, 1, 2}, {0, 1}}]
ParametricPlot[particle[Mollifier[t] a, Mollifier[t] B, n/4]1[t] /. p,
{t, 0, 2.2 7}, ImageSize » Small]

out[+]=

0 1 2

General:
Exp[-3544.06] is too small to represent as a normalized machine number; precision may be lost.

General:
Exp[-3544.06] is too small to represent as a normalized machine number; precision may be lost.

.85
.80
.75
.70
.65
.60

Out[~]=

o O O o O O

+ 5.3 Simple generation and detection p. 178-182

In[1]:=Needs["Notation "]

Notation[ h <> hb]

Needs["TGeneralRelativityl "GeneralRelativity "]
$PrePrint=.
DeclareBaseIndices[{0, 1, 2, 3}]
DeclareZeroTensor[zero]
labs = {x, 6, g, T'};
DefineTensorShortcuts|[
{{x, zero, k}, 1},
{{g, n, 6, hb, T, A}, 2},
{{T, hb}, 3}]
SetTensorValues[éud[i, j], IdentityMatrix[NDim]]
SetTensorValueRules[ndd[i, j], DiagonalMatrix[{1l, -1, -1, -1}1]]
SetTensorValueRules[nuu[i, j], DiagonalMatrix[{1l, -1, -1, -1}1]]
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(* Another little adjustment...¥*)

(

Unprotect[PartialD] ;
PartialD[1 ][tensor , ct] := c! PartialD[1] [tensor, t];
Protect[PartialD];

)

(* Notation for formal integrals when
we don't want Mathematica to evaluate anything *)
integral[intvar ][intregion ][integrand ] :=

RowBox[{UnderscriptBox["J." , intregion] , integrand, d intvar}]

(* linear polarization matrices, TT gauge in x3-direction ¥*)

1 0 0 010
el=(0 -1 0); e2=(1 0 0):
0o 0 O 000

--= Get: Cannot open Graphics'Colors'.

-« Needs: Context Graphics'Colors™ was not created when Needs was evaluated.
--- SetDelayed: Tag Symmetric in Symmetric[args__ /; Length[{args}] > 1][term_] is Protected.

== SetDelayed: Tag Symmetric in Symmetric[ind_][term_] is Protected.

m 1) Derivation of the far zone gravitational radiation field of a mass system

We want to study the gravitational waves generated by a mass system. We have to start from eq.(5.19), p.172, again, but this

time we must also consider the energy-momentum-stress tensor (or stress tensor for short) T#¥ which describes the source of the

gravitation field.

Wikipedia: “The stress—energy tensor, sometimes called the stress—energy—momentum tensor or the energy—momentum tensor,

is a tensor quantity in physics that describes the density and flux of energy and momentum in spacetime, generalizing the stress

tensor of Newtonian physics. It is an attribute of matter, radiation, and non-gravitational force fields. This density and flux of

energy and momentum are the sources of the gravitational field in the Einstein field equations of general relativity, just as mass

density is the source of such a field in Newtonian gravity.”

Inf*]:=

In[15]:

_2,(‘energy) momentum
density, density
@ o1 702 703
gy ! shear
T20 stress
T30 pressure
momentum momentum
density flux

Print["Recall eq. (5.19) ,p.172."]
eqn[5, 19] = -DAlembertian[a, B8] [hbuu[u, v]] == -2 x Tuul[u, vl;

{%[[1]1] == ((%[[1]1] // ExpandPartialD[labs] // EinsteinSum[]) /. TensorValueRules[n]) ==
%[[2]]1, hbuu[u, v] == hbuu[u, v] [Sequence @@ (xu[u] // ToArrayValues[])],
Tuu[u, v] == Tuu[u, v] [Sequence @@ (xu[u] // ToArrayValues[])],
"\nThe gauge condition holds."} // TableForm // FrameBox // DisplayForm

General_relativity.nb

190



Recall eq. (5.19),p.172.

Out[17]//DisplayForm=

_huv,a,/j nosd == _OXO,XD h“v+(3x1,x1 hHv +6x2,x2 h“v+6X3,X3 hHY == =2 x THY

hHv = h#v[x09, x1, x2, x3]

THY == THV [x0, x1, x2, x3]

The gauge condition holds.

This is a second order nonhomogeneous linear PDE with constant coefficients (in four independent variables). It is convenient
to solve it with the Green’s function method; as integral kernel we choose the retarded Green’s function which assures causality
and finite propagation speed.

In[18]:=
Print|[
"Enter the appropriate quantities in the Green's function method solution formula:"]
hbuu[u, v] [Sequence @@ (xu[u] // ToArrayValues[])] == (Inactivate[
DiracDelta[x® -t - ./ (x!-X)2+ (x2-Y)2+ (x3-12)2]
Jm Jm r an HoldForm[HoldForm|[- ]
~od-od-ol-o A7 [(xt-X)2+ (x2-Y)2+ (x3-2)2
HoldForm[-2 x T¥ [z, X, Y, Z] ]]1dtdXdY dZ, Integrate] // TraditionalForm)
Print["Carry out the innermost integration:"]
K K
((ReleaseHold //R %%) // Activate) /. — - HoldForm[—] /. TraditionalForm -» StandardForm
27 27
Enter the appropriate quantities in the Green's function method solution formula:
Out[19]=
hv (%0, x!, x2, x3] =
o o (o e S(X0-T- /(XL -X) 24 (=) (P -2)%)
JJJJ— (=2x ™ (t, X, Y, 2))dcdxdydz
—oJ-wd-0J-o 47T\/(X1—X)2+(Xz—Y)2+(X3—Z)2
Carry out the innermost integration:
Out[21]=

_ K (e (e wT“V[xO—\/(X—x1)2+(Y—x2)2+(Z—x3)2,X, Y, 2]
hu\/[XO’ Xll X2r X3] == TJ JJ dXdy dz
PSRy Y B

N x-x) 2 (v -x2)% 4 (2-%3)?

Let’s make some notation changes to match the FN notation.

In[22]:=
K
hbuu[y, v] [xu[0], ] = HoldForm[ —] ~ integral[V'] [R3] [
2
Tuu[y, v] [xu[0] -Norm[X-%"], '] /Norm[®-R']] // FrameBox // DisplayForm
Print["Compare with eq. (5.35) ,p.178."]
K -4G
{Norm[®-%X'] » r, xu[0] » c t, HoldForm[ —] - HoldForm[ 1}:
27 ct
Print["With the substitutions ", %, " we get"]
%$%%%[[1]] /. %% // DisplayForm
Out[22]//DisplayForm=
_ K TV [-Norm[%X - X1 +x0, %]
huv [XOI i:I = 7’ d]v,
27T]R3 Norm[X - X ]

Compare with eq. (5.35),p.178.
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K 4G

With the substitutions {Norm[X-X]-r, x°>ct, ——>-—} we get
27t ct
Out[26]//DisplayForm=
_ 4G T [-r+ct, ¥
he[ct, R] = - — av’
ct r
R3

FN: “Suppose now that the source is some sort of matter distribution localized near the origin O, and that the source particles
have speeds which are small compared with ¢. If we take our field point at a distance » from O that is large compared to the

maximum displacements of the source particles from O, then equation (5.35) may be approximated by”

In[27]:=
Print["r = |%-%X'| = constant = ry =
approximated distance of the field point from the source = [|X|"]
hbuu[y, v][ct, ®] = HoldForm[-4 G/ (c® ry) ] » integral [V'] ["source\nregion"] [
Tuu[y, vl[et-xy, 1] // FrameBox // DisplayForm
Print["Compare with eq. (5.36),p.178."]
r = |%-%'| = constant = r; = approximated distance of the field point from the source = |X|
Out [28]//DisplayForm=
_ 4G ,
h[ct, %] = - J W [ct -1y, %] dV
ctry

source
region

Compare with eq. (5.36),p.178.

FN: “This approximation is appropriate for looking at the gravitational radiation in the far zone or wave zone [...] we expect that

(over not too large regions of space) it looks like a plane wave”

David Park: “If, in the far zone, the solution looks like a plane wave then Exercise 5.2.1, p.178, showed that the radiative part of

2

n is completely determined by its spatial part nil.

Brute-force Mathematica solution:

In[30] :=
Print["Plane wave definition eq. (5.22) ,p.172:"]
hbuu[u, v] == Re[Auu[u, v] Exp[i kd[o] «xu[o]]]

Print["\nNull 4-wave vector k* condition:"]
kd[v] «kd[u] xnuulu, v] =
% // ToArrayValues|[]

Print["If k¥ is not a zero vector, thenk®#0."]

Print["\nEq. (5.23) ,p.173:"]

Auulu, v] ~kd[v] = zerou[u]

Print["Expand equations and symmetrize slots on A"]

ToArrayValues[] /@ %% // Flatten

% // SymmetrizeSlots[A, 2, {1, {1, 2}}]

Print["Solve equations for required quantities"]

Solve[%%, {Auu[0, 0], Auu[O, 1], Auu[0, 2], Auu[O0, 3]1}]1[[1]] // Distribute // ColumnForm //

FrameBox // DisplayForm

Plane wave definition eq. (5.22),p.172:
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Out[31]=
hH¥ = Re [e! ko *° AWY]

Null 4-wave vector k" condition:

Out[33]=
k, ky Nt = 0

Out[34]=
(kg)? = (k1) 2= (k;)? = (k3)? =0

If k¥ is not a zero vector, thenk”#0.

Eq. (5.23),p.173:

Out[37]=

AHY k,, == zeroHt
Expand equations and symmetrize slots on A

out[39]=
{A00 ky + A0t ky +A02 k, +A03 k3, A0k, + A kg + A2 k, + AL ks,
A20 k, + A% k) +A%2 k, +A%3 ky, B30 kg + A3 k; +A32 k, +A33 ky} = {0, 0, 0, O}
out[40]=
{A00 ky + A%t ky +A02 k, +A03 k3, AOL Kk + A kg + A2 k, + AL ks,
A0Z ko + A2 k; +A%% k, +A%3 kg, AO3 ko + A kg +A%3 k, +A33 k3} == {0, 0, 0, O}

Solve equations for required quantities

Out[42]//DisplayForm=

-All (ky)2-2RA12 k, k,-A22 (k,)2-2A13 k; k-2 223 k, ky-A33 (k;)2
(ko) ?

AOO0 5 —
1 12 13
201y _ ALK AL ko 4ald Ky
kg
12 22 23
202y _ Ak B2 ko 4n2 Ky
kg
13 23 33
A03 - A k] +A k2+A k3
kg

All time components A% are expressed in terms of the spatial components A*7, hence all time components hO" are expressed in

terms of the spatial components n'l. QED.

FN: “It follows that we need only consider J'Tij dV (at the retarded time),

a neat expression for which may obtained as follows.”

1) FN: “The stress tensor of the source satisfies the [special-relativistic] conservation equation T#¥ , == 0 (see Exercise 5.1.4,
p.173)”

In[43]:=
Print["Eq. (5.19) rearranged"]
eqn[5, 19]
(#/ (-2x)) &/@% // Reverse
Print["Taking the divergence"]
PartialD[#, v] & /Q %%
Print["n derivatives are zero"]
%% /. Tensor([n, _, List[__, Dif[_]1]1 -0
Print["Reindexing and symmetrising"]
MapAt[ (# // IndexChange[{{v, a}, {a, o}}]) &, %%, 2]
% // SymmetrizeSlots[hb, 5, {1, {3, 4, 5}}]
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Print["But ", hbuud[u, a, Dif[a]] == 0,

" (guage condition, see eq.(5.15),p.172) and so are higher derivatives"]

%% /. Tensor[hb, _, _1_ - zeroulu];

Print["Finally we get the conservation equation:

Print["Partial sum on v=0"]
%$%% // PartialSum[0, {k}]

Print["Partial array on u=0"]

({eqn[5, 37], eqn[5, 38]} = %% // PartialArray[0, {i}] // Thread) // TableForm // FrameBox //

DisplayForm

Print["- See eq. (5.37) and (5.38),p.179. -"]

Print["Substituting x°=ct and turn into rules for use below :"]

eqnl[5, 37];
#-Part[%, 1, 1] &/Q@%;

(% // ExpandPartialD[labs]) /. xu[0] » ct ;
rule[5, 37] =Rule @R % // LHSSymbolsToPatterns[{k}]

eqn[5, 38];
#-Part[%, 1, 1] &/Q@%;

% /. zeroul[i ]+a_ - a;

(% // ExpandPartialD[labs]) /. xu[0] » c t;
rule[5, 38] = Rule Q@ % // LHSSymbolsToPatterns[{i, k}]

Eg. (5.19) rearranged

Out[44]=
_Euv'a s ’70(6 = =2 Kk THY

’

Out[45]=
Y 5 roB

sy

THY —=
2 K

Taking the divergence

out[47]=
hw,a,ﬁ,v naﬁ + hw,a,ﬁ naB,v

2 K

n derivatives are zero

Out[49]=
huv,a,B,v naﬁ

2 K

Reindexing and symmetrising

Out[51]=
v hua:U,B,a 7705
T | =
2 K
Oout[52]=
v hua,ﬂ,ﬁ,a 770/3
THY |, == —

2 K

But H“{a==o (guage condition, see eq.(5.15),p.172) and so are higher derivatives

Finally we get the conservation equation:

Partial sum on v=0

THY , == zeroH

", % // FrameBox // DisplayForm]
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Oout[57]=

T“O'O +THE | == zeroH
Partial array on u=0

Out[59]//DisplayForm=

00 0k _—
TOO0 |, +T0k | = 0

Ti0 o+ Tik | = zerol

- See eq.(5.37) and (5.38),p.179. -

Substituting x"=ct and turn into rules for use below :

Oout[65]=
6t T00
6Xk7 TOkf -~
C
Out[70]=
i0
O THH5- 5 - %
xko -
C

Hans Stephani. Relativity, 2004, p.217: “Since no covariant derivatives occur in [T*Y , == 0], in the linearized theory the

gravitational field has no influence upon the motion of the matter producing the field. One can specify the energy-momentum

tensor arbitrarily, provided only that [T , == 0] is satisfied, and calculate the gravitational field associated with it. This

apparently advantageous property of the linearized theory has, however, the consequence that the gravitational field correspond-
ing to the exact solution can deviate considerably from that of the linearized theory if the sources of the field (under the influ-
ence of their own gravitational field) move in a manner rather different from that supposed. It is therefore quite possible that

there is no exact solution whose essential features agree with those of a particular solution of the linearized theory.”

(This is an example of the many and often well hidden subtleties that must be taken into account when working with General
Relativity...)

2) FN: “Consider the integral identity” ...

Note: David Park: “the [volume integral of the] divergence of a quantity can be replaced by a surface integral of the quantity
dotted into a normal vector [Gauss’s theorem or divergence theorem]. By making the surface large enough to include all the

source particles, we will have T+¥ == 0 and so the integral will be zero.”

In[71]:=
Print["Expanding the partial derivative and simplifying"]
PartialD[labs] [NestedTensor[Tuul[i, k] «xu[]j]], xulk]];
Distribute /@ (Inactivate[j# dv, Integrate] & /@ (% == (% // UnnestTensor)))
% // KroneckerAbsorb[§]
Print["Gauss's theorem on lhs and rearrangement"]
%% /. %%[[11]1 -0
#-%[[2, 2]1] &/@% // Reverse
Print["Apply eq. (5.38)"]
Tint =
%% /. rule[5, 38] /. Inactive[Integrate][(-1/c) a , d ] - (-1/c) Inactive[Integrate][a, d]
Expanding the partial derivative and simplifying
Out[73]=

O, Tk x3 AV = | Tik &), dv+  xI 8, Tik dv
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Oout[74]=

O THe 3 dv = | TH dv+ | x3 8, Tik dv

Gauss's theorem on lhs and rearrangement

Out[76]=

0= THav+ |zl o, Tk dv

out[77]=

TH AV = - %I 9, TH AV

Apply eqg. (5.38)

Out[79]=

3) FN: “Interchanging i and j and adding gives”

In[80]:=

Inner[Plus, Tint, IndexChange[{{i, j}, {j, i}}] /@ Tint, Equal]

Print["Symmetrize THY"]

MapAt[SymmetrizeSlots[T, 2, {1, {1, 2}}]1, %%, {{1}, {2}}]:

% /. IgnoringInactive[ Integrate[a_, d ] /c+Integrate[B_,d ]1/c] -
Inactive[Integrate] [a+ 3, d] /c

Divide[#, 2] & /@ %

Print["Leibniz integral rule on rhs "]

eqn[5, 39] = MapAt[Composition[Inactivate[d: #, D] &,
ReplaceAll[#, HoldPattern[PartialD[_][T , t]] » T] &], %%, 2]

Print["Compare with eq. (5.39) ,p.179."]

Oout[80]=

B 3 x) 8. TH0 v [t 8. T dv
THav+ Tt av = +
C C

Symmetrize T/

Out[83]=
(x3 3 TOL + xi 3. TY9) AV

C

Out[84]=
(x3 8L T + x1 8. T) dv

T4 AV ==
2c

Leibniz integral rule on rhs

out[86]=
(T9 xi 4+ T0% x3) v

T3 dv = o,
2c

Compare with eq. (5.39),p.179.

4) FN: “But”

In[88] :=
Print["Expanding the partial derivative and simplifying"]

PartialD[labs] [NestedTensor[Tuu[0, k] «xu[i] «xu[j]], xu[k]];

Distribute /@ (Inactivate[f# dv, Integrate] & /@ (% == (% // UnnestTensor)))

Expand //@ % // KroneckerAbsorb[§]
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Print["Gauss's theorem on lhs and rearrangement"]
%% /. %%[[11]1 -0

#-%[[2, 2]]1 &/@ % // Reverse

Print["Apply eq. (5.37)"]

%% /. rule[5, 37] /. Inactive[Integrate][(-1/c) a , d 1> (-1/c) Inactive[Integrate] [a, d]

Print["Leibniz integral rule on rhs "]

eqn[5, 40] = MapAt[Composition[Inactivate[d: #, D] &,
ReplaceAll[#, HoldPattern[PartialD[_][T , t]] » T] &], %%, 2]

Print["Compare with eq. (5.40) ,p.179."]

Expanding the partial derivative and simplifying

Out[90]=

O TO* xi x3 AV = | TOk (x3 &1, +xi &3,) dv+ | xt xI 9, Tk dv

Out[91]=

O, TOK xt xd AV = | (T xi + 70 xJ) dv+ | xixI 6, Tk dv

Gauss's theorem on lhs and rearrangement

Out[93]=

= | (TO xi 4+ 70 x3) dv+ | xt xI 9, Tk AV

Out[94]=

(T%9 xi + TO0% x7) = - xtx)o,Tokdv

Apply eq. (5.37)

Out[96]=

o o xt x3 6, TO0 dv
(T99 xt + 701 x3) AV == ——————
c

Leibniz integral rule on rhs

Out[98]=

o o TOO xi %3 v
(T3 %t + 704 x3) AV = 0p ——
c

Compare with eqg. (5.40),p.179.

5) FN: “Combining equations (5.39) and (5.40) gives”

In[100] :=
eqn[5, 39] /. Rule @R eqn[5, 40]
Print["Igittigitt! Beautify..."]
%% //. {Inactive[D][ a /c, t] -» Inactive[D] [a, t]/ c,
Inactive[D] [« /2, t] - Inactive[D] [a, t] /2};
% /. Inactive[D] [Inactive[D] [a , t], t] - Inactive[D][a, t, t];
$/.(1/(2c?)) a_- HoldForm[l/ (2c2)] a
Print["Compare with the equation immediately following eq. (5.40) ,p.179

Out[100]=
T3 gV == 9p ——=——

Igittigitt! Beautify...

_"]
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Oout[104]=
1

T3 GV == o0 | TO0 xt x3 dAv

2 c?

Compare with the equation immediately following eq. (5.40),p.179.

6) FN: “For slowly moving source particles T°® =~ p c?, where p is the proper density, and equation (5.36) yields the approxi-

mate expression”

In[106]:=
hbuu[i, j]l[ct, ®] = HoldForm[-2 G/ (c* ry)]
Inactivate[D[integral[V’'] ["source\nregion"][p [ct-1xry, ®'] xu[i]’ xu[j]1’], t, t],
D] // FrameBox // DisplayForm
Print["for i,j=1,2,3 and with ", {xu[l], xu[2], xu[3]}==%, " and ",
{xu[l]’, xu[2]’, xu[3]'} ==%"]
Print["The gauge condition holds."]
Print["Compare with eq. (5.41) ,p.180."]

Out[106]//DisplayForm=

—.. 2G , ‘ .
h*l[ct, X] = - t,t ( J plct-ry, X1 (x)" (x7)" dV)
clrg
source
region
for i,3=1,2,3 and with {x!, x2, x®} =% and {(x})’, (x2)’, (x3)'} =%

The gauge condition holds.

Compare with eq. (5.41),p.180.

m 2) Gravitational radiation from a binary system
Thomas Moore: “The most common cosmic sources of gravitational waves are binary systems.”

2.1) Introduction

Let us consider here the case of two bodies of mass m/ and m2 bound by gravitation and moving on closed orbits (seen by an
observer at a distance ry). Newton’s theory of gravitation (Kepler problem), here the appropriate theory for source modelling,
tells us that the two bodies (seen as point masses) in general will move periodically on two coplanar, aligned, similar (same
eccentricity) ellipses with a common focus and so that the line joining their centers of gravity always passes through the overall
center of gravity of the system (coincident with the common focus). (In any case, the theory can be extended to more general

sources without too much difficulty.)
With suitable initial conditions, the orbits can be two concentric circles with orbital radii »/ and r2, or even two coincident
circles if the masses are identical. In the case of circular orbits, the distance d between the two bodies remains constant and their

orbital angular frequency w is also constant and identical.

The following figures summarize the situation (closed Kepler orbits):
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center
of mass ’ Q‘

In[110]:=
Print["Some usefull relations:"]

$Assumptions ={c>0,G>0, m1 >0, m2>0, r,>0,r>0,d>0, {w, t, ¢, ¥} € Reals}

m2
rlr=rl-> ——d
ml +m2
ml
r2r=r2 » ——
ml +m2

d=rl+r2/. {rlr, r2r} // Simplify
dr = Solve[d3 w? == G (m1+m2), d][[1, 1]1] (* for circular orbits ¥*)

Some usefull relations:

Out[111]=
{c>0,G>0, ml >0, m2>0, ro>0, r>0,d>0, (wltl|loly) eR}

Out[l12]=
dm2
rl » ——
ml +m2
Out[113]=

dml
r2 > ————
ml +m2

Out[114]=

True

Out[115]=
Gl/3 (ml+m2)/3

d -
(,L)2/3

In[116]:=
(* A basic rotation Rx, is a rotation
about the x; axis of a Cartesian coordinate system.
A general rotation Rzyx is obtained applying the three basic rotations roll (Rx),
pitch (Ry) and yaw (R;) in this exact

order. See Wikipedia sub voce "Rotation matrix". *)

Yaw

Roll
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1 0 0

Rx[» ] := (0 Cos[y] -Sin[y]) (* ROLL *)
0 Sin[y] Cos[]
Cos[A] O Sin[/7]

Ry[A ] := ( 0 1 0 ) (* PITCH *)
-Sin[A] 0 Cos[/A]
Cos[a] -Sin[a] O

R:[a_ ] := (Sin[a] Cos[a] 0) (* YAW *)

0 0 1

Rzyx[a , B, ¥ 1 :=Rz[a] .Ry[A] .Rx[»] (* GENERAL ROTATION ¥*)
In[121]:=
Print["Positions of the two point masses at time t (elliptical orbit with generic

parameters). The common orbital plane is rotated by a general rotation."]

Reyx [a, B, ¥1:
({A[1], A[2], A[3]} =%.{-cl+alCos[wt], bl Sin[wt], 0} /. cl1 » ~/al2-bl2) // MatrixForm
({B[1], B[2], B[3]} =%%.{+c2-a2Cos[wt], -b2Sin[wt], 0} /. c2 » ~/a22 -b22) // MatrixForm

Positions of the two point masses at time t (elliptical orbit with
generic parameters). The common orbital plane is rotated by a general rotation.

Out[123]//MatrixForm=
Cos[a] Cos[B] (-+al?-bl2 +al Cos[tw]) +bl (-Cos[y] Sinla] +Cos[a] Sin[B] Sin[y]) Sin[t w]
( Cos[B] (-+/al?-bl% +al Cos[tw]) Sin[a] +bl (Cos[a] Cos[y] +Sinla] Sin[B] Sin[y]) Sin[tw] )
- (-+/al? -bl? +alCos[tw]) Sin[B] +bl Cos[B] Sin[y] Sin[t w]
Out[124]//MatrixForm=
Cos[a] Cos[B] (+/a2?-b22 -a2Cos[t w]) -b2 (-Cos[y] Sinl[al +Cos[al Sin[B] Sin[y]) Sin[t w]
( Cos[B] (va22-b2? -a2Cos[tw]) Sin[a] -b2 (Cos[a] Cos[y] +Sin[al Sin[B] Sin[y]) Sin[t w] )
- (/a22 -p2% -a2Cos[tw]) Sin[B] -b2 Cos[A] Sin[y] Sin[t w]
In[125]:=
Print["An example of elliptical orbits in a binary system A and
B (similar to binary star system Alpha Centauri AB). Parameters:"]
{al »10.57, bl »al </1-e2, a2 »>12.83, b2 a2 ~/1-e2, e 0.5179,
w->1, a » 30Degree, 3 »1.382, y-» 0}
Print["Position of A and B as a function of time:"]
{A[1], A[2], A[3]1} //. %%
{B[1], B[2], B[3]} //. %%%
Show [
ParametricPlot3D[{%%, %}, {t, 0, 2},
PlotStyle » {Yellow, Orange}, PlotLegends » {"orbit of A", "orbit of B"}],
Graphics3D[{Green, Opacity[.1], InfinitePlane[Table[%% /. t > i, {i, {0, 2, 4}}11}],
AxesLabel » {"x;", "x,", "x3"}, AxesOrigin -» {0, 0, O},

ViewPoint -» Top, AspectRatio -» Automatic, ImageSize -» Medium

1

An example of elliptical orbits in a binary system A
and B (similar to binary star system Alpha Centauri AB). Parameters:

Out[126]=
{al - 10.57, bl »al ~/1-e?, a2 - 12.83,
b2 5a2+1-e?,e—-»0.5179, w>1, a>30°, B->1.382, ¥y—> 0}

Position of A and B as a function of time:
out[128]=
{0.162533 (-5.4742+10.57Cos[t]) —4.52101 Sin[t],
0.0938384 (-5.4742+10.57Cos[t]) +7.83061 Sin[t], 0. -0.982231 (-5.4742+10.57Cos[t])}
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out[129]=
{0.162533 (6.64466 -12.83 Cos[t]) +5.48766 Sin[t],
0.0938384 (6.64466-12.83Cos[t]) -9.5049Sin[t], 0. -0.982231 (6.64466-12.83Cos[t])}

Out[130]=
10
h\\ X2
X1 orbit of A
I L |X|3| | I - orbit of B
- D
-5
<
-10
In[131]:=

Print["We evaluate now the integral in eq.(5.41), p.180, for elliptic motion. The
two point masses are modeled with a mass density containing Dirac delta
functions 6, something that looks like p = mlé(position;)+m2 6 (positiony) ."]

(ml Table[A[i] ©~A[3], {i, 1, 3}, {7, 1, 3}] +m2 Table[B[i] «B[j], {i, 1, 3}, {j, 1, 3}1) //
Simplify;

DisplayForm[integral [V'] ["source\nregion"][p [ct-1rp, ®'] xu[i]’ xu[j]’]] = MatrixForm[%]

Print[

"Evaluating also the derivative in eq. (5.41) we get finally (in harmonic gauge) : "]

hbarijMatrix = - D[%%%, t, t] /. t>t-xry/c;

clrg
4 d2 Gml m2 w?
f = HoldForm[- ———
c? (ml+m2) ry
hbuu[i, j]l[ct, ] == £MatrixForm[%% / ReleaseHold[£f]] // FrameBox // DisplayForm
Print["ELLIPTIC MOTION VERSION. r, =
approximated distance of the field point from the source = |X|"]
We evaluate now the integral in eq.(5.41), p.180, for elliptic motion.

The two point masses are modeled with a mass density containing Dirac delta
functions &, something that looks like p = mlé(position;)+m2d (position,) .
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Out[133]=

J plect-ry, ¥ (x)" (x3) AV = (1 (Cos[a] Cos[B] (- al2-DblZ +al Cos[tw]) +bl (-Cos[y] Sin
source m2 ((-~a2?-b2% +a2Cos[tw])
region

Evaluating also the derivative in eq. (5.41) we get finally (in harmonic gauge) :

Out[137]//DisplayForm=

2 2
hilrct, 2] = - 4d?Gmlm2 w (ml+m2) (2ml (bl wCos[w (£--2)] (-Cos[y] Sinla]+Cos[a] Sin[A] Sin[y])-al w Cos[a] Cos[B] Si
, -

c? (ml +m2) ry

ELLIPTIC MOTION VERSION. r; = approximated distance of the field point from the source = |Xx|

The formula for the general case (elliptic motion) is very long, but it does not present significant complexities; once entered the
actual values for the parameters it becomes more manageable.

For circular motion in a coordinate plane we obtain a drastic simplification:
In[139]:=
Print["Bodies moving in circular orbits
at a distance d in the x; x,-plane (in harmonic gauge) :"]
hbarijMatrix //. {al > rl, bl > rl, a2 »r2, b2 »r2, rlr, r2r, ¥y >0, >0, a0} // Simplify;
hbuu[i, j]l[ct, X] == £MatrixForm[% / ReleaseHold[f]] // FrameBox // DisplayForm
Print["CIRCULAR MOTION VERSION. r, =

approximated distance of the field point from the source = |X|"]
Bodies moving in circular orbits at a distance d in the x; x,-plane (in harmonic gauge) :

Out[141]//DisplayForm=

-Cos[2w (t=-")] -Sin[2w (£-"%)] O
= N 4 d? Gml m2 w? c c
hfct, X] =-——————— (-gin[2w (t- )] Cos[2w (t-*)] 0)
c? (ml +m2) ry c c
0 0 0
CIRCULAR MOTION VERSION. r; = approximated distance of the field point from the source = |Xx|

Once h'J [c t, %] has been transformed from harmonic gauge to its TT gauge in the appropriate direction, the intensity and
polarization analysis can be carried out by determining the complex coefficients @ and S of the specific linear polarization

matrices el and e2; we have also previously shown that in TT gauge hil=h'J.

2.2) The TT gauge projection operator

To find the polarization mode of this plane-wave approximation at a field point in an arbitrary direction we have to trans-
form h'l [c t, %] from the generic harmonic gauge to its TT gauge in the appropriate direction first. This can be done
elegantly by a projection operator P as shown in C.W.Misner, K.S.Thorne, J.A.Wheeler, Gravitation, 1973, p.948-949. See

the following excerpt for their recipe:
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Box 35.1

Problem: Let a gravitational wave h,,(¢, x’) in an
arbitrary gauge of linearized theory be known.
How can one calculate the metric perturbation
h™T(z, x7) for this wave in the transverse-traceless
gauge?

Solution 1 (valid only for waves; i.e., when
Oh,, = 0). Calculate the components Ry, of
Riemann in the initial gauge; then integrate
equation (35.10)

hiloo = —2Ry0 (N

to obtain AJT. When the wave is monochromatic,
h,, = h,,(x")e™**; then the solution of (1) has the
simple form

AT = 20™2Ry30. )

Solution 2 (valid only for plane waves). “Project
out” the 77 components in an algebraic manner
using the operator

Py = 8 — nyny. (3)
Here

n. = k./lk|

METHODS TO CALCULATE “TRANSVERSE-TRACELESS PART” OF A WAVE

is the unit vector in the direction of propagation.
Verify that P, is a projection operator onto the
transverse plane:

PPy = Py, Pyn, =0, Py = 2.

Then the transverse part of hy, is Pyh,,P,, (or in
matrix notation, PhP); and the 7T part is this
quantity diminished by its trace:

":7 - Pllpmkhlm - %ij(Pmlhln) (4)
(index notation),
ATT = PP — %P Tr (Ph)

(matrix notation). (4")

The sequence of operations that gives 4] cuts two
parts out of A;;. The first part cut out is

h,"; - %P;g(f’m"(.)» (5)

which is transverse but is built from its own trace,

hT = Tr (PhP) = Tr (Ph) = Py,

In[143]:=

(* Implementation of the MTW definitions (3) and (4') in matrix form: ¥*)

P[n ] :=Simplify[IdentityMatrix[3] - (Transpose[{n}].{n} / Norm[n]?),
Assumptions » {{n[[1]], n[[2]], n[[3]]} € Reals}]

1
TTguageificator[n , h ] :=Simplify[P[n].h.P[n] - ; P[n]

Tr[P[n].h]]

Print["Let's take a look at the projection operator P at

work and verify the algebraic properties as suggested by MTW:"]

v={a,

{Inactivate[P[v] , P] == (P[v] // MatrixForm) ,

b, c};

{P[v].P[v] == P[v], P[v] .v=={0, 0, 0}, Tr[P[v]] == 2} // Simplify}

Let's take a look at the projection operator P
at work and verify the algebraic properties as suggested by MTW:

Oout[147]=

{rl{a,

2.3) Test

b24+c2 _ ab _ ac
a?+b?+c? a?+b2+c? a?+b2+c?
b M = ( ab a2+c? _ bc
7@ - - aZ+b2+c? aZ+b2+c2 a2+b2+c?
ac _ bc a2+b?
T aZ4p2ec? alin2ticd a2yn2sc2

), {True, True, True}}
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Of course, before proceeding we make some comparisons to verify that we are not completely off course.

In[148]:=
Print["- 1.Check -\nLes Houches summer school 2018. Thomas Moore, Session 5:
Gravitational Waves\n (http://pages.pomona.edu/~tmoore/LesHouches/) ."]
hbarijMatrix //. {al »rl, bl > rl, a2 > r2, b2 »r2, rlr, ¥r2r, y >0, 3 >0, a >0} //
Simplify;
{TTguageificator[{0, O, 1}, %] // MatrixForm, TTqguageificator[{1l, 0, 0}, %] // MatrixForm}
Print["Compare with equations 5.81 and 5.83,
p-14.\nWarning: Other sign convention for d'Alembertian and c=1!"]
- 1.Check -
Les Houches summer school 2018. Thomas Moore, Session 5: Gravitational Waves
(http://pages.pomona.edu/~tmoore/LesHouches/) .
Out[150]=
4d2Gmlm2 w2 Cos[2w (£--2)] 4d2Gmlm2w? Sin[2w (£--2)] 0
c? (ml+m2) rq c? (ml+m2) rg
{( 4d2cemim2w?sini2w (£-52)] 4d2 Gmlm2w? Cos[2w (t-22)] )
c? (ml+m2) rq - c4 (ml+m2) ry
0 0 0
0 0 0
2d2Gmlm2 w2 Cos[2w (£--2)] 0
( - c? (ml+m2) rg )}
2d2Gmlm2w? Cos[2w (t--2) ]
0 0 .
c? (ml+m2) rg
Compare with equations 5.81 and 5.83, p.l4.
Warning: Other sign convention for d'Alembertian and c=1!
In[152]:=

ar={al»>rl, bl >rl, a2 »r2, b2 > r2,

rlr, r2r, y»>0, >0, a»0, m1 >M, m2-5>M,d»2a, ro » r};
Print["- 2.Check -\na) With the substitutions ", ar,

", we get exactly the result of the rotating dumbbell example in FN."]
Print["Positions of particles A and B of the dumbbell at time t: "]
{{a[1], A[2], A[3]}, {B[1], B[2], B[31}} //. ar
hh = hbarijMatrix //. ar // Simplify;
f = HoldForm[ M] H
ctr

hbuu[i, j]l[ct, X] == £ MatrixForm[hh / ReleaseHold[£f]] // FrameBox // DisplayForm
Print["See FN eq. (5.42) ,p.180."]
Print["Projection into x;-direction TT gauge leaves "h'%3 jnvariant (r = x3):"]
TTguageificator[{0, 0, 1}, hh] // MatrixForm
% == hh
Print["FN,p.181: \"Note that this plane-wave approximation

[observer on x;-axis] automatically has R4 in its TT gauge.\""]
ar={al->rl,bl->rl, a2 »r2,b2>r2, rlr, r2r, y-»0, B>n/2,

a-»>0, ml->M m2--M,d>2a, rg » r};

7T
br=t-> (t+—);
2w
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Out[155]=

Print["b) With the substitutions ", ar, " and the phase shift ",
br, ", we get exactly the solution to FN Exercice 5.3.1,p.182."]
hh = (hbarijMatrix //. ar /. br) // Simplify;

f= HoldForm[M] g

ctr

Print["Positions of particles A and B of the dumbbell at time t: "]
{{a[1], A[2], A[3]}, {B[1], B[2], B[3]1}} //. ar /. br // Simplify
hbuu[i, j]l[c t, X] == £ MatrixForm[hh / ReleaseHold[£f]] // FrameBox // DisplayForm
Print["Projection into x3-direction TT gauge:"]

TTguageificator[{0, 0, 1}, hh] // MatrixForm

Print["Compare with solution to Exercice 5.3.1,p.274.

The FN solution up to the multiplicative constant is:"]

0O 0 O . r
{Re[(0 1 -1a) 2t (2 yy ExpToTrig] // Simplify // MatrixForm,
0 -1 -1

Re[(-(1/2) el) 21ty (t_g) // ExpToTrig] // Simplify // MatrixForm}

- 2.Check -
a) With the substitutions {al-»>rl, bl->rl, a2 ->1r2, b2->r2,
dm2 dml
rl- —, 2> ——, y->0, 350, a»0, ml1>M, m2->M, d>2a, ro>r}
ml +m2 ml + m2

, we get exactly the result of the rotating dumbbell example in FN.

Positions of particles A and B of the dumbbell at time t:

{{aCos[tw], aSin[tw], 0}, {-aCos[tw], —aSin[tw], 0}}

Out[158]//DisplayForm=

+t) w] Sin[2 (—§+t)w] 0
+t) w] -Cos|[2 (—§+t) w] 0)

0 0 0

See FN eq. (5.42),p.180.

Projection into xs;-direction TT gauge leaves h'’ invariant (r = x3):

Out[161]//MatrixForm=

Oout[162]=

8a2 GMw? Cos[2 (—£+t) w] 8 a2 GMw? Sin[2 (—£+t) w]
4 4 0
clr clr
((8a2GMw2sin(2 (-Z+t) w] 8a2 GMw2 Cos[2 (-=+t) w] )
- c
& ® e
0 0
True

FN,p.181: "Note that this plane-wave approximation

[observer on xs-axis] automatically has h'l in its TT gauge."
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dm2
b) With the substitutions {al->rl, bl->rl, a2->r2, b2->r2, rl- ,
ml + m2

dml
r2 -

7T
, Y>>0, 3 —, a-»0, ml>M, m2->M, d->2a, ro»>r} and the phase shift
ml + m2 2

7T
t->t+ —, we get exactly the solution to FN Exercice 5.3.1,p.182.
2w

Positions of particles A and B of the dumbbell at time t:

Out[170]=

{{0, aCos[tw], aSin[tw]}, {0, —aCos[tw], —aSin[tw]}}

Out[171]//DisplayForm=

0 0 0
—a 8 a? G M w? 2rw _ @i p2rw
nil[ct, %] =——— (O Cos [ c 2twl] Sin| . 2ta)])
et ®
0 —Sin[zﬂ—thJ —Cos[zrw—th]
(o}

Projection into xs;-direction TT gauge:

Oout[173]//MatrixForm=

4 a2 GMw? Cos[zrw—th]
= < 0 0
ctr
( 4a2GMw2Cos[2r—m—2tw] )
@ =
0 0 0

Compare with solution to Exercice
5.3.1,p.274. The FN solution up to the multiplicative constant is:

Qut[175]=
0 0 0 —%Cos[zrm—2tw] 0 0
((0 Cos[#E®-2tw] -sin[*¢-2tw], : 2ru )}
2C 2C Y 0 = Cos|[ -2tw] O
0 -Sin[*2 -2 tw] -Cos[* % -2 tw] 0 CO 0

Conclusion: In the case of the circular motion the code seems to work fine, but for the case of the elliptic motion I have not
found any references in the literature with which to compare my formulas, so there remains some uncertainty about their

actual correctness. Therefore, use them with caution!

2.4) Example: Gravitational radiation from a binary system on circular orbits

We make here the intensity and polarization analysis in the case of a binary system on circular orbits in the x; x;-plane. For
convenience, I choose to keep the view point fixed on the x3 axis and to vary the orientation of the orbital plane instead. So,
for example, an orbital plane pitch angle of ¢ is equivalent to an observation of the binary system in the x; x,-plane from an

angle ¢ with respect to the x3 axis. The following code implements the analysis in this particular case:

In[176]:=
ar={al->rl,bl>rl, a2 >r2,b2->r2, rlr, r2r, y-> Yy, B>¢, a-» 0};
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hbTT = TTguageificator[{0, 0, 1}, hbarijMatrix //. ar] // FullSimplify;

d?2 Gml m2 w?
f = HoldForm[ ——— ] ;
c? (ml+m2) ry

HoldForm[Re[ (xel +pB e2) Exp[i 2w (t - r—0)]]];
c

Print[ h , " =\n= ", %%% // MatrixForm, "\n= ", %,

"TT gauge in\nxj-direction"
" \nwith el = ", MatrixForm[el], " and e2 = ", MatrixForm[e2], " and a,B € C."]

EE = ReleaseHold[%%] // ExpToTrig;

Print["Extracting constants on lhs and expanding rhs we get"]

hegn = (hbTT == Simplify[EE]) ;

Print[f MatrixForm[hegn[[1l]] / ReleaseHold[£f]], " ==\n== ", MatrixForm[heqgn[[2]]]]

r r
Coefficient[#, Cos[2w (t- —)]] - i Coefficient[#, Sin[2w (t- —)]1] &;
C C

afr = {a-> %$@hbTT[[1, 1]], B> $Q@hbTT[[1, 2]]};

Print["By simple inspection we see that the (redundant) system is solved by ",
%, ".\nCheck that the proposed solution is actually valid:"]

Simplify[heqn /. aBr]

=35
h TT gauge in

x3-direction

Y 0

42 Gmlm2 w? ((6Cos[¢]2-(-3+Cos[2¢]) Cos[2¥]) Cos[2w (£-—L) 144 Sin[2 @] Sinl[¥] Sinl2w (E--2)]) 242 Gmlm2w? (Cos[2w (t--2)] Sin
c C c

2c? (ml+m2) rq c

= ( 2d2 Gmlm2w? (Cos[2w (t*r—o)] Sin[¢] Sin[2 ¢¥]1-2 Cos[¢] Cos[¥] Sin[2w (tfr—o
c c

) d2 Gmlm2 w? ((-6Cos[¢]2+(-3+Cos[2¢]) Cos[2

c4 (ml+4m2) rg 2c
0
Yo
= Re[(ael+fBe2)Expli2w (t-—)11 ,
c
1 0 0 010
with el = (0 -1 0) and e2 = (1 0 0) and o,B € C.
0 0 O 000

Extracting constants on lhs and expanding rhs we get

L ((6Cos[¢p]% - (-3+Cos[2¢]) Cos[2¢]) Cos[2w (t-22)] +4Sin[2¢] Sin[¥] Sin[2w (t - =24 7)
d? Gml m2 w? 2 c c
I -2 (Cos[2w (t - %) ] Sin[¢] Sin[2 Y] - 2 Cos[¢] Cos[¥] Sin[2w (t - Z2) 1)
c* (ml+m2) ro c c
0
Cos[2w (t - )] Rel[a] -Im[a] Sin[2w (t - 22)] Cos[2w (t - Z%)] Re[B] - Im[B] Sin[2w (t - 2)] 0
= (Cos[2w (t- )] Re[B] - Im[B] Sin[2w (t - 22)] -Cos[2w (t - Z2) ] Re[a] + Im[a] Sin[2w (t - 22)] 0)
0 0 0
By simple inspection we see that the (redundant) system is solved by
{ d? Gmlm2 w? (6 Cos[¢pl? - (-3+Cos[2¢]) Cos[2¥]) 21d?°Gmlm2w?Sin[2¢] Sin[y¥]
o - - 4
2c? (ml+m2) ro c?® (ml+m2) rg
5 41 d?Gml m2 w? Cos[¢] Cos[¥] 2d?2Gmlm2w?Sin[¢] Sin[2 ¥]
- _
c? (ml+m2) ro c? (ml +m2) ro

Check that the proposed solution is actually valid:

Out[188]=

True

To analyze the formula h*’ numerically, we must choose some suitable concrete parameters.

TT gauge in
xs-direction
In[189]:=
(* free choices ¥*)
{c»1,G»1, ml>»>3, m->5,w->1,r9g->3,yvy->¢,B->¢, a->0};
(* dependent parameters *)

dr /. %;
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{rlr, r2r} /. % /. %%;
Print["Example of a complete set of explicit
and consistent parameters for the system under consideration:"]

params = Append[%$%%%, {%$%%, %$%}] // Flatten

Example of a complete set of explicit and consistent parameters for the system under consideration:

Out[193]=
{c>1,G->1, ml>3, m2->5 w->1, rg>3, ¥y>V¥, B>¢, a-»0, d-> 2, rl—)z, r2+z}

With this choice of parameters we obtain for @ and 8 as function of the observation angle ¢ and y:

In[194]:=
"R V1T gauge imns_directions = (RDTT /. params // MatrixForm)
{a, B}
%= (% /. aBr /. params)
Print["Example:"]
Grid[Prepend[
Transpose[{¢, a, 1.a, B, 1.8} /. aBr /. ¢ » Table[nx/8, {n, 0, 16}]]1 /. ¥ >0 /. params,
{"observation angle ¢, yY=0", "a", "numerical", "B", "numerical"}], Frame - All]
Grid|[Prepend[Transpose[{¥, a, 1.a, B, 1.8} /. aBxr /. >0 /. y » Table[nn/8, {n, 0, 16}1] /.
params, {"observation angle ¥, ¢=0", "a", "numerical", "B", "numerical"}], Frame -» All]
out[194]=
% (Cos[2 (-3+t)] (6Cos[¢p]2 - (-3+Cos[2¢]) Cos[2¢]) +4Sin[2 (-3 +t)] Sin[2 ¢]
htl gauge in = -5 (-2 Cos[¢] Cos[¥] Sin[2 (-3+t)] +Cos[2 (-3 +t)] Sin[¢] Sin[2y])
x;-direction 0
Oout[196]=
{o, B} = {Z (6 Cos[p]? - (-3+Cos[2¢]) Cos[2¢]) -51Sin[2¢] Sin[y],

-10 1 Cos[¢] Cos[¥] -58in[¢] Sin[2 ¥}

Example:
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Out[198]=

Oout[199]=

observation angle ¢, ¥=0 numerical A numerical
0 T0 T0. ~10 1 0. =10, 1
§ " (3—%%—6005[?]2) 9.26777 —1011(:os[§] 0.-9.23881
;l 7.5 -51 /2 0.-7.07107 1
3n E 1 c o1 Lq2 _ C Qs z _ ;
- . (3+ = +6sin[§1%) | 5.73223 10isin[5] 0. -3.82683
= 5. 0 0.
2
EEd E 1 : 42 Coqs o :
- , 3+ 7 +6sin(719) | 5.73223 [ 10isin(}) [o.+3.82683 4
34—” 7.5 512 0.+7.07107 i
%” 3(3—%+6Cos[§]2) 9.26777 | 10iCos[Z] | 0. +9.23881
7T 10 10. 101 0. +10.1
ERS 5 _ 1 iq2 ; n ;
- . (3- 57 +6Cos(519) | 9.26777 [ 10icCos(}] [0.+9.238814
54—” 7.5 5i /2 0.+7.07107 i
TTr T - 12 T -
- ; 3+ > +6sin(51%) | 5.73223 | 10isin{f] 0. +3.82683 14
n 5. 0 0.
2
137" %(3+#+6Sin[—]2) 5.73223 |-10isin(Z] [0. -3.82683
Tﬂ 7.5 -51 /2 0.-7.07107 1
Tox ERr T2 T T ~ -
. . (3 ﬁ+6Cos[8] ) 9.26777 lOJlCOS[g] 0.-9.23881
G TO T0. =101 0. - 10. 1
observation angle ¥, ¢=0 et numerical 3 numerical
0 T0 T0. 101 0. - 10. 1
- §(6+ v2) | 9.26777 |-10icos(5][0.-9.23881
~ 12—5 7.5 -51i 2 0.-7.07107 i
%” f(G-ﬁ) 5.73223 |-10isin{5] 0. -3.82683 1
;l 5 5. 0 0.+0.1
58—” %(6—«/?) 5.73223 1015in[§] 0. +3.826831
34—” 12—5 7.5 51 /2 0.+7.07107 i
- §(6+ v2) | 9.26777 | 10icos(s] [0.+9.23881
7T 10 10. 10 1 0. +10.1
%” §<6+ v2) | 9.26777 | 10icos(5] | 0. +9.238814
5’4—” 12—5 7.5 51 /2 0.+7.07107 i
1{7” %(6—«/?) 5.73223 IOjSin[g] 0. +3.826831
32—” 5 5. 0 0.+0.1
“jT” %(6—@) 5.73223 —lOiSin[’g—T} 0.-3.826831
7 12—b 7.5 -51 /2 0.-7.07107 i
137" §(6+ v2) | 9.26777 |-10icos(5][0.-9.23881
G TO T0. =101 0. - 10. 1

The following graph may shows the result of the intensity and polarization analysis more clearly.

In[200] :=

orbitA = {A[1], A[2], A[3]}//.ar /. params /. ¢ >0 /. Yy >0;
orbitB = {B[1], B[2], B[3]} //.ar /. params /. ¢ >0 /. y>0;
orbits = ParametricPlot3D[{orbitA, orbitB},

{t, 0, 27x}, PlotStyle » {{Thin, Orange}, {Thin, Red}}];
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R[m ] :=</3m/ (47n) /6
balls =
Graphics3D[{Orange, Ball[orbitA, R[ml]], Red, Ball[orbitB, R[m2]]}] /. t > 1 /. params;
speedA = Graphics3D[ {Arrowheads[Small] , Orange, Arrow[{orbitA, orbitA+D[orbitA, t]1}1}] /.
t-> 1;
speedB = Graphics3D[ {Arrowheads[Small] , Red, Arrow[{orbitB, orbitB+D[orbitB, t]1}]1}] /.
t-> 1;

obsball = Graphics3D[{Opacity[0.05], Blue, Ball[{0, O, 0}, rol}] /. params;
equator = ParametricPlot3D[r, {Sin[u], Cos[u], 0} /. params,

{u, 0, 2x}, PlotStyle » {Opacity[0.6], LightMagenta}];

afSscale =10;
(* Pitch orbital plane by ¢ *)obspointsl = Graphics3D[{PointSize[Medium], Blue,

Point[obpt = Table[r, {Sin[nx /8], 0, Cos[nx/8]}, {n, 0, 15}]11}] /. params;
meridl = ParametricPlot3D[ry {Sin[u], O, Cos[u]} /. params, {u, 0, 2 x},

PlotStyle -» {Opacity[0.9], LightBlue}];

at = Table[{Re[a], Im[a], O} /. aBr /. params /. ¢ »nn/8 /. y >0, {n, 0, 15}] / aBscale;
aArrowsl = Graphics3D[ {Arrowheads[Small], Brown,

Table[Arrow[{obpt[[n]], obpt[[n]] +at[[n]]}], {n, 1, 16}]1}] /. params;
Bt = Table[{Re[B], Im[B], O} /. aBr /. params /. ¢ »nn/8 /. y >0, {n, 0, 15}] / aBscale;
BArrowsl = Graphics3D|[ {Arrowheads[Small] , Magenta,

Table[Arrow[{obpt[[n]], obpt[[n]] +Bt[[n]]1}], {n, 1, 16}]1}] /. params;
(* orbital plane by ¥ *)
obspoints2 = Graphics3D[{PointSize[Medium], Green,

Point[obpt2 = Table[r, {0, Sin[nx /8], Cos[nn/ 8]}, {n, 0, 15}]11}] /. params;
merid2 = ParametricPlot3D[r, {0, Sin[u], Cos[u]} /. params, {u, 0, 2},

PlotStyle » {Opacity[0.6], LightGreen}];

at2 = Table[{Re[a], Im[a], O} /. aBr /. params /. ¢ >0 /. y>nn/8, {n, 0, 15}] / aBscale;
aArrows2 = Graphics3D[{Arrowheads[Small], Brown,

Table[Arrow[{obpt2[[n]], obpt2[[n]] +at[[n]]}], {n, 1, 16}]}] /. params;
Bt2 = Table[{Re[B], Im[B], 0} /. aBr /. params /. ¢ >0 /. y>nn/8, {n, 0, 15}] / aBscale;
BArrows2 = Graphics3D[ {Arrowheads[Small], Magenta,

Table[Arrow[{obpt2[[n]], obpt2[[n]] +Bt[[n]]}], {n, 1, 16}]1}] /. params;

Show [
orbits, balls, speedA, speedB,
obsball, equator,
obspointsl, meridl, aArrowsl, BArrowsl,
obspoints2, merid2, aArrows2, BArrows2,
AxesOrigin -» {0, 0, 0}, AxesLabel -» {"x;", "x,", "x3"},
PlotLabel -» "Intensity and polarization analysis",

PlotRange -» All, ViewPoint » {3.5, .9, 3.1}]
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out[222]=
Intensity and polarization analysis

/ T’“*“‘—ﬁ-x,

/] —

The two bodies m! (orange) and m2 (red) of the binary system are shown together with their orbits and with their instantaneous

velocity vector. The complex numbers « (brown) and 8 (magenta) are shown as arrows all referring to the same complex plane

and are therefore directly comparable (see the previous tables for numerical values). Remember that in TT gauge h*? = h'7.

To get an idea of the order of magnitude of h'J that we can expect in astronomical reality, we insert now data into the final

formula that roughly models the binary star system Alpha Centauri AB as a system on circular orbits. See also the following 2.5)
Example: Alpha Centauri AB for a more accurate model.

In[223] :=
Print["With the fixed distance for circular orbits ", dr, " we get:"]
hbTT /. {$ » 0, y > 0, dr};
4 G5/3 ml m2 w?/3

c? (ml+m2)1/3 g

f = HoldForm [
B, savge im\nes_directions = £ (¥% /ReleaseHold[£] // MatrixForm)
{c - Quantity["SpeedOfLight"], G » Quantity["GravitationalConstant"],

ml » Quantity[1.100, "SolarMass"], m2 » Quantity[0.907, "SolarMass"],

w - 27n/Quantity[79.91, "Year"], ro » Quantity[4.37, "LightYear"]};
Print["With the substitutions ", %, " the multiplicative constant becomes:"]
f == (ReleaseHold[f] //. %%):;

% // FrameBox // DisplayForm
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Print[

"which determines the expected order of magnitude of the spacetime perturbation."]

{a » Quantity[1200., "KiloMeters"], b » Quantity[1064., "NanoMeters"], c » $%%[[2]]}~
Print["In this case an interferometer with an effective arm length of ",

a/. %, " operating with a laser of wavelength ", b /. %,

" should reveal phase shifts equal to a fraction ", ac/b/. %,

" of the wavelength used, which corresponds to a path variation

due to the gravitational wave equal to ", UnitConvertl[ac] /. %, "."]

Gl/3 (ml +m2)1/3

With the fixed distance for circular orbits d- e — we get:
w
out[226]=
_ Lo : _ o
_ 4.G5/3 ml m2 w2/ Cos[2w (t c)] Sin[2 w (t c)] 0
1 — .
thT gauge in 4 1/3 (Sln[2w (t_ﬂ)] —Cos[2w(t—ﬂl)} 0)
ai ) c? (ml +m2) Ty c c
x3-direction 0 0 0

With the substitutions
{c>1lc,G>1G, ml> 1L.1Mp, m2-> 0.907Mp, w- 0.0786283 per year , ro-» 4.371y}

the multiplicative constant becomes:

Out [230]//DisplayForm=

4 G5/3 ml m2 w?/3

=6.01477x 10723
ct (ml+m2)'3 g

which determines the expected order of magnitude of the spacetime perturbation.

In this case an interferometer with an effective arm length of 1200. km

operating with a laser of wavelength 1064. nm should reveal phase shifts equal to a fraction

6.78358x107!! of the wavelength used, which corresponds to a

path variation due to the gravitational wave equal to 7.21773x107" m.

2.5) Example: Gravitational radiation from the binary star system Alpha Centauri

AB

Alpha Centauri is the closest star system and closest planetary system to Earth’s Solar System. It is a triple star system,

consisting of three stars: @ Centauri A (Rigil Kentaurus), @ Centauri B (Toliman) and & Centauri C (Proxima Centauri). @

Centauri A and B are Sun-like stars (Class G and K) and together they form the binary star system Alpha Centauri AB

which is weakly bound to the much more distant, small red dwarf @ Centauri C that we can ignore here. (The exoplanets

Proxima Centauri b, Earth-sized and in the habitable zone, and Proxima Centauri ¢ orbit @ Centauri C.)

For more information see for example Wikipedia sub voce “Alpha Centauri” or evaluate the commands
Entity[“Star”,”ProximaCentauri”] [“Dataset”],
Entity[“Star”,”RigelKentaurusA”] [“Dataset”],
Entity[“Star”,”RigelKentaurusB”] [“‘Dataset”].

Warning: There is no exact concordance between the astronomical data of Mathematica and those of other sources.

In[234]:=
EntityList[EntityClass["Star", "AlphaCentauri"]]

Oout[234]=

{ | Proxima Centauri |, | Rigel Kentaurus A |, | Rigel Kentaurus B |}
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Alpha Centauri A Alpha Centauri B

Proxima
Centauri

In[235]:=
(* Data *)
cr = {c » Quantity["SpeedOfLight"], G » Quantity["GravitationalConstant"],
ml » Quantity[1.100, "SolarMass"], m2 -» Quantity[0.907, "SolarMass"],
rperiastron -» Quantity[11.2, "AstronomicalUnit"],
rapastron -» Quantity[35.6, "AstronomicalUnit"],
a » (rperiastron+ rapastron) /2, e » 0.5179, i » 79.205 Degree,

w->2rx/Quantity[79.91, "Year"], ro » Quantity[4.37, "LightYear"]}

m2 m2 ml ml
ar={aloa—, bloa—1-e2,a2sa—, b2sa—+1-e2} //. cr
ml + m2 ml + m2 ml + m2 ml + m2

Out[235]=

{c>1c,G>1G,ml> 1.1Mo, m2—- 0.907Mp, rperiastron—-> 11.2au, rapastron-> 35.6au,

rapastron + rperiastron

a - 5 , €—->0.5179, 1 - 1.38239, w— 0.0786283 per year , ro—» 4.371y}

Out[236]=

{al > 10.5749au, bl - 9.04619au, a2 > 12.8251 au, b2 > 10.9711 au}

Plot of the orbits. See 2.1) Introduction for a 3D plot with the same parameters but including the inclination i (“pitch”).

In[237]:=

1.3385;

Most[{A[1l], A[2], A[3]}]1/%/.ar /. {w>1l,¥->0,B8->0, a0}

Most[{B[1], B[2], B[3]}]1/%%/.ar /. {w~>1,¥y->0,B3-0,a-0}

Simplify[%$% - %]

ParametricPlot[Evaluate[{%%%, %%, %} // QuantityMagnitude], {t, 0, 2w}, PlotLegends -

{"a Centauri A orbit", "a Centauri B orbit", "orbit of the relative motion"},

PlotLabel - "axes units: 1 arcsec = 1.3385 au",
PlotStyle » {Yellow, Orange, Green}, ImageSize » Medium]

Out[238]=
{0.747105 (-5.47673 au +Cos[t] (10.5749%9au)), (6.75846au) Sin[t]}

Out[239]=
{0.747105 (Cos[t] (-12.8251au) + 6.64213au), (-8.19658au) Sin[t]}

Oout[240]=
{-9.05406au +Cos[t] (17.4823au), (14.955au) Sin[t]}
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Oout[241]=

axes units: 1 arcsec = 1.3385 au

a Centauri A orbit

—— a Centauri B orbit

—— orbit of the relative motion

The following figure shows a plot of the positions of @ Centauri B relative to @ Centauri A deduced from experimental measure-

ments. The orbit is nearly edge-on viewed from the Earth.
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In our derivation of the far zone gravitational radiation field of a mass system we made a few assumptions: in fact it’s a “small-
far-slow-weak™ approximation (see T. Moore, loc. cit.). We verify in the following that in the example under study these four
conditions are actually satisfied, thus allowing us to use the formula deduced.

1. The source is small compared to the wave' s wavelength.

In[242] :=
rapastron /. cr
UnitConvert[c / (2w/27n) /. cr, "LightYears"]
%%/ %

Out[242]=
35.6 au
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Out [243]=
4.04552 1y

out[244]=
0.000139148

2. The observer is so far away that he sees the source as tiny.

In[245]:=
rapastron /. cr
ro /. cr
%%/ %

Oout[245]=
35.6 au

Out[246]=
4.37 1y

out[247]=
0.000128816

3. The source is slow in that all parts of the source move with speeds v < c.

In[248] :=
Print["a) Linear velocities of the stars wrt the observer: "]
Print[" Radial velocities (along line of sight): ",
{#, UnitConvert[Entity["Star", #] [{"RadialVelocity"}], "SpeedOfLight"]} & /@
{"RigelKentaurusA", "RigelKentaurusB"}]

Print[" Transverse velocities in the plane of sky (orthogonal to line of sight):",

{#, UnitConvert[Tan[\/ (Entity["Star", #1]["ProperMotionDeclination"]2+

Entity["Star", #1] ["ProperMotionRightAscension"]2) * Quantity[l, "years"]] *

ro / Quantity[l, "years"] /. cr, "SpeedOfLight"]} & /@
{"RigelKentaurusA", "RigelKentaurusB"}]

Print[

"From the position as a function of time of the two stars we quickly obtain an upper

limit of the norm of their velocities wrt the center of mass of the system:"]

sr = ./a_ - Quantity[l, "AstronomicalUnit" "Years" 1]

Ja Quantity[l, "AstronomicalUnit""2 "Years"?] ;

Norm[D[Most[{A[1], A[2], A[3]}] /. t » Quantity[t, "Years"] /. ar /. cr /.
{y»0,B8>0,a-»01}, Quantity[t, "Years"]]] /. sr // Simplify;

% /. {Cos[_]1~>1,8in[_] »1};

Print[" o Centauri A orbital speed: ", %%, " < ", UnitConvert[%, "SpeedOfLight"]]

Norm[D[Most[{B[1], B[2], B[3]}] /. t » Quantity[t, "Years"] /. ar /. cr /.
{y»0,B8>0,a-»01}, Quantity[t, "Years"]]] /. sr // Simplify;

% /. {Cos[_]1~>1,8in[_] »1};

Print[" o Centauri B orbital speed: ", %%, " < ", UnitConvert[%, "SpeedOfLight"]]

Print["b) Rotational velocities at the equator: ",

{{#, UnitConvert[2 mEntity["Star", #][{"Radius"}] /Entity["Star", #] [{"RotationPeriod"}],

"SpeedOfLight"]} &Q@"RigelKentaurusA",
{#, UnitConvert[2 wEntity["Star", #][{"Radius"}] /Quantity[36, "Days"],
"SpeedOfLight"]} &Q@"RigelKentaurusB"}]
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Print["c) Furthermore, for Sun-like stars

we don't expect internal mass flows at relativistic speeds."]

a) Linear velocities of the stars wrt the observer:

Radial velocities (along line of sight):

{{RigelKentaurusA, { -0.0000874 c}}, {RigelKentaurusB, { -0.0000604 c }}}

Transverse velocities in the plane of sky (orthogonal to line of sight):

{{RigelKentaurusA, 0.0000786471 c}, {RigelKentaurusB, 0.0000789545 c }}

From the position as a function of time of the two stars we quickly obtain an
upper limit of the norm of their velocities wrt the center of mass of the system:

a Centauri A orbital speed: (1au/yr)

A/0.505929 Cos[0.0786283 t]? +0.6913685in[0.0786283t]? < 0.0000173141 ¢

a Centauri B orbital speed: (1au/yr)

A/0.744149 Cos[0.0786283 t]? +1.0169Sin[0.0786283t]? < 0.0000209983 ¢

b) Rotational velocities at the equator:

{{RigelKentaurusA, { 9.x10°°c }}, {RigelKentaurusB, { 3.9x10°°c}}}

c) Furthermore, for Sun-like stars we don't expect internal mass flows at relativistic speeds.

4. The source is weak in that h*? « 1 even very near the source.

In[261]:=
{#, UnitConvert[Entity["Star", #] [{"Mass"}], "SolarMass"],
UnitConvert[Entity["Star", #][{"Radius"}], "SolarRadius"]} & /@
{"RigelKentaurusA", "RigelKentaurusB"}
Print["Similar to the Sun. We don't expect major deviations
from flat spacetime, not even on the surface of the stars."]
out[261]=
{{RigelKentaurusA, {1. Mo}, {1.0Rs}}, {RigelKentaurusB, {0.77 Mo}, {0.82Rn}}}

Similar to the Sun. We don't expect major
deviations from flat spacetime, not even on the surface of the stars.

Conclusion: Everything seems to indicate that the “small-far-slow-weak” approximation is applicable to our case. So let’s
apply it!
In[263]:=
tmax = Ceiling[QuantityMagnitude[2n/w /. cr]];
{ar, cr,¥y-0,B8->1i,a-0} // Flatten;
Print["With the substitutions\n", %, "\nand after transformation in TT gauge we get"]
TTguageificator[{0, 0, 1}, hbarijMatrix //. %% /. t - Quantity[t, "years"] // Simplify];

"

h ij"TT gauge in\nx;-direction" k') = (% // MatrixForm)
GraphicsGrid[Table[Plot[%$%[[i, j]], {t, O, tmax}, AxesOrigin -» {0, 0}, ImageSize -» Small,
PlotLabel - hrostring[i]<>Tostring[j] [t ], ImagePadding » {{55, 10}, {0, 0}}],
{i, 3}, {7, 3}1, Frame -» All, Background -» LightCyan]
Print["Note: TT gauge in x3-direction = line of sight

from a Cen AB to Earth, x-axis units: years."]
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With the substitutions
{al-> 10.574%9au, bl-> 9.04619au, a2-» 12.8251au, b2- 10.9711au, c>1c, G>1G, ml-> L.l My,
) rapastron + rperiastron
m2 - 0.907 M» , rperiastron—- 11.2 au, rapastron- 35.6au, a- ,
2
e—->0.5179, 1>1.38239, w-> 0.0786283 per year, ro-» 4.371ly, y->0, B>1i, a->0}

and after transformation in TT gauge we get

Out[267]=
o - -5.46803x 10725 Cos[0.343841 - 0.0786283 ] +2.30805x 10723 Cos[0.343841 - 0
R gauge 0 = D= (-2.49743x 10724 +1.92889 x 10723 Cos [0.343841 - 0.078¢

x5-direction 0

out[268]=

hi3 (€)

20 40 60 80

-0.5
-1.0
h23 (€)
1.0F
O E
o5k 20 40 60 80
-1.0f
h31 () h32 (€) h33 (t)

=05

E 20 40 60 80
-1.0

Note: TT gauge in xs;-direction = line of sight from o Cen AB to Earth, x-axis units: years.

If T have done all the calculations right, this is finally the (weak and very slowly varying) gravitational wave signal expected
from Alpha Centauri AB. The gravitational-wave luminosity of the system is 2.4 x 107 W (see below).

m 3) Gravitational wave energy

FN: “This expression [energy loss rate by gravitational radiation] is obtained by looking at the energy-momentum carried by the

gravitational field itself, which is quadratic in h ,,, and its derivatives, and consequently neglected in the linearized theory. As a

consequence of the energy loss, [the angular speed] w must decrease, but in the linearized theory it remains constant.”

The energetic considerations in General Relativity are indeed decidedly complicated and involve the accurate analysis of already
mentioned subtleties; a discussion of this topic can be found in the more advanced textbooks.

Here I will limit myself to mentioning two results. The one is the rate of loss of energy by gravitational radiation (gravitational-
wave luminosity) from gravitationally bound binary systems on closed Kepler orbits such as those discussed above. The
semi-major axis @ and the eccentricity e are those of the orbit of relative motion. See L.D. Landau, E.M. Lifshitz; Course of
Theoretical Physics 2. The Classical Theory of Fields, 6.ed. rus. 1973, 4.ed. eng. 1975, PROBLEMS after § 110. Radiation of
gravitational waves. The original references are: P.C. Peters, J. Mathews; “Gravitational Radiation from Point Masses in a
Keplerian Orbit”, Phys. Rev. 131, 435 (published 1 July 1963) and P.C. Peters, “Gravitational Radiation and the Motion of Two
Point Masses”, Phys. Rev. 136, B1224 (published 23 November 1964). The other is the gravitational-wave luminosity of a rotor
as given by FN, p.181.
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In[270] :=

32G*ml12 m22 (ml +m2) 1

GravitationalWaveLuminosityKepler =
5c5as (1-e2)7/2

In[271]:=

Print["1) Compact circular binary system of Sun-like stars"]

{c » Quantity["SpeedOfLight"], G » Quantity["GravitationalConstant"],
ml » Quantity[1l, "SolarMass"], m2 » Quantity[1l, "SolarMass"],
a->d/.dr,e->0, w->2n/Quantity[l, "Months"]}

GravitationalWaveLuminosityKepler /. {a>d /. dr, e->0};

Print["Gravitational wave luminosity:"]

%% == UnitSimplify[GravitationalWaveLuminosityKepler //. %$%%]

Print["Comparison with the EM luminosity of the Sun:"]

%$%[[2]]1 / (2Entity["Star", "Sun"] ["Luminosity"])

Print["Distance of the stars: ", UnitConvert[a //. $%%%%%, "au"]]

Print["See Exercise 5.3.2(b),p.182,solution p.274."]

1) Compact circular binary system of Sun-like stars

out[272]=

G1/3 (ml+m2)1/3

{c>1c,G>1G, ml> 1Mo, m2-> 1Mo, a—
w2/3

Gravitational wave luminosity:

out[275]=

out[277]

In[280]:

32 G7/3 ml1? m22 wl0/3
= 5.43x10%%w

5¢5 (ml+m2)2/3

Comparison with the EM luminosity of the Sun:

7.10x 107!

Distance of the stars: 0.2403au

See Exercise 5.3.2(b),p.182,solution p.274.

Print["2) Earth-Sun system"]

{c » Quantity["SpeedOfLight"], G » Quantity["GravitationalConstant"],
ml » Quantity[1l, "SolarMass"], m2 » Quantity[1l, "EarthMass"],
a -» Plus @Q Entity["Planet", "Earth"] [{"Perihelion", "Aphelion"}] /2,
e - Entity["Planet", "Earth"] ["Eccentricity"],
w-> 275 /Entity["Planet", "Earth"] ["OrbitPeriod"]}

Print["Gravitational wave luminosity:"]

UnitSimplify[GravitationalWaveLuminosityKepler //. %%]

Print["Comparison with the EM luminosity of the Sun:"]

Entity["Star", "Sun"] ["Luminosity"]

Oout[281]

%%%/ %

2) Earth-Sun system

{c>1c,G>16G6,ml> 1My, m2-> 1My,

a-> 1.49597887x10%km, e > 0.016710220, w - 0.017202125 per day }

73 7
1+ —e?2+—ef);
96

74

,€->0, w-> 27per month }
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Gravitational wave luminosity:

Out [283]

197. W

Comparison with the EM luminosity of the Sun:

Out[285]

Out[286]

In[287]:

3.83x10%°W

5.1x1072°

Print["3) Binary star system Alpha Centauri AB"]

Drop[cr, {9, 11}]

Print["Gravitational wave luminosity:"]
UnitSimplify[GravitationalWaveLuminosityKepler //. %%]
Print["Comparison with the combined EM luminosity of the two stars:"]

Plus @@

Flatten[Entity["Star", #] [{"Luminosity"}] & /@ {"RigelKentaurusA", "RigelKentaurusB"}]

$%% /
%

3) Binary star system Alpha Centauri AB

Out[288]=

{c>1c,G>1G,ml> 1.1M,, m2- 0.907M», rperiastron—- 11.2au,

rapastron + rperiastron
rapastron -» 35.6au, a - 5 , e—>0.5179}

Gravitational wave luminosity:

Out[290]=

2.38836x 107 W

Comparison with the combined EM luminosity of the two stars:

Out[292]=

6.x10%%W

Out[293]=

In[294]

In[295]

4.30743 x10720

32G 12 ws
GravitationalWaveLuminosityRotor = —5;
5c¢

Print["4) Rotating steel bar as gravitational wave lab experiment"]
Print["Energy loss rate by gravitational radiation of a rotor: ",
lldE"
— = GravitationalWavelLuminosityRotor // FrameBox // DisplayForm]
"dtll

Print["I is the moment of inertia about the rotation
axis, w is the angular speed. See eq. (5.44) ,p.181."]
I->ml2/12;
Print["Moment of inertia for a thin bar with rotation axis orthogonal to length:
GravitationalWaveLuminosityRotor /. %%

{c - Quantity["SpeedOfLight"], G » Quantity["GravitationalConstant"],

n’ %]
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m - Quantity[200, "MetricTon"], 1 » Quantity[10, "Meters"],
w - Quantity[50, "Radians" / "Seconds"], p - Quantity[8000., "Kilograms" / "Meters"3]}

%% / Quantity[l, "Radians"6] /. % // UnitSimplify

Print["Velocity of the ends of the bar: ",
UnitConvert[l/2w /Quantity[l, "Radians"] /. %%, "Kilometers" / "Hours"]]

Print["Diameter of the (cylindric) bar: ",
Solve[d>0&& (m =n (d/2)21p) /. %%%, d]1[[1, 1, 2]1]
Print[" (Decorated in a Victorian style, this would make an impressive scientific

device in a steampunk tale.)\nSee Exercise 5.3.2(a),p.182,solution p.274."]

4) Rotating steel bar as gravitational wave lab experiment

. . . . dE 32 G I? wb
Energy loss rate by gravitational radiation of a rotor: B
dt 5c?

7 is the moment of inertia about the rotation axis, w is the angular speed. See eq. (5.44),p.181.
1?m

Moment of inertia for a thin bar with rotation axis orthogonal to length: 7 -» ——
12

Out [300]=
2 G 1% m? ws
45 ¢
Out[301]=
{c>1c,G-16,m> 200t, 1> 10m, w—- 50rad/s, p—- 8000. kg/m? }

Oout[302]=

7.656x107%wW
Velocity of the ends of the bar: 900 km/h

Diameter of the (cylindric) bar: 1.78412m

(Decorated in a Victorian style, this would
make an impressive scientific device in a steampunk tale.)
See Exercise 5.3.2(a),p.182,solution p.274.

The Royal Swedish Academy of Sciences has decided to award the Nobel Prize in Physics 2017 with
one half to Rainer Weiss (LIGO/VIRGO Collaboration) and the
other half jointly to Barry C. Barish (LIGO/VIRGO Collaboration) and Kip S. Thorne (LIGO/VIRGO Collaboration)

“for decisive contributions to the LIGO detector and the observation of gravitational waves”

Press release: The Nobel Prize in Physics 2017, www.nobelprize.org
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Chapter 6: Elements of cosmology

“Big Bang Theory”
(a song by the Canadian rock band Barenaked Ladies)

& %k 3k

Our whole universe was in a hot dense state,
Then nearly fourteen billion years ago expansion started. Wait...
The Earth began to cool,
The autotrophs began to drool,
Neanderthals developed tools,
We built a wall (we built the pyramids),
Math, science, history, unraveling the mystery,
That all started with the big bang! (Bang!)

“Since the dawn of man” is really not that long,
As every galaxy was formed in less time than it takes to sing this song.
A fraction of a second and the elements were made.
The bipeds stood up straight,
The dinosaurs all met their fate,
They tried to leap but they were late
And they all died (they froze their asses off)
The oceans and Pangea
See ya wouldn’t wanna be ya

Set in motion by the same big bang!
It all started with the big BANG!

It’s expanding ever outward but one day
It will pause and start to go the other way,
Collapsing ever inward, we won’t be here, it wont be heard

Our best and brightest figure that it’ll make an even bigger bang!

Australopithecus would really have been sick of us
Debating out while here they’re catching deer (we’re catching viruses)
Religion or astronomy, Descartes or Deuteronomy
It all started with the big bang!

Music and mythology, Einstein and astrology
It all started with the big bang!
It all started with the big bang!

& %k ok

More details on general relativistic cosmology can be found in the relevant literature.
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Personally, I make a distinction between the two words “universe” and “cosmos”. I call the whole of everything perceptible
through the senses with the word “universe”; I call the whole of each and every thing instead with the word “cosmos”. If we
admit the existence of things that are not perceptible to the senses, then the two words do not exactly coincide with their mean-
ing, otherwise they are synonymous.

“This argument is to my mind quite a strong one. One can say in reply that many scientific theories seem to remain workable

in practice, in spite of clashing with E.S.P. [Extra-Sensory Perception]; that in fact one can get along very nicely if one

forgets about it. This is rather cold comfort, and one fears that thinking is just the kind of phenomenon where E.S.P. may be
especially relevant.”

Alan Mathison Turing. “Computing Machinery And Intelligence”,
Mind, New Series, Oxford, Volume 59, Issue 236 (Oct., 1950), p.433-460.
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Appendices

coming soon...
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"Nur wer nicht sucht, ist vor Irrtum sicher.”
Albert Einstein (1879-1955)
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